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1 3SR

Branciaril! B RGN T B2 A S, A H T S EH ) Banach K455 E
. S, B2 H LRI A (8] T T A AN R4 2 A T AN B A5 21 [ A
T Banach 4 € #EA Kannan BANE) g€ BIAERH Y b - JEE A P — SN H. A2 3
IR R R, AT b - BRI R G A AU IS A Bl a5 A A 1
— VR, 193] T — R AR A A S s B, TEAR KRS BT T AHISCER 12—tk
xR

TEN R FHEEIR LAY, Jo i — LA S 2 N2

EX 1MW % X 2 d: X x X — [0,+00), H Ve, y € X, 2

(Rbl) d(z,y) =0 HHANH z = y;

(Rb2) d(z,y) = d(y,z);

(Rb3) d(x,y) < sld(z,u) + d(u,v) + d(v,y)], HH u,v e X\ {z,y}, FB u #v.
MFR (X, d) NI b - =0, H s> 1 NEEb- EESNE (X, d) R

E 11 U8 AR AR b - BN, AR AN b - R
B (XH s =1). RZA—5E L.

EX 1.2 18 % {2} 2HE b - FEEEN (X, d) TIPS {z,} AN X F 1 Cauchy
I, R lim d(z,, 2,) = 0.

n,m— 00

EX 1.3 ¥ {x,} R b - BEELN (X, d) TIPS {z,} A8 X Frlsis),
UES lim d(zp,z) =0
EX 1.4 08 J6% b - BRI (X, d) BONEEN, iR X 18— Cauchy FI#ULEL

“Ie s HHEA: 2016-09-01 Y EER: 2016-10-10

EEWHE: ExARREESED (11071169); Wil BARI IS B (Y6110287).
E&Z®I v X (1991-), L, \WZRHEE, Wi, ZZRF 5 IR): JELRMEZ BT S A
BIES: 515
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F 1208 FIE b - EEAE (X, d) B IR R SN — e —, BRSO —E
Cauchy %1.

EX15M R (z,y) e X x X MR F: X x X — X AR5, R Fle,y) =
'er(wa) =Y.

EX 1.6 FR (gz,gy) e X x X RMBEN F: X x X - X flg: X - X MESHE
M, W F(x,y) = gz, F(y,z) = gy. EB, R (z,y) € X x X Z2BMEXN F: X x X — X H
g: X — X WG ES M.

EX 1.7 FR (2,9) € X x X MBI F: X x X — X flg: X — X FAIHEA
B, MR Fle,y) =gr =2, F(y,z) = gy = y.

EX 1806 ¥ X A—Ap5E MEN F: X xX - X Alg: X — X BN w- FEM
WRH F(a,y) = go H F(y,z) = gy, B gF(2,y) = F(gz, gy).

EX 190 X —dEFE, < BENIE X FM—WmFRR, BB T: X x X —
X,9: X = X. T HNEARSE g - BIRMER, WR T(z,y) KT x & g- BWARN, KTy
& g - AN, e 2,y e X, B

x1, 22 € X, 921 = gro = T(21,y) 2 T(x2,Y);
Y192 € X, 9y1 2 gy2 = T(x,91) = T(x,52).

2 FELR

NITAE I, FCH IR R ¢ o 3Faa 2 DR SR R 2 D9

(1) 9 :[0,00) — [0,00) WHi2: 1) ¥ IR HIG T AR ICRAELLN); 2) () =04
HlEt=o.

(2) ¢:[0,00) — [0,00) WHi/E: 1) ¢ A& FFELLM; 2) ¢o(t) =0t =0.

EIE 2.1 % (X, d) 2— ML - BETE, KR s> 1, < 28 E X ER—WT.
g: X > X NX FEREME. BT : X x X - X BHBES g- HiAvE. His e LU N 44

(1) T(X x X) C g(X);

(2) 3(wo,y0) € X x X 13 gzo < T(20,%0), 9%0 = T (Yo, Zo);

(3) Va,y,u,v € X, W gz < gu, gy = gv BFH gz = gu, gy < gv, WH

Y(sd(T(z,y),T(u,v))) < ¢(max{d(gz, gu), d(gy, gv)}) — ¢(max {d(gz, gu),d(gy, gv)}),
(2.1)
MR g(X) £ (X, d) KI8T, Wg MT X PHEGHE .

