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Abstract: In this paper, the Hom-type of Radford biproduct is introduced. By combining
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1 Introduction

Let H be a bialgebra, A#H a smash product algebra and A x H a smash coproduct
coalgebra. Radford (see [13]) gave a bialgebra structure on A® H (named Radford biproduct
by other researchers) via A#H and A x H. Later, Majid made the following conclusion:
to any Hopf algebra A in the braided category of Yetter-Drinfeld modules #YD, one can
associate an ordinary Hopf algebra A x H, there called the bosonization of A (i.e., Radford
biproduct) (see [8]). While Radford biproduct is one of the celebrated objects in the theory
of Hopf algebras, which plays a fundamental role in the classification of finite-dimensional
pointed Hopf algebras (see [1]). Other references related to Radford biproduct see [1, 6-
8, 13, 14].

The algebra of Hom-type can be found in [2] by Hartwig, Larsson and Silvestrov, where
a notion of Hom-Lie algebra in the context of g-deformation theory of Witt and Virasoro

algebras (see [3]) was introduced. There are various settings of Hom-structures such as
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algebras, coalgebras, Hopf algebras, see [6, 10-12] and so on. In [15], Yau introduced and
characterized the concept of module Hom-algebras as a twisted version of usual module
algebras. Based on Yau’s definition of module Hom-algebras, Ma, Li and Yang [6] constructed
smash product Hom-Hopf algebra (AjH,a ® () generalizing the Molnar’s smash product
(see [13]), and gave the cobraided structure (in the sense of Yau’s definition in [16]) on
(AtH, a® ). Makhlouf and Panaite defined and studied a class of Yetter-Drinfeld modules
over Hom-bialgebras in [9] and derived the constructions of twistors, pseudotwistors, twisted
tensor product and smash product in the setting of Hom-case (see [10]). Li and Ma studied
the Yetter-Drinfeld category of Hom-type via Radford biproduct (see [5]). Recently, Ma,
Liu and Li extend the above results in the monoidal Hom-case.

In this paper, we unify the Makhlouf-Panaite’s smash product in [10] and Ma-Li-Yang’s
in [6], and then extend the Radford biproduct to a more general case. We also construct a
class of braided tensor categories (extending the Yetter-Drinfeld category to the Hom-case),

and provide a solution to the Hom-quantum Yang-Baxter equation.

2 Preliminaries

Throughout this paper, K will be a field, and all vector spaces, tensor products, and
homomorphisms are over K. We use Sweedler’s notation for terminologies on coalgebras.
For a coalgebra C, we write comultiplication A(c) = ¢; ® ¢3 for any ¢ € C'. And we denote
Idy; for the identity map from M to M. Any unexplained definitions and notations can be
found in [4-6, 14]. We now recall some useful definitions.

Definition 2.1 A Hom-algebra is a quadruple (A, u, 14,a) (abbr. (4, «)), where A is
a linear space, 1 : A® A — A is a linear map, 14 € A and « is an automorphism of A,
such that

(HA1) a(ad’) = ala)a(a’); a(ly) =14,
(HA2) «(a)(d'a”) = (ad')a(a"); ala = 1aa = ala)

are satisfied for a,a’,a” € A. Here we use the notation p(a ® ') = aa’.

Let (A,a) and (B, ) be two Hom-algebras. Then (A ® B,a ® ) is a Hom-algebra
(called tensor product Hom-algebra) with the multiplication (a ® b)(a’ ® V') = aa’ ® bb’ and
unit 14 ® 1.

Definition 2.2 A Hom-coalgebra is a quadruple (C, A, e¢, 3) (abbr. (C,3)), where C
is a linear space, A : C' — CQ®C, ec : C — K are linear maps, and [ is an automorphism
of C, such that

(HC1) B(c)1 @ B(c)2 = Bler) @ Bez); eco B =ec,
(HC2) [(c1) ® o1 ® co2 = 11 @ c12 ® B(c2); ec(cr)er = crec(e2) = B(c)

are satisfied for ¢ € A. Here we use the notation A(c) = ¢; ® ¢ (summation implicitly

understood).
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Let (C,a) and (D, ) be two Hom-coalgebras. Then (C' ® D, a® 3) is a Hom-coalgebra
(called tensor product Hom-coalgebra) with the comultiplication A(c®d) = ¢;1 ®d; @ ca ®ds
and counit ec ® p.

