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Abstract: Let (M",g) be an n-dimensional complete noncompact Riemannian manifold. In
this paper, we consider the Liouville type theorems for positive solutions to the following nonlinear
elliptic equation: Aju+ aulogu = 0, where a is a nonzero constant. By applying Bochner formula
and the maximum principle, we obtain local gradient estimates of the Li-Yau type for positive solu-
tions of the above equation on Riemannian manifolds with Bakry-Emery Ricci curvature bounded
from below and some relevant Liouville type theorems, which improve some results of [7].
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1 Introduction

Let (M™, g) be an n-dimensional complete Riemannian manifold. The drifting Laplacian
is defined by Ay = A — VfV, where f is a smooth function on M. The N-Bakry-Emery
Ricci tensor is defined by

1
Ric} = Ric+ v*f — Ndf@df

for 0 < N < oo and N = 0 if and only if f = 0, where f is some smooth function on M, V?
is the Hessian and Ric is the Ricci tensor. The oco-Bakry-Emery Ricci tensor is defined by

Ric; = Ric + /2 f.

In particular, Ricy; = Ag is called a gradient Ricci soliton which is extensively studied in
Ricci flow.
In this paper, we want to study positive solutions of the nonlinear elliptic equation with
the drifting Laplacian
Aru+aulogu =0 (1.1)
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on an n-dimensional complete Riemannian manifold (M™, g), where a is a nonzero constant.

When f = constant, the above equation (1.1) reduces to
Au+ aulogu = 0. (1.2)

Equation (1.2) is closely related to Ricci soliton [9] and the famous Gross Logarithmic Sobolev
inequality [6]. Ma [9] first studied the positive solutions of equation (1.2) and derived a local
gradient estimate for the case a < 0. Then the gradient estimate for the case a > 0 is
obtained in [4] and [15] by studying the related heat equation of (1.2). More progress of this
and related equations can be found in [2, 8, 10, 13, 14] and the references therein. Recently,
inspired by the method used by Brighton in [1], Huang and Ma [7] derived local gradient
estimates of the Li-Yau type for positive solutions of equations (1.2). These estimates are
different from those in [4, 9, 15]. Using these estimate, they can easily get some Liouville
type theorems. We want to generalize their results to equation (1.1) and we obtain the

following results

Theorem 1.1  Let (M", g) be an n-dimensional complete Riemannian manifold with
RiC]fV(BP(zR)) > —K, where K is a nonnegative constant. Assuming that « is a positive
solution of the nonlinear elliptic eq. (1.1). Then on B,(R), we have the following inequalities

(1) If a > 0, then

Vu|§M\/(n+N+3)2(a KH(n+N+2)c§+(n—1+\/ﬁR)c1+cz, (1.3)

2(n+N) R? ’

(2) If a < 0, then

|W|<M\/ 5n+5N+6 maX{O,aJrK}qL% (75n+7§N+12

)2+ (n—14+vVnKR)er + 2|,
(1.4)

where M = sup u(x), the ¢; and ¢; is a positive constants.
2€B,(2R)

Let R — oo, we have the following gradient estimates on complete noncompact Rie-

mannian manifolds.

Corollary 1.2 Let (M™,g) be an n-dimensional complete noncompact Riemannian
manifold with Ricjcv > — K, where K is a nonnegative constant. Assuming that u is a positive
solution of the nonlinear elliptic eq. (1.1). Then the following inequalities hold

(1) if @ > 0, then

|Vu| < wm; (1.5)
2(n+ N)
(2) if a < 0, then

5 SN +6)M
|Vu| < ( n;\/TJrN) vmax{0,a + K}, (1.6)
n

where M = sup u(x).
reM™n
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In particular, for ¢ < 0, if a < —K, then max{0,a+ K} = 0. Thus, (1.5) implies
|Vu| < 0 whenever u is a bounded positive solution of the nonlinear elliptic (1.1). Hence

u = 1. Therefore the following Liouville-type result follows.

Corollary 1.3 Let (M", g) be an n-dimensional complete noncompact Riemannian
manifold with Ric}V > —K, where K is a nonnegative constant. Assuming that u is a
bounded positive solution of (1.1) with a < 0. If a < —K, then u = 1.

In particular, we have the following conclusion

Corollary 1.4 Let (M™,g) be an n-dimensional complete noncompact Riemannian
manifold with Ricjcv > (0. Assuming that u is a bounded positive solution defined of (1.1)
with a < 0, then u = 1.

The above results are obtained under the assumption that Ricj(y is bounded by below.

