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COMMUTATORS GENERATED BY LUSIN-AREA
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Abstract: In the paper, the boundedness of the Lusin-area integral and its commutator on
the generalized local Morrey spaces are established. Using the pointwise estimate of Lusin-area
integral po,s and Hardy inequality, we study the boundedness of the Lusin-area integral puo s on
the generalized local Morrey spaces, as well as the boundedness of the commutators generated by
na,s and local Campanato functions, which extend the previous results.

Keywords: Lusin-area integral; commutator; local Campanato function; generalized local

Morrey space
2010 MR Subject Classification: 42B20; 42B25; 42B35
Document code: A Article ID: 0255-7797(2018)03-0381-11

1 Introduction

Suppose that S"~! is the unit sphere in R™ (n > 2) equipped with the normalized
Lebesgue measure do. Let Q € L*(S"!) (1 < s < c0) be homogeneous of degree zero and

satisfy the cancellation condition

/ Q' )do(z') =0, (1.1)
Snfl

where z' = I%I for any x # 0. The Lusin-area integral uq s is defined by
postiw = ([ [ V] 20 ] W) (12
Q S ) .
vy |t Jyy—s<e 1Y — 271 trtt

where
D(z) ={(y,t) e R : |z —y| <t} and R} =R x (0,00).

Moreover, let b = (b1,ba, -+ ,by), where b; € Ljo.(R™) for 1 < i < m. Then the multilinear
commutator generated by b and Ha s can be defined as follows:

T Qy — 2) dydt\”
dhsto= ([ [ 5] [, 25 —nepre] ) o9
I'(z) ly—z|<t ;— |y Z| t
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It is well known that the Lusin-area integral plays an important role in harmonic analysis
and PDE (for example, see [1-8]). Therefore, it is a very interesting problem to discuss the
boundedness of the Lusin-area integral. In [2], Ding, Fan and Pan studied the weighted
LP boundedness of the area integral po g. In [3], the authors investigated the boundeness
of pno,s on the weighted Morrey spaces. The commutators generated by po s attracted
much attention too. In [5] and [6], the authors discussed the weighted L” boundedness and
endpoint estimates for the higher order commutators generated by po ¢ and BM O function,
respectively. In [8], the authors showed that the commutator generated by uq s and VMO
is a compact operator in the Morrey space.

Moreover, the classical Morrey space M,  were first introduced by Morrey in [9] to
study the local behavior of solutions to second order elliptic partial differential equations.
And, in [10], the authors introduced the local generalized Morrey space LM, {faO}, and they
also studied the boundedness of the homogeneous singular integrals with rough kernel on
these spaces.

Motivated by the works of [2, 3, 5, 8, 10, 13], we are going to consider the boundedness
of po s on the local generalized Morrey space LM;,‘ZO}, as well as the boundedness of the
commutators generated by p s and local Campanato functions.

2 Some Definitions and Lemmas

Definition 2.1 [10] Let ¢(x,r) be a positive measurable function on R™ x (0, 00) and
1 < p < co. For any fixed 15 € R", a function f € L{ _is said to belong to the local Morrey

loc

space, if

_ _1
11l L ageor = Sg}g@(xom) HB(@o, r)| 77 | fll Lo (Bwo.ry) < 00
And we denote

LM = LM (R™) = {f € L, (R™) : [|ll 000 < 00}

loc

According to this definition, we recover the local Morrey spaceLMii\“} under the choice
o(zg,r) = P

Definition 2.2 [10] Let 1 < ¢ <ooand 0 <X < . A function f € L{_(R™) is said to

loc

belong to the space LC’J?;"} (local Campanato space), if

1 b
s sy [ frtn) <o
Wlscter =380\ Blaq. o [y, , 1)~ o
where

1
) T 1B (e | d ‘
fBom) |B(zq,7)| /B(Io,n s

Define
LC;KO}(R") ={felLl (R"): ||f||LC§30} < ool

loc



No. 3 Commutators generated by Lusin-area integral and local Campanato functions ... 383

Remark 2.1 [10] Note that, the central BMO space CBMO,(R™) = LCJ%} (R™) and
CBMO™ (R = LC%O}(R"). Moreover, imagining that the behavior of CBM O™ (R™)
may be quite different from that of BMO(R™), since there is no analogy of the John-
Nirenberg inequality of BMO for the space CBM OéIO}(R").