Definition 2.3 A Hom-bialgebra is a sextuple (H, u, 15, A, e,7) (abbr. (H,~)), where
(H,p,1g,7) is a Hom-algebra and (H, A, ¢,v) is a Hom-coalgebra, such that A and ¢ are
morphisms of Hom-algebras, i.e., A(hh') = A(h)A(W); A(ly) = 15R1y, e(hh') = e(h)e(h');

¢(1g) = 1. Furthermore, if there exists a linear map S : H — H such that
S(h1)hs = h1S(hs) = e(h)1y and S(y(h)) = 7(S(h)),

then we call (H, pu, 1y, A, e,7,S)(abbr. (H,~,S)) a Hom-Hopf algebra.

Let (H,~) and (H’,7’) be two Hom-bialgebras. The linear map f : H — H’ is called a
Hom-bialgebra map if f oy =+"o f and at the same time f is a bialgebra map in the usual
sense.

Definition 2.4 Let (A, ) be a Hom-algebra. A left (A, )-Hom-module is a triple
(M, >, ), where M is a linear space, > : A ® M — M is a linear map, and « is an
automorphism of M, such that

(HM1) ala>m)=[(a) > a(m),
(HM2) pB(a)r> (a'>m) = (ad’)>a(m); 14>m=a(m)

are satisfied for a,a’ € A and m € M.

Let (M,r>p, ) and (N,>n,an) be two left (A, 3)-Hom-modules. Then a linear
morphism f : M — N is called a morphism of left (A, 3)-Hom-modules if f(h >y m) =
h>y f(m) and ay o f = foay.

Definition 2.5 Let (H,3) be a Hom-bialgebra and (A, «) a Hom-algebra. If (A, >, «)
is a left (H, $)-Hom-module and for all h € H and a,a’ € A,

(HMA1) p*(h) > (ad') = (hy > a)(hy > d'),
(HMAQ) hD].A:SH(h)lA,

then (A,r>, ) is called an (H, 3)-module Hom-algebra.
Definition 2.6 Let (C, 3) be a Hom-coalgebra. A left (C, $)-Hom-comodule is a triple
(M, p, «), where M is a linear space, p: M — C ®@ M (write p(m) = m_1 ® mg, Vm € M)

is a linear map, and « is an automorphism of M, such that
(HCM1) a(m)_1 @ a(m)y=B(m_1)® a(my),
(HCM2) B(m_1) ®@mo_1 @ mep =m_11 @ m_12 @ a(mo); ec(m-1)mo = a(m)
are satisfied for all m € M.
Let (M, p™ ayy) and (N, pV, an) be two left (C, 3)-Hom-comodules. Then a linear map
f: M — N is called a map of left (C, 3)-Hom-comodules if f(m)_1® f(m)o =m_1® f(mg)

and ay o f = foayy,.



1164 Journal of Mathematics Vol. 37

Definition 2.7 Let (H, 3) be a Hom-bialgebra and (C, «) a Hom-coalgebra. If (C, p, @)
is a left (H, §)-Hom-comodule and for all ¢ € C,

(HCMC1) *(c_1) ®cor @ coz = €1-1Ca—1 ® 19 ® Ca0,
(HCMC2) c_1ec(co) = 1pec(c),

then (C, p, @) is called an (H, §)-comodule Hom-coalgebra.
Definition 2.8 Let (H, 3) be a Hom-bialgebra and (C, o) a Hom-coalgebra. If (C, >, «)
is a left (H, 8)-Hom-module and for all h € H and ¢ € A,

(HMCl) (h|>C)1®(hl>C)2:(h1|>01)®(h2>02),
(HMC2) zo(ht>¢) = en(h)ec(c),

then (C,r>, «) is called an (H, )-module Hom-coalgebra.
Definition 2.9 Let (H, ) be a Hom-bialgebra and (A, «) a Hom-algebra. If (A, p, @)
is a left (H, 3)-Hom-comodule and for all a,a’ € A,

(HCMA1) plad’) =a_1ad" | ® agay,
(HCMA2) p(la) =1y ® 14,

then (A, p, «) is called an (H, 3)-comodule Hom-algebra.

3 Generalized Radford Biproduct Hom-Hopf Algebra

In this section, we first introduce the notions of generalized smash product Hom-algebra
Af™H and generalized Hom-smash coproduct Hom-coalgebra Alj,, H. Then the necessary and
sufficient conditions for Af™H and Af,H on A ® H to be a Hom-bialgebra structure are
derived.