We can also obtain similar results under the assumption that Ricy is bounded by below.

Theorem 1.5 Let (M", g) be an n-dimensional complete Riemannian manifold with
Rics(Bp(2R)) > —(n — 1)H, and |V f| < K, where K and H is a nonnegative constant.
Assuming that u is a positive solution of the nonlinear elliptic eq. (1.1) on B,(2R). Then on
B,(R), the following inequalities hold

(1) if @ > 0, then

IVl < M\/ 37 [a+ (n— 1)H] L (2t n - 1><1;2¢ITR> + KR +or
(1.7)
(2) if @ < 0, then

2
V| < M\/Wmax{o,ﬁ (n—1)H} + %{(75’? 2yve -1+ VAR) +KR} o +C2},
(1.8)
where M = sup wu(x), the ¢; and ¢, is a positive constants.
z€Bp(2R)

Corollary 1.6 Let (M™,g) be an n-dimensional complete noncompact Riemannian
manifold with Ric; > —(n—1)H, and |V f| < K, where K and H is a nonnegative constant.
Assuming that u is a positive solution of the nonlinear elliptic eq. (1.1) on the following
inequalities hold

(1) if @ > 0, then
(n+3)M

|Vu| < N a+ (n—1)H; (1.9)
(2) if @ < 0, then
|Vu| < M\/max {0,a+ (n—1)H}, (1.10)

6v/n

where M = sup u(x).
reM™n
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In particular, for a < 0, if a < —(n—1)H, then max {0,a + (n — 1)H} = 0. Thus, (1.10)
implies |Vu| < 0 whenever u is a bounded positive solution to (1.1). Hence, that u = 1.

Therefore, the following Liouville-type result follows

Corollary 1.7 Let (M™,g) be an n-dimensional complete noncompact Riemannian
manifold with Ric; > —(n—1)H, and |V f| < K, where K and H is a nonnegative constant.
Assuming that u is a bounded positive solution of (1.1) with a < 0. If a < —(n —1)H, then
u = 1.

In particular, we have the following conclusion.

Corollary 1.8 Let (M", g) be an n-dimensional complete noncompact Riemannian
manifold with Ricy > 0. Assuming that u is a bounded positive solution of (1.1) with a < 0,
then v = 1.

2 The Proof of Theorems

Now we are in the position to give the proof of Theorem 1.1. First we recall the following
key lemma.

Lemma 2.1 Let (M", g) be an n-dimensional complete Riemannian manifold with
Ric}v(B p(2R)) > —K, where K is a nonnegative constant. Assuming that u is a positive
solution to nonlinear elliptic eq. (1.1) on B,(2R). Then on B,(R), the following inequalities
hold

(1) If a > 0, then

(n+N)|Vh[' (n+N)Vh
18 h? 3 h

1 5
SA4|VR > V(IVh]*) = (a+ K)|VA]*,  (2.1)
where h = umFRTs

(2) If a < 0, then

7(n+N) |Vh|'  5(n+N)Vh

2 2
36 % 5 TV(|Vh| ) — (a + K)|Vh|7, (2.2)

1
§Af|Vh|2 > E

where h = usGENITe.
Proof of Lemma 2.1 Let h = u¢, where € # 0 is a constant to determined. Then we

have

log h = elog u.

A simple calculation implies
Ajh=Ap(us) = € Ju?|Vul? + eus "t Ayu
Ju?|Vul? — aeuclogu (2.3)

= fj' }f‘|2 — ahlogh.

I
[}
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Therefore we get

VAVA h

VhV ( WW) — ahlogh

<1vh

7 N

V(Wh‘Z)Z;leVh —aVh Vhlogh+hV10gh>

— ahlog hIYME — 4| w2,

e;hlv}Lv<|Vh|2) _e—1 |Vh|

€ h?

Applying (2.3) and (2.4) into the famous Bochner formula to h, we have

LA4|VA)?

Now we let

Then for a fixed point p, if there exist a positive constant § such that hlogh < §

(2.5) becomes

1Af|VAP

On the contrary, at the point p, if hlogh >

€— Vh 4 a2 a €—

1Af|VA|?

as long as

v

v

Y

v

—(Afh)? + VhVAh + gzicjy (Vh,Vh)

vV

A <621 ‘V:‘2 — ahlog h) + VhVAsh — K|Vh|®

(e—1)2 _1||vn* 2(e—1 Vh|?
= |:(n+N)) - 51:|h a’|:(n(+N) —i—l}hlogh h‘

(Rlog h)? + < SV (|VA[?)