Lemma 2.1 [10] Let 1 <g<o0,0<71y <7y and b€ LCif\"},O <A< %, then

1 z T
— b(x) — bp(zy.ry|%d <C(1l4+In—||b w0} -
<|B(3?0,7“1)|1+’\q /B(zo,rl) 16() = bi(eo.ro) a:) - < - nr2> | HLC;A}

And from this inequality, we have

T
Potears = bl < C(1410 2 ) Blan, )Pl g

In this section, we are going to use the following statement on the boundedness of the

weighted Hardy operator

Hy,g(t) == /00 g(s)w(s)ds, 0 <t < oo,

where w is a fixed function non-negative and measurable on (0, c0).
Lemma 2.2 [11, 12] Let vy,vs and w be positive almost everywhere and measurable
functions on (0, 00). The inequality

esssup vg(t)Hy,g(t) < Cesssup v (t)g(t) (2.1)
t>0 t>0

holds for some C' > 0 and all non-negative and non-decreasing g on (0, c0) if and only if

B := esssupva(t) /00 Lds < 0.
>0 . ess sup wvi(7)
s<T<00

Moreover, if C' is the minimum value of C' in (2.1), then C' = B.

Lemma 2.3 [2] Suppose that 1 < ¢,s < oo and Q € L¥(S"™!) satisfying (1.1). If ¢, s
and weighted function w satisfy one of the following conditions

(i) max{s’,2} =7 < g < 0o, and w € Ay ;

(i) 2 < ¢ < s, and w2 ¢ Ay s

(iii) 2 < ¢ < o0, and w® € Ag2,

then the operator uq g is bounded on L?(w,R") space, where s’ = —*; is the conjugate

exponent of s.
Remark 2.2 From Lemma 2.3, it’s obvious that when Q € L*(S"™!) (1 < s < 00)
satisfies condition (1.1), the operator g s is bounded on L(R™) space for 2 < g < o0.
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3 Lusin-Area Integral on Generalized Local Morrey Spaces

Theorem 3.1 Let Q € L*(S"™!) (1 < s < 00) satisfy condition (1.1) and max{2,s'} <

S

q < 00, where s’ = —*5 is the conjugate exponent of s. Then the inequality

e dl
||f||Lq(B(xo,l))ﬁﬁ

||MQ,S(f)||LQ(B(xM)) ST /
2

holds for any ball B(zq,r).
Proof Let B = B(x,r). We write f = f1 + fo, where fi = fxop and fo = fx(@2p)e-
Thus we have

a,s(F)llas) < llpes(fi)llLas) + lpa,s(f2)llLas)-
Since pq s is bounded on L(R™) space (see Lemma 2.3), then it follows that

a [ dl
lke,sfillLamy S I1fllpas) S e / ||f||Lq(B<xo7z>>l@ﬁ~ (3.1)
2 q

r

Our attention will be focused now on |uq s f2(x)| for z € B,

2 3
s hale < / / / =2 ¢, dydt)
r@) tJeByen (sly—zi<ny 1Y = 2" et ,
2 dydt\ *
<//F(ac) tn+1>
(3.2)

1w Qy —
) =D f(2)a
t @+ B\ B) () {=ly—zl<t} Y — 2|
Without loss of generality, we can assume that for any x € B, (y,t) € I'(x) and z €
27t1B \ 2/ B, we have B(x,t)(B(z,t) # @. Thus there exists yo € B(z,t)()B(z,t), such
that

IN

2t > o — yol + lyo — 2| 2 |v — 2| > |2 — wo| — & — o] = 2r — 7 > 2.

la,s fa(x)| < (/ /
202y J|z— y\<t

When ) € L“(S”‘l), it follows from the Hélder’s inequality that

Hence

Nl=

Qy — 2) 2dydt
/2 _Z|n1f(z)dz' tn+1>

J+1B\2i B ly

a5 f2()

1 2 dyde |
< 1 1>( I / [ s [ ] )
I=2r J|z—y|<t =1 | 2i+1B\2/ B

1
- 1 > dydt\ ?
=1 |2]+1B‘T 2j+1B 2i=2p J|z— y|<tt (33)
o0 o0
: 2(2]“ )”/ Z (2%r) F)La(B o210
2i+1p =
2]+2 dl
_4_1 )
s Z / L TE ey S / et
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When Q € L5(S"1),1 < s < o0, it is obvious that
</ 1Q(y — z)|5dz> < (/ l"_ldl/ |Q(u)9du>
2i+1B 0 sn-1