Proposition 3.1 Let (H,3) be a Hom-bialgebra, (A4,>,«) an (H,)-module Hom-
algebra and m € Z. Then (Af"H,a ® ) (Af™H = A ® H as a linear space) with the
multiplication (a @ h)(a’ @ h') = a(8™(hy)>a~(a')) ® 37 (he)h', where a,a’ € A, h, 1/ € H,
and unit 14 ® 1y is a Hom-algebra. In this case, we call (Af™H, « ® (3) generalized smash
product Hom-algebra.

Proof It is straightforward by the definition of Hom-algebra.

Remarks (1) Noting that (Af°H,a ® () is exactly the Ma-Li-Yang’s Hom-smash
product in [5, 6] and (Af~2H, a ® (3) is exactly the Makhlouf-Panaite’s Hom-smash product
in [10].

(2) If « = Ids and 8 = Idy in (Af™H,a ® ), then one can obtain the usual smash
product A#H in [13].

(3) Let (H,pum,Apn) be a bialgebra and (A, a) a left H-module algebra in the usual
sense with action denoted by H @ A — A,h® a — h-a. Let §: H — H be a bialgebra
endomorphism and « : A — A an algebra endomorphism, such that «a(h - a) = B(h) - a(a)



No. 6 Generalized Radford biproduct Hom-Hopf algebras and related braided tensor categories 1165

for all h € H and a € A. If we consider the Hom-bialgebra Hg = (H, [ o puy, Ay o 3,5)
and the Hom-associative algebra A, = (A4, a0 puy,a), then (A,,a) is a left (Hg, §)-module
Hom-algebra with action Hg ® A, — Ay, h®@a— h>a:=«a(h-a) = [(h) - afa).

Proof Straightforward.

Proposition 3.2 Let (H,3) be a Hom-bialgebra, (C,p, ) an (H, 3)-comodule Hom-
coalgebra and n € Z. Then (CtH,a ® ) (CtH = C ® H as a linear space) with the
comultiplication Acyy (c®h) = 1 @ ™ (co—1)) B~ (h1) @ (c2(0)) @ ho, where c € C,h € H,
and counit ec ey is a Hom-coalgebra. In this case, we call (A, H, a® 3) generalized smash
coproduct Hom-coalgebra.

Proof Straightforward.

Remarks (1) (Af0H,a ® 3) is exactly the Li-Ma’s Hom-smash coproduct in [5].

(2) (Ah_2H,a ® () is exactly the dual version of the Makhlouf-Panaite’s Hom-smash
product in [10].

(3) If « = Idy and f = Idy in (AfH,a ® 3), then one can obtain the usual smash
coproduct A x H in [13].

Theorem 3.3 Let (H, 3) be a Hom-bialgebra, (A, «) aleft (H, #)-module Hom-algebra
with module structure > : H ® A — A and a left (H, 3)-comodule Hom-coalgebra with
comodule structure p: A — H ® A. Then the following are equivalent:

(i) (AOPH, pagm, 1a®@1y, Apyn,e4®cey, a®3) is a Hom-bialgebra, where (Af™H, a®
B3) is a generalized smash product Hom-algebra and (Af, H,«a ® 3) is a generalized smash
coproduct Hom-coalgebra.

(ii) The following conditions hold:

(R1
(R2
(
(

) (A, p,«)isan (H,3)-comodule Hom-algebra;

)
R3) e4 is a Hom-algebra map and A4(14) = 14 ® 14;

)

)

(A,>, «) is an (H, #)-module Hom-coalgebra;

R4) Au(ab) = a1 (B (az(—1)) > a7 (b1)) @ o™ (az())b2;

(R5) B (8™ (h) > D) —1)he @ (87 (h1) > b)o = P12 (b(—1)) ® B2 (ha) > b0y,
where a,b € B, h € H and m,n € Z. In this case, we call (AO"H, o ® ) generalized
Radford biproduct Hom-bialgebra.

Proof By a tedious computation we can prove it.

Remarks (1) When m =n = 0 in Theorem 3.3, we can get [5, Theorem 3.3].

(2) When o« = Id4 and 8 = Idy in Theorem 3.3, then one can obtain [13, Theorem 1].