WE AR AT (2) AIAR, FR1E (20, y0) € X x X, f#15 gz0 < T'(20,%0), 9%0 = T (Yo, x0), HT
T(X x X) C g(X), B ARAE 21,91 € X, {815 gy = T(z0,Y0), 9v1 = T(yo, Zo)- FAA, 17
£ 29,90 € X, 453 gzo = T(21,91), gy2 = T(yr,z1). BT gzo = T(x0,%0); 950 = T(yo, To),
A3 3) gz < g1, 90 = gy HTER T BARSE g - AN, FTUA

gr1 =T (20,90) =X T'(20,y1) 2 T(w1,y1) = ga;
gy = T(yo, z0) = T'(yo, z1) = T(y1, 1) = gy
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RIEEHE, gtal 528 X AT {2, B {y.}, 13 g2, = T (20, Yn), 9Yn = T(Yn, Tn),
I H {gzn} M {gyn} EHL

(2.2)

gTo X gry X gra R RN gTp X GgTpgr 00
9GYo = gY1 = gY2 = = GYn = GYnt1 & v -

e (2'1) EP? Y (l‘,y) = (zmyn) A (va) = <$n+1;yn+l)a A (2-2> nIfg

Y(sd(gTny1, 9Tni2)) = Y(A(T(Zn, Yn), T(Tny1,Yns1)))
< Y(max {d(gTn, gTni1), A(gYns 9Yni1) }) — p(max {d(gn, 9Tni1), d(9Yn> GYni1) })-

I
Y(sd(9Tni1; 9Tn2))
< Y(max{d(gzn, 97n1), d(9Yn, 9Ynn1)}) — p(max {d(gTn, gTni1), A(gYn, GYni1)})- (2.3)
[ B ] 45

P (sd(gYn+1, GYn+2))
< Y(max {d(9Tn, 9Tn1), d(GYn, 9Yni1)}) —P(max {d(gzn, 9Tni1), A(GYn, GYni1) })- (2.4)

S
dp = max{d(gzn, 9Tn 1), d(9Yn> GYn+1)}- (2.5)
T max{¢(a), ¥ (b)} = ¥ (max{a,b}),Va,b € [0,+00), FMAH

Y(sdyi1) = max{p(sd(grni1, 9Tn42)), V(SA(GYnt1, GYnt2))}-
FRRIE (2.3), (2.4), (2.5) A1 ERAT15
Y(sdny1)

< w(max{d(gmn, gl’n-i-l)a d(gym gyn+1)}) - ¢(max{d(gxn, gxn-&-l)v d(gym gyn+1)})
= Zb(dn) - ¢(dn)

NHEE ¢ : [0,00) — [0,00), Fitbi X5

B o 2R, 1R
Sdn+1 S dn (27)
T ET 1 {d,} % TSI 555081, RIGAE 7 € [0,00), 13 lim d, = r. 2% (2.6) 7§
WA n — oo B, BUIRTS ¢ (sr) < o(r) — ¢(r) < o(r). H ¢ =R, 7715 sr <r. XH
s> 1 IS r > 0 1, WIUPIE, AR r =0, TRA lim d, = 0. #3{ (25) 7
i d(g2n, grp41) = lim d(gyn, gyns1) = 0. (2.8)

n—oo
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Lk=21 Mar0<k<l, TRNA (2.7) THA dy1 < kd,, BETTAASE]
dpi1 < kdp <K*dp_y < <E""dg,n=0,1,2,--- . (2.9)
A (2.2), £ (2.1) FH (2, y) = (@0, y0) B (u,0) = (Tnt2, Ynt2), T
¢(5d(9$n+17 gxn+3)) = w<d(T(mn7 yn)v T(xn+27 yn+2)))
< p(max {d(9n, 9Tni2), A(9Yn, GYni2) }) — p(max {d(gzn, gTni2), d(gYn, gyni2)})-(2.10)
RfJ
Y(sd(gTni1,9Tny3))
S ’(/)(Hla,X {d<9xna gmn—‘r?)a d(gynv gyn—l—?)}) —¢(max {d(gxna gl‘n—&%)v d(gyn7 gyn—i-?)}) (211>
[ £ n] 45
Y(sd(gYnt1; 9Yn+3))
= w(ma'x {d(gxn, gxn+2)7 d(gynv gyn+2)}) - ¢(max {d(gxn, g$n+2)v d(gynv gyn—ﬂ)}) (212)
A
dy, = max{d(gzn, 9Tn+2), d(gYn, gYn+2)}- (2.13)
T max{¢(a), ¥ (b)} = ¥ (max{a,b}),Va,b € [0, +o00), FMAH
¢(sdi+1) = max{y(sd(gTn+1, 9Zn+3)), V(5d(GYn+1, 9Yn+3)) }-

