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Abstract: In this paper, we study the principal indecomposable B, -characters of a finite
m-separable group. By using the decomposition matrices in the w-theory of characters, we obtain
some important results on m-regular class functions of a finite w-separable group, which generalizes
some well-known theorems.
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1 Introduction

In literature [1], Isaacs introduced the concept of B,-characters of a m-separable group
G, where 7 denotes a set of primes. B,-characters of G are also called m-Brauer characters.
Denote by B,(G) the set of all m-Brauer characters of G. Let x be a character of G and
denote by x* the restriction of x to the set of all m-elements of G. In [1], Isaacs proved that
the set of x* forms a basis of the space of m-class functions of G. In addition, he also proved
that the number of m-characters of G equals the number of conjugacy classes of m-elements
of G.

Motivated by these results due to Isaacs, we want to know if other properties of Brauer
characters can be generalized. In this note, by using the decomposition matrices in the
m-theory of characters, the concept of principal indecomposable B,.-characters of G is intro-
duced, where 7’ denotes the complement set of 7. Denote by CF(G/) the space of m-regular
class functions of G. One of our main results is as follows.

Theorem A Let G be a m-separable group and let n; (1 < i <) be the all the principal
indecomposable B,/-characters of G. Then the set {n;|1 < i <[} forms a basis of CF(G).

In the theory of Brauer character, generalized Brauer characters is introduced. It is
known that the set of principal indecomposable characters forms a Z-basis of X(G|G,/),
where X (G) is the ring of all generalized characters of G. Let ¢ € X(G|G, ), then p(x) =0
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ifr e G—-Gy. X(G|Gy) is a Z-module. Similarly, we can introduce the notation X (G|G )
and the concept of generalized B, -characters of G. The another main result is as follows.

Theorem B Let G be a m-separable group and let n; (1 < ¢ < I) be the all the
principal indecomposable B,/-characters of G. Then the set {n;|1 < i <[} forms a Z-basis
of X(G|G,).

Throughout this paper, groups considered are finite w-separable. Irr(G) denotes the
set of all irreducible ordinary characters of G; G, denotes the set of all m-regular elements
of G5 x* denotes the restriction of x to G,. Let H be a subgroup of G. Let x and ¢ be
characters of G and H respectively. Then we write x the restriction of x to H and ¢ the
lift of ¢ to GG. Unless stated otherwise, other notation and terminologies used are standard,
refer to the literature [1, 4] or [9].

2 Preliminaries

First we recall some basis concepts and present some lemmas which will be used in the
sequel.

Definition 2.1 Let x € Irr(G). Then x* is said to be irreducible if x* can not be
expressed as x* = p* + v*, where p, v are two class functions of G. I™(G) denotes the set of
all irreducible x*.

Lemma 2.2 [1, Corollary 9.1] Let G be a m-separable group. Then {x*|x € B.(G)}
are linearly independent.

Lemma 2.3 [1, Corollary 9.2] Let G be a finite m-separable group. Then |B, (G)]
equals the number of 7w-regular classes of G.

Lemma 2.4 [1, Corollary 10.2] Let G be a finite m-separable group. Then the map
¢ : By (G) — I™(G) defined by ¥ +— U* is a bijection. In particular, I™(G) is a basis of
CF(G,).

Lemma 2.5 [1, Corollary 10.3] Let G be a p-solvable. Then ¢ : B, (G) — IBr(G)
defined by ¥ — U* is a bijection, where IBr(G) denotes the set of all irreducible Brauer
characters of G.

Remark 2.6 For simplicity of notation, in view of Lemmas 2.4 and 2.5, we may write
B:/(G) = I"(G). In particular, B, (G) = IBr(G) when m = {p}. Thus the space of all
m-regular class functions are a generalization of the space of Brauer p-regular class functions
of G.