Proposition 3.4 Let (H, 3, Sy) be a Hom-Hopf algebra, and (A, «) ba a Hom-algebra
and a Hom-coalgebra. Assume that (AQ"H,a ® ) is a generalized Radford biproduct
Hom-bialgebra defined as above, and Ss : A — A is a linear map such that Sa(a;)as =
a1Sa(az) = ca(a)ly and oSy = Spoa hold. Then (AQTH, a® 3, Saemp) is a Hom-Hopf
algebra, where

Saoma(a®h) = (B"(Su(B"(a-1))B7 (h)1) > Sala*(a)))) @ B~ (Su(B"(ai-1))B~ 1 (h))2).
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Proof For all a € A,h € H, we have

(Saopn * Idaopm)(a® h)

= Sacmu(ar @ B (az—1)) B~ (h)) (@™ (aq)) @ ha)

= ((B™(Su (8™ (ar(-1)) B~ (6" (az-1)) B (h1))1) > Sala™?(a1())))
@B (Su (8™ (ar—1)) B8~ (8™ (az(~1)) B (71)))2)) (@ (as)) ® ha)

= (8™ (Su(8™(ar-1)) B~ (8" (az(—1)) 7" (h1)))1) > Sala™>(a1(0))))
x(B™ (B~ (Su (8" (a1-1)) B~ (8" (az(-1)) B~ " (h1)))2)1) > @ *(aa(0)))
@B~ (B~ (Su(B"(ar—1)B (B (az=1)) B  (h1)))2)2) 2

VED (B (S (5 aacnyaacn) B (1)) b Sala " (axw)))
X (B™(BH(Su (6" Har—1yaa-1)) 7 (h1))2)1) > a” (&))
@B~ (B (Su (B (ar-nyaz-1)) B (h1))2)2)hs

HEETY (5m(Sa (8™ (ag-1)B8™ ())& Sala™2(a@))(B™ (B~ (S (8™ (a-n)
X3~ (h1))2)1) > a2 (aye)) © B8 (Su (8" a1)B " ())2)2)ha

YEY (B (S (B ()8 (ha)1) > Sala 2 (a@n)) (8™ (Su (8" ()
XB7H(h1))21) > o *(a0)2)) @ B72(Su (6" (a—1))B7 ' (h1))22) ha

PED (B (S (B (ae1)B () 1) b Sala X (a@) (87 (Su (8" ()
x B (h1))12) > @ 2(ag)2)) ® B~ (Su (B (a1)) B (h))2)he

(HM A1)

(B H(Su (8" (a-1)) 87 (7)1) > (Sala™*(a@n))a">(aq)2))
B (Su (6" (a-1)) 87 (h1))2)he
= ﬁmH(SH(ﬁ"H(a( )87 (71)1) > Laca(aqo))
B (Su (8" (a-1)B " (h))2)ha
= 1A€A( ) @ Su (8" (a1)B8"
= (1a®1g)eala)en(h),

and the rest is direct.

(h1))he = 14e4(a) ® S (hi)hsy

4 Generalized Hom-Yetter-Drinfeld Category

In this section, we construct a class of braided tensor category, which extends the Yetter-
Drinfeld category to the Hom-case. Next we give the concept of Hom-Yetter-Drinfeld module
via generalized Radford biproduct Hom-Hopf algebra defined in Theorem 3.3.

Definition 4.1 Let (H, ) be a Hom-bialgebra, (U,>y,ar) a left (H,3)-module with
action by : H®U — U, h®@u — h>pu and (U, p¥, ay) a left (H, 3)-comodule with coaction

V.U — H®U,u+— u_1) ®up). Then we call (U,>y, p¥, ay) a (left-left) Hom-Yetter-
Drinfeld module over (H, 3) if the following condition holds:

ha B2 (u—1)) © B2 (ha) by = B (™ (ha) b w)—1))he @ (8™ (ha) > u) oy (HY D)
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forall he H and u € U.
Proposition 4.2 When (H, ) is a Hom-Hopf algebra, (HY D) is equivalent to

p(ﬂ7”+3(h) > u) — (ﬁ_"_3(h11)ﬂ_1(U(_l)))S(ﬁ_n_l(hQ)) ® 5m+2(h12) > u(O) (HYD)I

forallhe HueU.
Proof (HY D) = (HY D)'. We have

(67" (h11) B~ u=1)))S(B7"H(ha)) ® 7+ (ha2) > u(o)
= BB P (u))S(he) @ BT (haz) B ug)
(B72(B" (B (ha1) B w) (1)) S (ha))) @ (B F (har) > u) (o)
= ATHBHB™ T (hay) b u)(—1)) B2 (h12)) S (h2)) ® (B (ha1) > u)(o)
(
(
(