ARG (2.11), (2.12) M (2.13) KAT18 Y(sdiy,) < ¥(dh) — o(ds) < a(ds). X ¢ R
Hl sdyy <din=0,1,2,--- . X k=1 WHd,, <kd,, KKXEHEEH]

d;kz-i-l < kd;kz < k2er—1 <--e < kn+1d37n = 07 1727 e (214)

FEOR, HUEM {gz,} A {gy.} #E gX H#) Cauchy 1.
a) Y p RAHN, Wp=2m+1.
Fsz b, mMER (Rb3) nl 15

d(gxm gxn+2m+1)

[
[

IN

S d(gIna g'rn-‘rl) +d 9Tn41, gmn+2) + d(g$n+2, gl‘n+2m+1)]

IN

s[d(gn, gTni1) + d(g2Tni1, 9Tny2)]

IN

s[d(gn, gTni1) + d(gTni1, 9Tny2)] + 52[d(9$n+2;9xn+3) + d(92Tnt3, GTnta)]

(
(
+82d(gTn 12, 9Tnt3) + d(9Tn13, 9Tnia) + A(gTn1a, GTnrom1)]
(
+5°[d(gTn 14, 9Tn15) + A(gZnis5, 9Tnse) + A(9Tni6, 9Tniomi1)]

IN

o+ < s[d(gTn, gTpi1) + d(9Tni1, 9Tns2)] + 57 [d(9Tns2, 9Tn43) + A(9Tnis, GTnia)]
+53[d(9xn+47 gmn+5) + d(gxn+5, gxn+6)] +o 8" {d(g$n+2m—2, gxn—&-Zm—l)

+d(g$n+2m717 ganer) + d(gxn+2m7 gxn+2m+1)} .
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Hsbav
d(gxna gmn+2m+1)
S S[d(gxna gl‘n-i-l) + d(g$n+1, gIn-i—?)] + Sz[d(gxn—i-% g‘rn+3) + d(g$n+3a g'rn+4)]
+s5° [d(9%nta, 9Tnys) + A(gTnts, 9Tnie)] + - + " [d(9Znt2m—25 GTnt2m—1)
+d(g:17n+2m—1a gxn+2m)] + Smd(gxn+2ma gxn+2m+1)~ (215>
[F) A3 B AT
d(9Yn» 9Yn+2am+1)
< s1d(gYn, GYn+1) + A(GYni1, GYn+2)] + S 1A(GYns2, GYn+3) + A(GYn+3, GUnta)]

+8°[d(gYntas GYn+5) + A(GYn+5: GYnto)] + - + 8™ [A(GYnt2m—2+ GYnt2m—1)
+d(gYn+2m—1, 9Yn+2m)] + 5" A(GYn+2m> GYn+2m+1)- (2.16)

it (2.9), (2.15) A1 (2.16) K, XH k=1 "4

max{d(ga;n, gxn+2m+1)7 d(gyru gyn+2m+1)}

S Sdn + 8dn+1 + 52dn+2 + 52dn+3 + 53dn+4 + 53dn+5
+- Smdn+2m72 + Smdn+2m71 + Smdn+2m
< sk + sk g + KMy + SPEV g 4 $PET T + sP K dy

o §METE T2y 4 s ] 4 s TR

= (sk" 4 sk™ T 4 PR 4 SR 4 ST T
oo gMnTEMT2 y gmpn2meL gmpnet2m) g

= (k™4 $2k"T? 4 Sk 4 SRR s dy + 8RR X d
B G e e e A

_ (1 — Smkj2m)(5k‘" —+ Skn+1) + Smkn+2m:| dO

i 1 — sk?
O ek
- 1—s-% snt2m | 70

T 1 s+1 1],
N [\ sn! + sntm—1 s—1 + gntm | 70
fp

1 1 +1 1
maX{d(gxnygxn—ﬂm—H)vd(gynagyn+2m+1>} S |:<Sn_1 + gn"r’m—1> <z_1> +Sn+fm:| d(). (217)
b) 4 p BB, ¥ p = 2m. MM (Rb3) 7113

d(gn, 9Tn+2m)

s[d(gxn, 9Tnt1) + d(9Tnt1, gTnt2) + d(9Tnt2, 9Tnyom)]
sld(gzy, 92n+41) + d(9Tni1, gTn2)]