Lemma 2.7 [1, Corollary 10.1] Let G be a finite m-separable group, £ € Irr(G) and

1 € By (G). Then there exists a nonnegative integral “decomposition number” dg, such that

&= > dgnforany & € Irr(G).
n€EB./(G)

Set ITT(G) = {leXQa e 7Xk}7 Bﬂ"(G) = {@17 ©2, 7@[}‘ By Lemma 277

(XT> X;) e 7X2>t = <dij>k><l(ﬂpla 2 P 7@l)t-
Write D = (d;j)kxi, C = D'D. Then D and C are said to be the decomposition matrix and

the Cartan matrix of G, respectively.
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Let (m1,m2, -+ ,m)" =" D(x1, X2, »xx)", then n; (1 < j <) are said to be the princi-
pal indecomposable B, .-characters of G. It is easy to verify that the relation of the principal
indecomposable B,/-characters and the B, -characters of G is as follows

(1,15, m) = Cler, o2, @)

In particular, if G is a 7’-group, then y; = 7; = ¢;, where 1 < i < k.
Lemma 2.8 Let G be a finite m-separable group and notation be as above, then the

following statements hold
an ©0i(y) = 0,646 |Cq(z)| for any y € Gr;
(2) 171( )—OforanyxeG—GW/,where1§i§l.
Proof (1) For any y € G/, we have x;(y) = ildijcpj(y). By the second orthogonal
j=

relation of characters, one gets that

k k l k l
selCo@)] = Do xilxily) = D xi@) 3 dijes(v) szszz 2)p;(y)
= 24 2 xiE@eily) = D di(Qxi)eily) = 3 m@)eily).

Consequently, we have Z 7:(2)9i(y) = 6acya|Ca(x)|.

=1
!
(2) For any € G — G and y € G, by (1), we have > n;(z)pi(y) = 0. As y is

i=1

arbitrary, we obtain that Z n;(x)p; = 0. Note that {¢;|1 < i <[} is linearly independent,
i=1
so the previous equality yields that n;(x) = 0 for each 1 <4 <[. This completes the proof

of Lemma 2.8.

Let G be a 7- separable group and let ¢ and 7 be class functions defined on G,/. Write

(@7) \QZ‘P)

x€G 1
Lemma 2.9 Let G be a m-separable group and notation be as above, then (1;, p;) = d;;.

Proof By Lemma 2.3 we may assume that Cl(G,/) = {C1,Cy,--- ,C;}, where z; € C;
(1<i<).
[Ca(z)] - 0
Write ® = (¢i(z;))ixi; Y = (i(z;))ix; and S = : :
0 oo |Cql(ay)]
By Lemma 2.8(1), we have Y ® = S and thus ¥ (®S-!) = I, ie., (dS~1)'Y = I.

!
Therefore 3 ¢;(2) ez i (20) = dijs Le.,
v=1

€] Z“” ot 7 =
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On the other hand,

qu

= |G| Z pi(x)n; () = (i)

ze€G

Consequently, (;,n;)" = 6;j.
Lemma 2.10 Let G be a m-separable group and notation be as above, then the following

statements hold

(1) Cij = (771,773')@;
(2) Let Z = ((¢i, ;) )ixi, then CZ = I.

k
Proof (1) Since C =' DD, it follows that C;; = Y d,d,;. But note that n; =
v=1

k
> djix; (1 <i<1), s0
j=1

(niynj)G = |G| an(m 7]] |G| Z deXu Zdngv

zeG zeG u=1
- Sy S = 33 vl
u=1 v=1 rzeG u=1 v=1
= Z Z duidvjéuv = Z duidvj = Cz_]
u=1 v=1 u=1
Cu - Cy (pr,01)" -+ (p1,01)
(2) Since CZ = e : : , it follows that the
Chn -+ Cyu (@l, 901)’ te (CPZ, 901)’
! !
(i,7)-element of CZ is > Ci,(pu, ;). It suffices to show that > Ci,(¢u,¢;) = ;. In
v=1 v=1

fact, we have

l

ch«ov, i) =Y (m)a(pu, 05)'

v=1

- Z|G|Z”Z ). (z) |G| > wWesy) Z Z > m@m(@)en()e; ()
v=1zcG /s ycG s

zeG yeG

- |G|2 Z Z Zny )0, ()i ()@, (y) = Z Z v&|Ca(@))mi(z)e; (y)

ze€G /yEG/ v=1

M Q

n:i(x)p; () = (i, 05)" = i

_ 1 |G| Mo (250 = L
= O 2 e e En® = g

Q

zeG s
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Lemma 2.11 [9, Theorem 4.2] Let ¢ € CF(G). Then ¢ € X(G) if and only if
vp € X(F) for any E € ¢(G), where £(G) denotes the set of elementary subgroups of G.