(HY D) -

(HA2) -1 (8™ 1(h11) > u)(_l))(ﬂfz(hm)s(ﬂ*l(hg)))) 2 (ﬂerl (h11) > u)(o)

= BB (ha) b u)(—1)) (B2 (h21))S (B (ha2))) @ (874 (he) > u) (o)
= (ﬂm+3 h) b )1y @ (87 (h) > ) o).

(HY D) = (HY D) is proved as follows:

BB (ha) B w)(—1))he ® (87 (he) > u) (o)
= BB () > u)a)he @ (BT (872 () ) o)

U (74 () B () (87 (haz)) o @ B™ (i) b o)
YEY (B2 () () S (B (h221))B* (hasa) © B+ (han) b o
(HA2)

(B7H(ha) B (u=1))) (S(B72 (ha21)) 87 (haz2)) @ B (ha1) & uo)
= h B (u—1)) @ B2 (ha) > (o),

finishing the proof.

Definition 4.3 Let (H, 3) be a Hom-bialgebra. We denote by ZYD the category whose
objects are Hom-Yetter-Drinfeld modules (U,>y, pY, ) over (H, 3); the morphisms in the
category are morphisms of left (H, 3)-modules and left (H, #)-comodules.

In the following, we give a solution to the Hom-quantum Yang-Baxter equation intro-
duced and studied by Yau in [16].

Proposition 4.4 Let (H,[3) be a Hom-bialgebra and (U,>y, p¥, ar), (V,>v,p", ay)
€8 YD. Define the linear map

v UV -VaUuluvm— ﬁ’”‘“”“?’(u(_l)) >y v & Uy,

where v € U and v € V. Then we have 7y o (ay ® ay) = (ay ® ay) o Ty, if

(W,ow, pV', aw) € YD, the map 7_, _ satisfy the Hom-Yang-Baxter equation

(aw ® TU,V) o (TU,W ®ay) o (OCU & TV,W) = (TV,W ® OZU) o (Oév & TU,W) o (TU,V & OéW)-
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Proof It is easy to prove the first equality, so we only check the second one. For all
ueUwv eV and we W, we have

(aw @TUv) o (Tuw @ ay) o (ay @ Tvw)(u® v ® w)

= aw (BT au (u) -1 pw (BT (v ) b w) @ B (o (u) 0)(-1)
>y ay (V(0)) ® (1) 0)(0)

= BT (ucy) pw (BT () pw aw (W) @ 87 (u) - 1) Py av (V)
Kay (U(o)(o))

= A ) pw (BT () pw aw (w)) @ BT (u_1y2) Dy o (o))
®ag (u())

— ((ﬂm+"+3(u(_1)1)ﬁm+"+4(v(_1))) by iy (w)) ® ﬂm+"+4(u(_1)2) >y av (v(0))
®ag; (u())

- (BT (u—nyio (v) (—1) Pw Ay (w)) @ BT (u1)2) By ay (V)0
®ag (u())

= (B uen) 18 (v () () Bw ady (w)) @ BT (6" (u 1))
bvay (v)o) © af (u)

= (BB BT (u-n1) by v (0) (1) B (u-1)2)) Pw Ay (w))

(BB (u—1)1)) v av (v)) o) ® of (u())

(BT 2B (wyn) by v (0) (1) BT (u1)2)) b ady (w)

(BT (w_in) by av(v)) o) ® af (u)

= (BB (uen) by av (0) 1) BT (uo)-1)) pw ady (w)
(B (u—1)) v av(v))0) ® o (o))

= BB () v av () -1) Bw (BT (we)—1) Bw oy (w))
R(B™ T (u1)) By av (v)) o) ® o (Uo)o0)

= (Tv7w®OéU>O(Oév®TU7V[/)O(TU7‘/®O[{/V>(U®’U®U)).

The proof is completed.