+5°[d(9Tn12, 9Tn13) + d(9Tnys, 9Tnia) + A(gTnia; GTnom)]

IN

IN
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< sld(g2n, grni1) + d(gTni1, 9Tns2)] + 2[d(9Tn12, 9Tnss) + d(9Tnys, 9T ia)]
+ -+ 5" d(9Znr2m—1, 9Tnt2m—3) + A(9Tni2m—3, GTnsom—2)]
+5" 7 (9T g am 25 GTnt2m)
< sld(gzn, grni1) + d(gTnt1; 9Tnia)] + 5°[d(9Tn12, 9Tnys) + A9 ss, GTnta)]
+ 4 8" A9 2m 4 9T r2m-3) + A(GTni2m 3, 9Tni2m—2)]
+5" 7 (gL g 2m—2, GTrtom)-
RfI
d(gTy, gTniom)
< sld(g2n, 9Tni1) + d(gTnt1; 9Tnia)] + 5°[d(9Tn12, 9Tnys) + A(gTns3, GTnta)]
o 8" d(gT s omas 9T 2m—3) + A(9Tnt2m—35 GTntom—2)]
+8" 7 d(gT g 2m—2, GTrtom)- (2.18)
=S ERiEIp

d(9Yns 9Yn+2m)
< 5[d(gYns 9Ynt1) + A(9Ynt1, 9Ynt2)] + 82 [d(9Yn12, 9Yn+3) + d(9Yn+3, GYnta)]
+ o+ 8" HA(gYnr2m—1, GYnt2m—3) + A(GYn+2m—3, GTni2m—2)]
+5" 1 d(gYnt2m—2, GYnt2m)- (2.19)
a3 (2.9), (2.14), (2.18) F1(2.19) 5, X k = L A4

max{d(ga:n, gxn+2m+2)a d(gyna gyn+2m+2)}

S Sdn + SdnJrl + SanJrQ + SanJrS +- 4+ S"L_ldn+2mf4 + Sm_ldn+2m73 + Sm_ld:H_grn_Q
< sk"dy + sk Ny + $7RTAdy + 2R3y + PRy 4 PR 4 - 4 8™ R
+5WL—1kn+2m—3d0 + Sm—lkn+2m—2ds
— [Skn+8kn+1 +82kn+2+S2kn+3+83kn+4+83kn+5+' . '+Sm71kn+2m74+8m71kn+2m73]d0
+Sm_1k'n+2m_2d8
S [Sk}n + San+2 4 SSkn+4 N Smflkn+2mf4]d0
+ Skn+1 + San+3 + S3k_n+5 + . + Sm—lkn+27n—3 dO + Sm—lkn+2m—2d*
0
(1 - Sm—lk,Qm—2)(3kn + Skn+1) m—171.n+2m—2 3%
S 1— 5]{;2 do + s k dO
) ) 1
B 1—s-% ot+s " gntam—2"0
1 1 s+1 1,
= |:<Sn—1 - Sm+n—2> ’ s — 1:| do + Sn—i—m—ldo'
IS

1 1 s+1 1
max{d(gzy, 9Tni2mi2), A(gYn, gYni2mi2) } < [<5”1 - swm2> . 51] d0+sn+‘m—1 dj. (2.20)
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i (2.17) 1 (2.20) X AT75
plm max{d(9Zn; 9Tn+p), A(gYns 9Yn+p)} = 0. (2.21)
Mo(2.21) KATH0 {gx,} A {gy,} #& g(X) F#I Cauchy 4.
XA g(X) R b - R (X, d) F7E& T8, TR E 2,y € X, 113
lim gz, = gz, lim gy, = gy. (2.22)

N (2.1) RAarg

Y(sd(T(x,y), gxnt1)) = (sd(T(x,y), T(xn, yn)))
< Y(max {d(gz, gv,), d(gy, gyn)}) — ¢(max {d(gz, gx,), d(gy, gyn)}).  (2.23)

I =M AR
d(T($, s),gx) < Sd(T(l’, S)a gwn-‘rl) + sd(gxn+1,ga:n) + Sd(glin,gI), (224>
7E (2.24) X, 4 n — oo BURER,

d(T(z,s),gz) < lim [sd(T(z,s), gxni1) + $d(gTpni1, 9Tn) + sd(gz,, gz)]

- n—oo

= s lim d(T(z,y), 9Tnt1)- (2.25)

n—oo

i (2.22) F1 (2.25) =X, 7F (2.23) :NFHL4 n — oo BUKIR, 15

dj(d(T(‘/L" y)a g:E)) WS nh_,nolo d(T(SEa y)v gl‘n-‘rl)) = nh—{go Q/J(Sd(T(L y)a gxn+1))

<
< 9(max{0,0}) — #(max{0,0}) = 0.