3 Proof of Main Theorem

Theorem 3.1 Let G be a m-separable group and {n;|1 <+ <[} be principal indecom-
posable B, -characters. Then {n;|1 <i <[} is a basis of the space CF(G,) of all w-regular

functions.
l
Proof We first show that {n;|1 < i < [} is linearly independent. Let > k;n; = 0,
i=1
where k; € C. We shall show that k; = 0.

By Lemma 2.9, (¢, Z kin;) Z ki(pi n;) Z kjd;; = k;, it follows that k; = 0.
Jj=1 Jj= Jj=
Therefore {n;|1 <i <[} is linearly 1ndependent. Note that B,/ (G) is a basis of CF(G), so

|B,(G)| =1 and hence {n;|1 < i <} is also a basis of the space CF(G,) of all m-regular
functions.

Theorem 3.2 Let G be a m-separable group, ¢ € B./(G) and x € G. Define ¢ as
follows: @¢(x) = p(z). Then ¢ is a generalized character of G. It follows that there exists

m; € Z such that ¢ = Z m;x;. We call ¢ a generalized B, ,-character of G.

Proof Let be a elementary group of G. Then F is nilpotent and hence £ = P x Q,
where P is a m-group and @ is a 7’-group. By the definition of ¢, ¢p = 1p X @q. In fact,
for any x € E, we have x = pq with p € P and ¢ € Q. Note that pg(z) = ¢r(pq) = ¢(q)
and (1, x @q)(z) = (1, X ¢q)(pg) = 1,(p) X Pq(q) = ¥(q), s0 $r =1, X pq. Hence @p is
a character on F, i.e., pp € X(E). By Lemma 2.11, ¢ € X(G). It follows that there exists

1
m; € Z such that ¢ = > m;x;.
i=1

Theorem 3.3 Let GG be a w-separable group and notation as above. Then the rank of
the decomposition matrix D equals .

Proof Write ¢; = Y m;;x; with m;; € Z and let M = (m;;);xp. Since

J

k k l Ik
Pi = Sﬁi\gﬂ, = Zmij(Xj|G,,/) = Zmij(z djrpr) = Z(Z mijdjr)p
j=1 j=1 r=1

r=1 j=1

k
Since {¢;} is linearly independent, it follows that » m;;d;. = 1, i.e., MD = I. Therefore
j=1

the rank of D is [.

Theorem 3.4 Let G be a m-separable group and {n;|1 < i <[} be principal indecom-
posable By .-characters. Then {n;|1 < i <[} is a Z-basis of X(G|G./).

Proof Note that by Lemma 2.8(2), n;(xz) =0 for any z € G— G/, son; € X(G|G) #

(. Since n; = Z d;jix; (1 <i<l), rank(D) =1 and {x;|1 <i <k} is linearly independent,

j=
it follows that {771\1 < ¢ <1} is also linearly independent. Since C'®z X (G|G,) is a subspace
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of CF((Gr)), so dimg(C ®z X(G|G)) < I and hence {n;|]1 < i < I} is a C-basis of
!
C ®z X(G|G). For any 0 € X(G|G ), we have § = > a;n; (a; € C) and hence

i=1

, 1 — 1 =
a = (6.0) =1 > 0@)pi(x) = @memm

x€G zeG

= (0,9i)c = (0, Zminj)G = Zmij(97Xj)G~

Note that m;; € Z, 8 € X(G|G) and (0, x;)c € Z, so a; € Z. Therefore {n;|]1 <i<l}isa
Z-basis of X (G|G).
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