+a5w - — (a+ K)|Vh|*.

2(e —1)

| A4 20

+1

(e—1)2 2(e—1) |Vh|*
|:(n+N)s ( (n+N)e + 1>:| h?
n+N(hlogh )2 4+ SIYLG(IVAP) — (a + K)|VA[

(e—1)2 o 2(e—1) \Vh
|:(n+N < (n+N)e + 1>:|

— (a

+L Yy ( \Vh| + K)||Vh|.

€

AV AV

5|Vh|

, then (2.5) becomes

+ ANV VAP

) —

i
) —
-
) —

(a+ K)|Vh|?

2| a? 2(e—1) |Vh|*
0 |:n+N _6<(71+N) +1>:|} h?

(a+ K)|Vh|?

2(e—1) |Vh|
o st 1] 5

(a+ K)|Vh|?

+e 1 th |Vh’2

(e=1)>
(n+N)e?

+e 1 th |Vh’2

(2.4)

(2.5)

(2.6)

2
., then

(2.7)

(2.8)
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In order to obtain the bound of |Vh| by applying the maximum principle to (2.7), it is

[Vh*

sufficient to choose the coefficient of 53~ in (2.7) is positive, that is

(n+ N)e2 €

(e—1)° 6_1] _aé[m+1] > 0. (2.9)

Then we divide it into two cases.

Case 1 a > 0. In this case, provided € €

2 6 . .
nINT3) (5\/@(%]\,)%), there will exist an

J satisfying (2.6), (2.8) and (2.9). In particular, we choose

3

6:71—1—]\7—1—3

and
5:n+N‘
2a

Then (2.7) becomes

(n+N)|Vh]' (n+N)Vh
18 h? 3 h

1 5
5Af|Vh|2 > V(VA*) = (a+ K)|VA[. (2.10)

Case 2 a < 0. In this case, provided € €

6 2 : ;
BTV (TN ITe’ n+N+2> , there will exist an

0 satisfying (2.6), (2.8) and (2.9). In particular , we choose

6

‘T hn+N)+6

and
5= —3(n+ N)
o 4a ’

Then (2.7) becomes

7(n+ N)|Vh[" 5(n+N)Vh

2 2
36 2 6 TV(IWLI ) — (a+ K)|Vh|". (2.11)

1
5Af|Vh|2 >3

Now we begin to prove Theorem 1.1 which will follow by applying comparison theorems
and Bochner formula to an appropriate function h.

Proof of Theorem 1.1 We first prove the case of a > 0. Let m be a cut-off function
such that m(r) =1 for r <1, m(r) =0 for r > 2, 0 < m(r) <1, and

0> m_%(r)m/(r) > —c, m”(r) > —cy

for positive constants ¢; and cs. Denote by p(x) = d(z,p) the distance between x and p in
(M™,g). Let
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Making use of an argument of Calabi [3] (see also Cheng and Yau [5]), we can assume without
loss of generality that the function ¢ is smooth in B,(2R). Then we have

|V¢|
6 = R2 (2.12)
It was shown by Qian [11] that
4K p?
As(p?) < n{l 14+ =2 }
’ n
Hence we have
Arp o= 5 (Af<p2> - 2|Vp|2) <ntin (1 /1 e K)
= "Tfl +vnK.
It follows that )
m (r)|Vp|? m/ A
Arp = (R)2\ ol” 4 (1; P (2.13)
> (n71+\/7ﬁR)c1+62 .
> 2 .

Define G = ¢|Vh|?, we will use the maximum principle for G on B,(2R). Assume G
achieves its maximum at the point zo € B,(2R) and assume G(z¢) > 0 (otherwise this is
obvious). Then at the point ¢, it holds that

_|vaP®

A;G <0, V(Vh[) = 5

—Vo.

Using (2.1) in Lemma 2.1, we obtain

0 > AG
= OA(IVA) + VAP Apg + 290V (V[
= oA (Vh[) + 222G - 2% L g

> 2¢[5<n+m VA" _ weN S5y VAP2) - (a+ l<:)|Vh|2] AG 9Py

(2.14)

_ 5(n;N) i + 2(n+N v¢Vh —2((1—|—K)G+ Af¢’G_2\V¢| G,

where the second inequality used (2.10). Multiplying both sides of (2.14) by %, we obtain

|V¢|
¢

5(n+ N)G? _ _2(n+N)

Vh
T < g Vo +20(a+ K) = Ao+ 2570 (2.15)