B d(T(x,y), gz) = 0, HETATEN T(x,y) = ge. FEAR T(y,x) = gy. WA (92, 9y) & g
M T K ESE A, .

EIE 2.2 W (X,d) ZHERb- EESNE, KR s > 1, < 28 LE X ER—MufF.
g: X > X NX EMEMS MR T X x X - X BARSE g- B Bl R4t

(1) T(X x X) € g(X);

(2) 3(xo,90) € X x X 13 gzo < T(20,%0), 9%0 = T(Yo, %0);

(3) Va,y,u,v,a € X, WH gz < gu, gy = gv BFH gr = gu, gy < gv, WLH

Y(d(T(z,y),T(u,v)))
d d d d
o (gx,QU);r (gy,gv)) _ o (gx,QU);r (gy,gv))_
MR g(X) 2 (X, d) THZERE, W g M T £ X PHESHE .
W 5E R 2.1 AR T VEAR R, BE 25
F 2.1 AEH 2.1 FIEBR g RHEEIRR I, B R,

IN
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#iL 2.1 W (X, d) RFEIEb- HEETN, HR%s > 1, < 2 UE X ER—AMRT. Bt
BT X x X — X. WHRHECUF %M

(1) I(xo,v0) € X x X 453 20 < T(20,90), %0 = T(yo, To);

(2) Va,y,u,v € X, W 2 2w,y = v HF 2 = u,y v, BLH

P(sd(T'(2,y), T(u,v)))
< ¢(max {d(fl?, u)v d(y, ”U)}) - ¢(maX {d(CL', u)v d(y’ 'U)})’

W T X PERBEAD) .
i 2.2 Va,b,c€[0,+x), H

(a+b+c)" <3 a" +bF+ ) (k=1,2,---).
WE BN k=12 EREOL, R k= m BFE5Rmar, /)
(a+b+e)™ <3 a™ +b" + ™), Vo, y,z,w € X.
BAES k=m+1 NESRBGr. HsL b A

(a+b+e)™™ <(a+b+e)at+b+e)™

(a+b+c)3" Ha™ +b"+c™) <3 Ha+b+c)(a” +b" +c™)

3 a4+ 4+ ™ 4 (@b + ab™) + (e + ac™) + (B¢ + be™)]
3m—1[am+1 +bm+1 +Cm+1 + (am+1 _|_bm+1) + (am+1 _|_Cm+1) 4 (bm-‘rl +Cm+1)]

3m(am+1 +bm+1 +cm+1)‘

I IA

IN

M RN — 1) B SR EL koL

5121 B X =R, Vo,y € X, EXdz,y) = (x—y)2 W (X,d) &—"MZREs =3 WL
b-EEEN, %X FARFRR < EXMF: sy r<y BXENT: X x X — Rt
FMg: X — R 5l

V3 1n(z — :
y+1), z>uy; 9z
T(z,y) =9 .0 ( )

0, r <y,

S8 T(X x X)Cg(X), AT Bf5 g - BAHRAK. X

{ 9(@) = T(z,y), { 5:8 = ¢(T(0,0)) = T(g0, gO0).

B F g 2 w- AR £ (z,y) = (0,0) B, XEH g0 < T(0,0),90 = T(0,0).
W, yuveX, Gz =<uy=v, la<uy>o.
ESERB ), ¢ RY — RY AN (1) = Vi, ¢(t) = §vE, t €RT.
T3 DU AR L 1
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bl

1) [T (x,y) = fln(acfy+1)T( v)=Bln(u—v+1) B, Bla>yu>o i, A

VBT (,y), T(u,v))) = V/3d(T(z,y), T (u,v))
\/33d(T(.’L', a uav)) - \/33(T x:Z/) T(u,v))2

- \/33<\§1n(x—y+ 1) - ?ln<u—v+1))2

IN

= 3\/5[?1n(x— —I—l)—\ggln(u—v—{—l)]zln(x—y—l—l)—ln(u—v—f—l)
I r—y+1 1x—y+1—(u—v+1)+u—v+1
B u—v+1 u—v+1
r—u+tv—y
= < - -
In[1 + pPR——— | <In[l+(z—u)+ (v—y)]