2J+1

(3.4)
Thus from Hoélder’s inequality and (3.4), we have
lta,s fa(z
2 3
Qy — dydt
= </ / / Lﬁf(z)dz 3+1>
2i-2p Jjo—y|<t| t 2i+1B\2/ B ly — 2| t
1 C N\ TP dydt

([ S e ([ were) ] )

( 2i—2p \a; yl<t Zl [2741 B ( ) 2i+1B\2/ B ¢t

|2J+1B

A
Mg

11 SL, > dydt %
(L were) (7] )
</2j+13 2i—=2p J|z—y|<t s

@) 79 fll ooz

1

<.
Il

NE

<

ﬁ,
8H

dl
S /2 ||f||Lq(B<xo,l))ﬁﬁ~
(3.5)
So

a [~ dl
o sallrer 78 | I levaean e (3:0)

2r

Therefore combining (3.1) and (3.6), we have

. [ dl
o5 fllLes) S e / 1 ez o) josr-
2 q

r

Thus we complete the proof of Theorem 3.1.
Theorem 3.2 Let Q € L5(S" ') (1 < s < 00) satisfy condition (1.1) and max{2, s’} <
q < 0o. Then, if functions ¢, 1 : R™ x (0,00) — (0, +00) satisfy the inequality

SAS dl < C¥(zo, 1), (3.7)

I» Tt

/oo ess inf o(x,7)T"

where C does not depend on z and r, the operator ug ¢ is bounded from LMZ;{E)} to LMz;{fl?}'
Proof Taking vi(l) = ¢(z0,0) 177, v2(l) = ¥(z0,0)7" 9(1) = | fllzaBeo and
w(l) =157, then from Theorem 3.1, we have
> d
esssupvg(l)/ __wls)ds < 0.
!

1>0 ess sup vy(7)
s<T<00

Thus from Lemma 2.2, it follows that

esssup v (1) Hy,g(l) < Cesssup vy (1)g(l).
1>0 1>0
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Therefore
_1
ks fll a0 :Sglg¢($07T)_1|B(ﬂioJ’)| @ || a5 fllLa(B(zo.r))

[ dl
< sup ¥ (zo,7) 1/ 1Nl Lo B0ty 257
r>0 r la

S sup (0, 7) 7 7| fllLa(Beor) = I1FIl, prte00-
r>0 a,¢

Thus we complete the proof of Theorem 3.2.

4 Commutators Generated by Lusin-Area Integral on Generalized Local
Morrey Spaces

Theorem 4.1 Let Q € L5(S" ') (1 < s < co) satisfy condition (1.1) and max{2, s'} <
q<oo.Letl<p,q,qe, - ,qm < 00, such that % = %+q%+qi2+~-+q%, and b; ELCJSKE
for 0 < \; < %,i =1,2,--- ,m. Then the inequality

m o]

10,5l asory < LT I1Billpgig 7o /
i=1 v

2r

A dl
(1 +1n T) 122 B0 fmi=n

holds for any ball B(xzg,r), where A = A1 + Ao+ -+ + Ayp.

Proof Without loss of generality, it is sufficient for us to show that the conclusion
holds for m = 2.

Let B = B(xo,r). And we write f = fi + fo, where fi = fxap, fo = fXx(@2B):. Thus we
have

bi,b bi,b b1,b
1153 Fll sy < IS fillcas) + 108" follpasy =: 1+ I1.