Lemma 4.5 Let (H, 3) be a Hom-bialgebra, if (U,>y, oY, ap), (V,>v, pV, ay) are (left-
left) Hom-Yetter-Drinfeld modules, then (U ® V,bpgv, p"®Y,ay ® ay) is a Hom-Yetter-
Drinfeld module with structures

[>U®VIH®U®V—>U®‘/,h®U®U’—>(h1l>UU)®(h2[>Vv)

and

P’V U@V - HoUV,u®v— B2 (u—nv-1)) @ uo) @ vo)

foralhe HueUwvelV.
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Proof It is easy to check that (U ® V,bygy,ay ® ay) is an (H, §)-Hom module and
(U eV, p" ay @ ay) is an (H, 3)-Hom comodule. Now we check the condition (HY D).
For all h € Hyu € U,v € V, we have

BB (h) > (u @ ) (—1))he @ (B7F (h1) > (u @ 0))0)

BB (hay) pu @ B (hag) B o) (—1))he @ (8™ (hay) b u

@™ (haa) > v) (o)

BB () B w) -1y (B (haz) B v) -1y he @ (877 (har) & ) o)

®(B™H (o) > v) (o)

(BB (har) > ) (1)) 87 H (B (M) > v) (1)) ]ha @ (87 (han) B w) o)
®(B™F () > v) (o)

BB (han) b ) (-1) [B"H (BT (haz) B 0)(-1)) B (h2)] @ (8™ (har) > ) o)
®(B™F () > v) (o)

B ((B™ (ha) > w) 1)) [B"H((B™F (har) b v) (—1)) B2 (haa)] @ (8™ (h1) > u) o)
R(B™H (har) > v) (o)

B (6™ (ha) > w) (1) B2 [B"FH((B™H (har) > 0)(—1))hao] @ (B (h1) b u) o)

@ (B (ha1) B v) (o)

BB (hy) & w)(—1) B2 (218" T2 (v(-1))) @ (B™ (ha) > w) (o) @ B (haz) & (o
[B" (8™ (ha) & ) (=1)) B2 (ha1)]B™ (v(=1)) ® (8™ (h1) & w) (o) @ B2 (haz) & (o)
(BB (han) > ) (1)) B (ha2)] B (v-1)) @ (8™ (ha1) & w) (o)

®B™ (ha) > v o)

BB (B (ha) b w) (1) ha] 87 (v1)) @ (8™ (han) ) o)

@™ (he) > ()

(872 (7)™ (u-1))) 8" (v(=1)) ® B2 (ha2) > ugo) ® B (ha) & v o)

(871 (h1) B (w(=1))) 8" (v(=1)) @ B2 (ha1) > uo) @ 872 (haa) > v (o)

h (B (u—1)) B (v(=1))) @ B2 (ha1) > u) @ B2 (ha2) > v(0)

ha 3™ (u-1yv(-1)) ® 87+ (ha) > (u(0) © v(0))

haB™ ((u @ v)(-1)) ® B2 (ha) & (u @ v) ),

finishing the proof.
Lemma 4.6 Let (H, ) be a Hom-bialgebra, and

(UaDU)pUaaU)7 (MDVapvaaV)7 (W7>W>PW704W> eg YD.

With notation as above, define the linear map

avyw :(U@V)aW U (VeaW),(uev)@w— a;' (u) @ (ve aw(w)),
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where v € U,v € V and w € W. Then ay,y,w is an ismorphism of left (H, #)-Hom-modules
and left (H, 3)-Hom-comodules.

Proof Same to the proof of [9, Proposition 3.2].
Lemma 4.7 Let (H, 3) be a Hom-bialgebra and (U, >, pY, ar), (V, >y, p¥, ayv) € EYD.

Define the linear map

cov:UQV =VeUuvm— (5m+n+2(u 1) Pv oy Yo ))®0451(U(0)),

where w € U and v € V. Then ¢py is a morphism of left (H, 3)-Hom-modules and left
(H, #)-Hom-comodules.

and

Proof For all h € Hyu € U and v € V', we have

(v @ ay) o cpv(u®v)
= ay (B (u ) by ayt(v) © )
= (B (win) by v) @ u)
= BT (ap () ) by ay(av () @ ag (e () o)
=  cyyvol(lay®@ay)(u®wv),
cuv(h>ugy (W@ v))
— o ((nsp ) ® (ha by v)
BT (b by w) ) By ay (e Dy v) © g (i by ) o)
B2 ((hy by w) (1)) By (87 (h2) By a3t (1)) ® o (R by w) (o))
(B (hy by w) 1)) B (he)) by v) ® O‘EI(M)