In[l 4+ (z —u)+ (v—y)] < (e —e*) + (" —€Y)
\/2(612 — )2 4 2(ev — ev)?
V/2max{(er — ev)2, (ev — ev)2}

1 w)2 v y)2

ININ A

= \/411 max{(gz — gu)?, (gu — gy)?}
= %\/max{d(gx,gu),d(guvgy)}

= Vmax{dlgr, gu), dlgu, g9)} — 5 v/max{dlg, ), digu, g0))
= yY(max{d(gz, gu),d(gu, gy)}) — ¢(max{d(gz, gu), d(gu, gy)}).
2) {4 T (z,y) = fln(:v—y—kl) T(u,v) =08, Bl o>y u<ovbl, H
wM<mwfwv ¢MTuw T(u,v))
< V/33d(T(x,y),T = /34T T(u,v))?

= \/33(\g§1n(x—y+l)—0)2:3\/§~\gfln(x—y—l—l):ln(x—y—f—l)

x—y<e®—e=/(e" —e¥)?
Vi(er — et feu —ev +ev — ev)?
Ve =er+ @ —ap
%/[(4@@ “den) + (dev — dev)]?

ININ I IA

IN

i\/[(gw — gu) + (gv — gy)]?

IN

1
1V 209w — gu)? +2(gv — gy)?

IN

i\/élmax{(gﬂv —gu)?, (gv — gy)*}

%\/max{(ga: —gu)?, (gv — gy)?}



No. 2 RINAEEE: FEH b - R[] T iR R I AR A E) e 2 311

= Vmax{d(ge, g, dlg gu)} — 5 /max{dlgz, gu), digu, )}
= Y(max{d(gz, gu),d(gu, gy)}) — ¢(max{d(gz, gu), d(gu, gy)}).

3) Y4 T(u,v) = ?ln(u —v+1),T(z,y) =0 B, Bl o <y,u>v B, FEH2) KIIEH
AU

4) KT (z,y)=0,T(u,v) =00, Bl z <y,u<ov B, BRI,

MRS & B#E 2.1, WHESR T F g HAREES A, H 7(0,0) = g0 = 0.

3 PEImIE—M
WX RN (X,d) ERb- BEZN, < & X E—MeFRER, £ X x X Flg—
Pl e R0 R

(z,y) = (z,t) &z =2 z,y = t,V(x,y), (2,t) € X x X.

Y (z,y) 2 (2,t) BE (x,9) = (2,t) B, K (z,y) 1 (2,t) B AW EGEL
EIR 3.1 7R 2.1 MM, B g T & w- HEN, Hg M T FAEEHEESH
G R (gz*, gy*) M (gz*, gt*) AN AILRT RS (gu*, gv*) € X x X, IXBf g F1 T A

WE HEH 2.1 A[H1 g M1 T BDAFE—DEEGHEG S ATERE (z,y), (2,8) € X x X 2
g MT PHEEWMEEGES S, B T(z,y) = g2, T(y,z) = gy M T(2,t) = gz, T(t,2) = gt.
L (g, gy) = (92, gt).

R 5, AF1E (u,v) € X x X, 15 (gu, gv) 73 (gz, gy), (92, gt) #BATELEL.

a) AT RN

(97, 9y) = (gu, gv), (gt,92) = (gu, gv). (3.1)

4

Up = U, Vg =V, Tg = T, Yo = Y, 20 = 2,t0 =, (3.2)
M 3(uy,v1) € X x X, 17
guy = T'(ug,vg), gv1 = T (vg, ug).
WIS, 23BN ES {gu, } 1 {gv.} 7518
GUunt1 =T (Un, V), GUni1 =T (vp,up),n=1,2,3,---.
FFEIEE o] ISR {92, ), {gyn} BT {g2.}, {gtn} AN

9Tnt1 = T(i[,'n, yn)) 9Yn+1 = T(ynu Z’n), n= 07 ]-» 27 Tty
g2n+1 = T(vatn)7 gtn+1 = T(t'ru Zn)an = 07 1727 Tt
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BT (z,y) &g, T MREEES A, NG

gz1 =T (x0,%0) = T(x,y) = g = gxo, gy1 = T(yo,70) = T(y,x) = gy = g¥o,
gxa = T(l"l,yl) = T(x07y0) = 971,9Y2 = T(Z/l?xl) = T(yoaxo) = gY1-