Let us estimate I and I, respectively. It is obvious that

bi,b
11895 fill Locsy

= [[(b1 — (b1)B) (b2 — (b2) B)pr,s f1llLa(m) + [[(b1 — (b1) B) a5 (b2 — (b2)B) fill La(m)
+[[(b2 = (b2) B)pa,s (b1 — (b1)B) fillLas) + .5 (br — (b1)B) (b2 — (b2) B) f1llLa(B)
= L+L+1I3+ 14

From Lemma 2.1, it is easy to see that

1 — (b3) Iz (m) < Croe ™t

bi”LCz{J:,OA}i fori=1,2. (4.1)

Since % = q% + qi? + % and max{2, s’} < ¢ < oco. It is obvious that max{2,s'} < p < occ.
Thus using Hélder’s inequality, Theorem 3.1 and (4.1), we have

I S br = (b)BllLa (s l1b2 — (b2) Bl Lo (B) l0,5 f1ll Lo (B)

n dl
S 1br = (01) BllLa () |02 = (b2) Bl Loz ()77 / 1 llze B o) T2 (4.2)
< ||b b s [0 141 ! dl
S oall gtz NB2ll teor 7o . +In— ||f||LP(B(mo,l))m-
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Moreover, from Lemma 2.1, it is easy to see that

lb; — (bi)B||Lri2B) < Croi T

blHLC;{)jOA}l for i = 1, 2. (43)

And let ¢ = -+ +. Then it is easy to see that - = .- + ¢ and max{s’,2} < ¢ < co. Then
similarly to the estimate of (4.2), we have

I S br = (b1) Bl sl a,s (b2 — (b2)B) fill Lacs)
S 101 = (1) BllLar (m)l1b2 = (b2) Bl Le2 2 | f | e (2)
w [ l dl
S Wl el v [ (14100 ) Wlancotn s

2r

Similarly,

> 1’ dl
I; S ”blHLcjfg}lHb?”LCQ{;%M /QT <1+1HT> ”f”LP(B(:co,l))m'
Similarly, since % = qil + q% + %. Then, by Lemma 2.3, Holder’s inequality and (4.3), we
obtain

I =|lpa,s(bi — (b1))(b2 — (b2)B) fillLa(B)
S [(br = (b1)B) (b2 — (b2)B) fllLe2B)
S b = (b1) Bl L (s [lb2 — (bz)B||Lq2<B)||f||L2p(2B)
o [T l dl
S Wl el v [ (1100 ) Wlarotn s
qa1:M1 qa2,A2 2 )

Therefore combining the estimates of I, Is, I3 and I, we have

oo

dl

2
n l
I g |b1||Lc§ff;}1Hb?”ch;g}Q“/ <1+lnr> ||f||LP(B(zo,l))m~

2r

Let us estimate I1.

b1,b
1895 foll ooy

= |[(bs = (b1)B) (b2 — (b2) B)pe,s fallLa(s) + [[(b1 — (b1) B)pe,s (b2 — (b2) B) fallLa(B)
+[[(b2 = (b2) B)pa,s (b1 — (b1)B) follLas) + .5 (br — (b1)B) (b2 — (b2) B) fallLa(B)

Since % = q% + q% + %. Then using Holder’s inequality and (3.6), we have
I S |16y = (b1) Bl 8y b2 = (b2) Bl Loz (m) [l 1.5 foll o 5
w [T dl
S llbr = (o)l ) llb2 = (G2)Bllzemyre [ llrBeon) 2

a

2r

< n [ l dl
~ ”blHch{f&}l ||b2”ch<;&}27’q 1+ 111; ||f||LP(B(1o,l))m'
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In the following, let us estimate Il,. For x € B, when Q € L>(S"™ 1), from Lemma 2.1

and estimate of (3.3), we have

|MQ£(52 — (b2)B) f2()]
S [ ae) = G 1z

j=1

= A i (44)
S @) Tl e Bao 2 B2 = (02) Blaor) |92 (Blao 2510 |27 Bl 75

j=1

e l dl
N |b2”LC§;&}2/z (1+lnr>|f|lz"(3(zo,l))lz+1n,\2'

T

For x € B, when € L¥(S"1),1 < s < 0o, from Lemma 2.1 and the estimate of (3.5),
it follows that

la,s(b2 — (b2) B) f2()]
< 2y ’<
I / (

(o)
; _1_ 1
< Z [l Lo (B(ao251m) 102 = (B2) Blao.r) | Loz (B(o,25412)) |2 B 77 2

j=1

> l dl
Soalyereg, [ (1410 ) Mooty s

T

1
7
s

(Ibatz) - <bz~>3<z0,r>||f<z>|>s'dz)

0,29 F1r)

(4.5)

Let 1 < § < oo such that % = % + q%, then % = q% +% and max{2,s'} < § < co. Thus,
from Holder’s inequality, (4.4) and (4.5), we obtain