(
(
(
= (BB (M>y u) )87 H(he)) by v) @ g ((ha b (o))
(
(

BB ) B () by v) @ ag (BB (he)) bu uo))
(67 () B™ 2 (ug-1))) by 0) @ o by o (u(o))

= (havv (BT (uy) by ayt (v) @ he by ag ()

= heuey (B™" 7 (uen) by o' (v) ® o' (w))

= hrugy cuv(u®v)

(pV®Y o cyy)(u®w)

= POV (BT (uyy) by ayt (v) @ agt(u))

= AT () by oy (0) cnag (ue) )
(B2 (u_1y) by ay (v) o) @ ag (ug)) o)

= BB (un) by 03 (0) 0B uoy-1)) @ (B2 (i) by agt(v)) o)
®ay (u)0)

= BB (uman) by 0yt (0))c0B (u-n2) @ (B (1) by 6 (0) o)

®’LL(0)
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= BEETTHETTHB () By ayt (0)) (1) B (u-1))2) © (BB (w-1))1)
byay! (v) o) ® u)

=7 BB () B (g (0) 1)) @ BT (B (ui-1p2)) By oy (v)0) @ u(o)

= B (uEn)B 2 (v—1)) @ BT (ur)2) by oy (U(O)) ® o)

= ﬁ_2(U(,1)U(,1)) & ,@m+n+2(U(0)(,1)) >y a;l (U(o)) & aEI(U(o)(O))

= (Id®@cuy) (B (uE1v(-1) ® ue) @ V()

= (d®cyv)op’® (uew),
finishing the proof.

Theorem 4.8 Let (H, 3) be a Hom-bialgebra. Then the Hom-Yetter-Drinfeld category
HYD is a pre-braided tensor category, with tensor product, associativity constraints, and
pre-braiding in Lemmas 4.5, 4.6 and 4.7, respectively, and the unit I = (K, Idk).

Proof The proof of the pentagon axiom for ay,v,w is same to the proof of [9, Theorem

3.4]. Next we prove that the hexagonal relation for ¢y . Let (U,>y, pY, ar), (Vibv, p¥, ay),
(W,bw, p, aw) € YD. Then for all u € U,v € V and w € W, we have

((Idv ® cuw) o avuw o (coy ® Idw))((u ® v) @ w)
= ((Idv ® cuw) o avuw) (B (u-1)) bv a3 (v) ® ag (u) ® w)
= (Idy ® cow)(ay (ﬂm+”+2(u(,1)) Dy oz(,l (v)) ® (aljl(U(o)) ® aw(w)))
= ' (BT (uen) by oyt (v) @ B (u)-1) P w @ ag” (uo)(0)
= ap!' (8" (i) by oyt (v) @ un2) bw w ® oy (u())
= avwu(B" T (unn) by ag' (0) @ BT (uaye) bw w @ ag® (u(o))
= avwu (8" ag! (1) (-1) bvew (ay! (v) @ w) @ ag' (o' (u) @)

= (avwu o cuvew)(ay (u) ® (ve aw(w)))

ﬁernJrl (

= (avwuocuvew oauyvw)((u®v)®@w)

and

((cow @ Idy) o aUWV (Idy ®@ ev,w))(u® (v @ w))
= ((cow @ Idy) o agyy ) (w®@ (872 (v_1)) bw oy (w)) @ o' (v(0)))
= (cow @ Idy)(ay(u) ® ﬁmﬂlﬁ(v(fl)) Pw 0417[/1(1”) ® 05&72(7}(0)))
= B2 (ap(u) (1) bw oy ( V) Pw oy () ® g (a (u)) @ ay? (Vo))
= B (uey) pw (B (vey) pw ol (W) @ u) © ay (V)
= (B2 (un) BT () pw ag (W) @ ue) @ oy (v))
= v (u)nven) bw g (w) @ ag! (au (w)0) © ay® (v))
= a‘}/{mv(ﬁ e "(ay(u )( 1)U(— 1)) Dw Qs (w) ® oy (aU( )(0)) ®0‘\71(U(0)))
= (appy © cvavw)((au(u) @ v) @ ay (w))

= (apuy °cveviw o agyw)(u® (v w)),

ﬁm+n+2(
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and the rest is obvious. These complete the proof.
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