Then using the Cauchy inequality, we have

2(n+N)|v¢||Vh| < (n+N) \V;ﬂ + n;»h];f)6¢|Vh’2

2(n+N) Yh
—T 5 Vo,

(n+N) |Vo|? (n+N)e
3e b + 3h2 G’
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where ¢ € (0, g) is a positive constant. Taking the above inequality into (2.15), we have

(5—3¢e)(n+N) G
9 o S
<

26(a+ K) — Ay + (2 + ) VoL

) (2.16)
2a+K) — App+ (2 + ) e

In particular, choosing € = § in (2.16) and using (2.12) and (2.13), we have

4(n+N)G
9h2

< 20a+K) - App+ (n+N+2)¥L
S 2(CL—|—K) + (n+N+2)cf+(n};21+\/nKR)cl+cz.

So for zy € B,(R), we have

MM Gla) < NGl
< hz(xo) (T;J(rn]iﬁ)f (a—|— K) 4 (n+N+2)cf+(nR;+\/nKR)cl+cz:|.

This shows

(a+ K)+

m+N+2)c+(n—1+vVnKR)c +C2:|
R2

and

n+ N + 3)2 n+N+2)?+n—14+vVnKR)ey +c
Vu|§M\/(2<n+N))<+K>+( )8+ (= Lt VoK R o

where M = sup wu(x). This yields the desired inequality (1.3) of Theorem 1.1.
z€B,(2R)

Next, we prove the case a < 0. Define G = ¢|Vh|2, we will use the maximum principle
for G on B,(2R). Assume G achieves its maximum at the point Zy € B,(2R) and assume
G (o) > 0 (otherwise this is obvious). Then at the point T, it holds that

_ Vh
AG <0, V(VHP) = - <z>| V.
In a similar way as the case a > 0, we have
0 > AG

= OAHIVH) + 242G - 255G

> 2| TN IVIE SN Shy (1T R?) — (a + K)|VA[ | + 222G -2V T

— 37(1]1;»]\7) h22 + J(n+N)Gv¢Vh o 2(a+ K)é Méf 2‘2:2'26’

(2.17)

where the second inequality used (2.11). Multiplying both sides of (2.17) by %, we obtain

—2
37(n1;_N)%§—5<n;_N)V¢v—h+2¢(a K) - Af¢+2|v¢|

. (2.18)
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Using Cauchy inequality, we can get

5(n+N ¢Vh < o(n+N) ‘V¢| |Vh| < 5(n6-|;N) |V$‘2 + 5(%—;5)567

037

, 1+ ) is a positive constant. Taking the above inequality into (2.18) gives

where ¢ € (

A

7—15¢)(n+N) G AN Tol?
(31517;(+>% < 2¢(a+K)—Af¢+<2+5<6+€>>$l
n+N Vol|?
< 2max{0,a+K}—Af¢+(2+5(6Jg))$l.

Hence, choosing ¢ = = in (2.16) and using (2.12) and (2.13), we obtain

) +( —1+\/7R)61+CQ.

75n + 75N + 12
6

2(n+ N )G
72
Therefore, it holds on B,(R),

1
< 2max{0,a+K}+R2[(

N 1 N + 12
|Vu|<M\/ 5’”5 +6 ax{o,a+K}+ﬁ{(%) + (14 VK R)cl+@.

This concludes the proof of inequality (1.4) of Theorm 1.1.

Now we are in the position to give a brief proof of Theorem 1.5.

Skept of the Proof of Theorem 1.5 Noticing that we have the following Bochner
formula to h with Ricy,

1
S8/ VA|* = IV2h|> + VAV A th + Ricy(Vh, Vh),

then (2.5) becomes

IAG|IVR] = |V2h[° + VRV Ash + Ricy(Vh, Vh)
2
> ;(eelv,’j?—ahlogh> + VhVAfh — (n— 1) H|VA[?
_ [(eml; _6} LT [2(;51>+1 hlog b

“IVhG(IVh?) — |a+ (n— 1)H||Vh|>.

€

Moreover, the comparison theorem holds true in the following form (see Theorem 1.1 in
[12]): if Ric; > —K and |V f| < K, we have

Asp < (m —1)VH coth(VHp) + K.

Hence Agp < (m — 1)(% ++VH) + K. So (2.12) and (2.13) also hold true in almost the same
forms
Vol _
¢ RQ

and
1)(1+VHR)+ KR]c; + cz.

R2
Noticing the above facts, the proof of Theorem 1.5 is the same to that of Theorem 1.1, so

—Asp < ln =

we omit it here.
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