! dl
<1 +1In T) HfHL”(B(zo,l))W (4.6)

2
l dl
(1+102) Wlhrotaony =t

I, S lbr = (01) ]l () 10,5 (b2 = (52) ) follLacs)
< 10 = 005l ) 0] o) rz/
q2,72 2

_ ] i n
S ||b1HLC;i,OA}1 HbQHLC;é&}QT‘Z /;r

T
o0

Similarly,

o0

dl

2
I3 5 ||b1HLc§f&}1 ||b2HLC§;g}2” / <1 + In r) ||f||LP(B(mo,l))m-

2r

Let us estimate I1,. It is analogue to the estimates of (4.4), (4.5) and (4.6), we have the

following estimates.
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When z € B, Q € L>*(S"!), we have

|l£2’5(bl — (b1)B) (b2 — (b2) B) fa()|

S Z(2j+17’)"/ 1b1(2) = (b1) Bz, |[62(2) = (b2) B(xo,m ||f (2)|dz
= 2418
5 Z ||f||LP(B(;c0,2j+1r))||b1 - (bl)B(mo,r)||Lq1(B(3;U72j+1r))Hbg - (bQ)B(zo,r)||Lq2(B(x0,2J'+1r))
j=1
2B
< b b “(1eml) di
Sl 1|\Lc§fg}l | 2||LC§§,°§2 . + n- ||f||L”(B(I0,l))m‘
(4.7)
When z € B, Q € L*(S"1),1 < s < 0o, we have
|/m,s(b1 — (b1)B) (b2 — (b2) B) f2(z)|
o <
< X[ ) = O )~ Go)sia L7 0
j=1 B(xo,2it1r)
o0
S Y Il sos s 101 = (01) Baom | Lo (o 20410
j=1
. _1_ 1 _
X||b2 = (b2) B(ao,r) | Loz (B(wo 20417y |27 T B 77 "0 T2
o l dl
S Wlsog elsogey, [ (140 0) 1l s
(4.8)

Therefore from (4.7) and (4.8), we have

oo

2
l dl
(1 +1n r> 1F Wl e (B0 [EHI=Oa Ao

So from the estimates of I1y, 15,13 and Iy, it follows that

n
II4 S ||b1||LC§f,O/\}1 Hb2||LC;:€\}2T‘I /

2r

oo

dl

2
n l
15 Wnlegy Welicg ™ | <1 i r> W lzr o o

2r
Therefore from the estimates of I and I1, we deduced that

oo

dl

2
n l
bi,b n
5 lotaorn % il el ¥ [ (14103 ) W lootoony =t

2r

Thus the proof of Theorem 4.1 is completed .

Theorem 4.2 Let Q € L*(S" ') (1 < s < o0) satisfy condition (1.1) and max{2,s'} <
qg<oo. Letl<p,q,qo, - ,pm < 00, such that % :%—f—qil—i—q%—f—“-—i—ﬁ, andbELCﬁf\i’
for 0< X\, < 1,i=1,2,--- m. Then, if functions ¢, 1 : R" x (0,00) — (0, +00) satisfy the
inequality

n
P

o p\mess inf o(xo, T)T
/ (1 —+ In > I<7<oo dl S Cw(x()v T)7

r l%%»lfn)\
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where A = Y \; and the constant C' > 0 doesn’t depend on r. Then ,ug g is bounded from
i=1
LMES to LMY
Proof Taking vi(l) = ¢(z0,1) 177, va2(l) = ¥(z0,1)™", 9(1) = [ fllzaBae) and
w(l) = (1+1nL)m™"™ =51 It is easy to see that

> w(s)ds
ess sup vy (1) — < 0.
150 , ess sup vq(7)
s<T<00

Thus by Lemma 2.2, we have
esssup va (1) H,g(l) < Cesssup vy (1)g(l).
1>0 1>0

So B
||M?z,sf||LMq{z9}

_1 r
= suptp(zo,r) " [B(wo, )| 7 |1, s f || La(B(zo.r)

r>0
m > IN™ ln
< T leeg st [ (mn) S T P
i=1 4N >0 o r
S 1Tl ot 50 0G0, ) oy
i=1 22 r>0

3
m
zl;[1 10ill o) 1F 1 gz -

Thus the proof of Theorem 4.2 is finished.
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