RUSEHET S gag = g1 = - = gxn =+ U =gy1 =+ = gy = -+ . HI
9Tn = g%, gYn = gy, Vn:07172a"' . (33>
H [F)E H A] %
gzn :gzagtn :gt7 vn:071727”' . (34)

HF (3.1) fi1 (3.2) :n[45
(920, 9y0) = (g0, gvo), (gto,g20) = (guo, guo)-
HT T HHRE g- AN, FTbAarE

g1 =T (x0,Y0)

=< T (uop, Yo)
gy1 =T(yo,z0) =T

j T(anUO) = guy,
(vo,x0) =T

(vo, uo) = guy.
B0 (921, gy1) < (gur, gvr). [FIFLAIAR (g2, gy2) < (gua, guo). IXFEARLEAN N 2, W13
(9Tn, 9Yn) = (gUn, gon),n = 0,1,2,--- .
KT, TS
(gtnvgzn) j (gu'rug/un)v n = 07 17 27 .
gh4y (3.3) A1 (3.4) T3
(nggy) j (gun,gvn), (gt,gZ) j (gun,gvn),n = 07 1727 T

¢(5d(9$7 gun+1)) = lf)(Sd(T(fBa y)7 T(um Un))
< 1/1(maX {d(gm, gun)’ d(gy, gvn>}) - ¢(max {d(gaz, gun)? d(gy, gvn>})'

I

Y(sd(gz, gunt1)) < p(max {d(gz, gun), d(gy, gvn)}) — ¢(max {d(gz, gun), d(gy, gvn)}). (3.5)
[FHE 15

Y(sd(gy, gun+1)) < Y(max{d(gz, gun), d(gy, gvn)}) — d(max {d(gz, gu,), d(gy, gvn)})- (3.6)

o

Tn = Max {d(ng gun)? d(gy7 gvn)} ) (3'7)
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BXO7 (3.5), (3.6) AT (3.7) R, X1 max{¢(a),(b)} = ¥(max{a,b}),Va,b € [0, 400), AI15F5]
Y(5Vny1) = max {¢(sd(gz, guni1)), ¥ (sd(gy, gvni1)}) < V(n) — 0(Wn) < (),  (3.8)

MR Y1 < Yoo BTCARTED {v,} BRIBRIE AL, FEr € X, 15 r >0
H lim vy, = 7o BN P(s7n11) < Pm) — ¢(yn). ¥ ESNFILL n — oo B, BUKIRS

P(sr) <Y(r) —o(r). Zr >0 0, BIFE. Blr=0 T2F

lim v, = lim max{d(gx, gu,),d(gy, gv,)} =0,

HETT AT 0

lim d(gx, gu,) = lim d(gy, gv,) = 0. (3.9)
[F) A T8 B AT E £

lim d(gz, gu,) = lim d(gt, gv,) = 0. (3.10)

i (3.9) A1 (3.10) K153

lim gu, = gxr = gz, lim gv, = gy = gt.

Ed|
g(gr) = g(T(x,y)) = T(gz,9y), 9(gy) = 9(T(y,)) = T(gx, gy)- (3.11)
HT Im,n € X, {18 gr = m, gy = n, A4 (3.12) AIHEH N

gm =T(m,n), gn="T(n,m). (3.12)

K (m,n) M2 g 1T K—MEEEG S, HESEG SR gm = gz = m,gn =
gy =n. XH (3.12) XA[1E m = gm = T(m,n),n =gn =T(n,m). BESF g M T GFREL
HAF R BT g MT WESEE AWM, K g AT WS ALAZ) fit R A
—

b) AT HE AN (gu, gv) < (9. 99). (gt.92) = (gu. gv).
c) AMHERAN (92, 9y) < (gu, gv), (gu, gv) = (gt, 92).
d) SR RN (gu, gv) =< (92, 99), (gu,gv) < (gt,92).

A a) MUEI TSR, EIR = MG AL RIFEAEIESS g A T G A LA F) St B A ME— 1.
4 EROHEFHNA
& X = Cla, b] /&€ XAE [a, 0] LHBESERBAEAE. < RENE X ERRTRR, &L
(,y) < (u,v) & & < u,y > 0.
ENd: X x X - Rt A

d(z,y) = sup |z(r) —y(r)|*,Vz,y € X (k > 2).
rel0,1]
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R 50 (X, d) & 5E AT b - FEEASIE], Hd 2.2 AR, HRH s = 381
5 R& UL R 3 U5 FE 2 ) i

b

2(r) = / S(rt)(F(tx(8)) + g(t, y(0)))d:
%

y(r) = / S(rt)(F(t,y(t)) + g(t, (1))t

R, RGN LA SR AR R
(i) S(r,t): [a,b] x [a,b] — RY ZELMHEL
(ii) f,g:[a,b] x R — R RELLHHL

(iii) 3(wo,v0) € X x X, {#i13

(4.1)

b

b
Zo S / S(Tv t)(f(taxO(t)) +g(t7y0(t)))dt7 Yo 2 / S(?", t)(f(t7y0(t)) + g(taxO(t)))dt

(iv) Jp, v RN TAEZER r € [a,0],z,y R, H
‘f(Ta‘/L‘) - f(ray)‘ S ILL|SC - y|7
lg(r,2) — g(r,y)| < vz -yl
(V) I s lloo= sup{S(r,t) : .t € [a, 0]}, H 2" max{p*,v*} || s |5 < 5.
EIE 4.1 B ERZM (1) (v) KoL, WA G FRAL (4.1) A HE— IR
IE MEREMT X x X > X Mg: X —XWF
b
T(x,y)(r) = / S(rt)(f(t,z(t)) + g(t,y(t)))dt, gz(r)=z(r), Y,y € X,r € [a,b].
W 264 (1i) AT gzo = T(20,Y0)s  9Yo = T(yo, o), H g M T BA w - BN X%kt
(iv) # (v) AJ45
sup |T<$, y) - T(uv U>|

r€(a,b]

b b

= s | [ S0 ea(0) + ote. o0 - [ st uo) + gttt
b

= s | [ S0 .00 + 0(0(0) = a0l

< s ( / SO 2(8)) — £ u®)] + gt y(6)) — g(t,v<t>>|>dt)
b

< o ( / s<r,t><u|x<t>—u<t>|+u|y<t>—v<t>|>dt>

< max{u.v} (é&pb] [ st - )+ (o) - v<t>|>dt)

IN

() s (( / s, t)dt)é ( / (l2(t) — u®)] + ly(1) - v<t>|>2dt> §>

max{p, v} || 8 [loo ( sUp |2(r) —u(r)[ + sup [y(r) —ov(r)]).

refa,b] refa,b]

IN
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THREZM (v), BT EEy

sup |T(l’,y) - T(uv U)’k

r€la,b]
< max{p*, "} || s ||% (sup [z(r) —u(r)| + sup |y(r) —o(r)])*
r€la,b] r€la,b)
< 2Pmax{p®, v} || s |15 (sup [z(r) —u(r)|* + sup [y(r) —v(r)|")
r€la,b] r€la,b]
1
< gp(sup [z(r) —u(r)|* 4+ sup [y(r) —o(r)[").
r€fa,b] r€fa,b]
FEPA
_ 1
3" (T (2,y), T(u,v)) < 3 ( sup |(r) —u(r)|* + sup |y(r) —v(r)[*)
r€fa,b] refa,b]
2
< 3 sup max{|z(r) —u(r)[* [y(r) —v(r)|")}.
rela,b]
TR

sd(T (z,y), T (u,v))

IN

2
3 max{d(gz, gu), d(gy, gv)}

= max{d(gz, gu), d(gy, gv)} — 3 max{d(gz, gu), d(gy, g0}

LHE Y, ¢ RY - RY 35 () =t,¢(t) = £Vt € RT, A4 LXK

P(sd(T(2,y), T(u,v))) < p(max{d(gz, gu), d(gy, gv)}) — d(max{d(gz, gu), d(gy, gv)})-

M2 RIE B 3.1 T 26 F 8 2, TR, 1L (¢, %) € X x o, fiif§

Tz y") =gz =2", T(y", 2") =gy =y".

BI (2%, y*) WA (4.1) 7E Cla, b] LHIME—f#.
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A COMMON COUPLE FIXED POINT THEOREM OF
CONTRACTIVE MAPPINGS IN RECTANGULAR
B-METRIC SPACE

LIU Li-ya, GU Feng

(Institute of Applied Mathematics; Department of Mathematics, Hangzhou Normal University,

Hangzhou 310036, China )

Abstract: In this paper, we investigate the existence and the uniqueness of fixed points

for contractive mappings in rectangular b-metric space. By using the mixed g-monotone property

of this paper of mapping 7T, some new couple coincidence point and common couple fixed point

theorems are gotten, which largely improve and extend some classical results in metric spaces.

Keywords: rectangular b-metric space; contractive mappings; couple coincidence point;

couple common fixed point; mixed g-monotone property
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