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Abstract: In this article, we study complete convergence theorems for arrays of rowwise
m-negatively superadditive-dependent (m-NSD) random variables. By using Kolmogorov-type ex-
ponential inequality for m-NSD random variables, we obtain complete convergence theorems for
arrays of rowwise m-NSD random variables, which generalize those on complete convergence theo-
rem previously obtained by Hu et al. (1998) and Sung et al. (2005) from independent distributed
case to m-NSD arrays. Our results also extend the corresponding results of Chen et al.(2008), Hu
et al. (2009), Qiu et al. (2011) and Wang et al. (2014).
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1 Introduction

We first introduce some concepts of dependent random variables. The concept of nega-
tively associated (abbreviated to NA in the following) random variables was introduced by
Joag-Dev and Proschan [1].

Definition 1.1 A finite family of random variables {X;;1 < i < n} is said to be NA
if for every pair of disjoint subsets A, B C {1,2,---,n},

COV(f(Xi,’i € A)ag(vaj € B)) <0,

whenever f and g are coordinatewise nondecreasing functions such that this covariance exists.
An infinite family of random variables is NA if every finite subfamily is NA.

Definition 1.2 (see [2]) A function ¢ : R™ — R is called superadditive if ¢(z V y) +
o(x Ny) > ¢(x) + ¢(y) for all z,y € R™, where V is for componentwise maximum and A is

for componentwise minimum.
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The concept of negatively superadditive-dependent (abbreviated to NSD in the follow-
ing) random variables was introduced by Hu [3] as follows.
Definition 1.3 A random vector X = (X1, Xo,- -+, X,,) is said to be NSD if
E¢(X13 XQ) T Xn) S E¢(Xik, X;7 T X*)a

n

where X7, X7, .-+, X are independent such that X; and X; have the same distribution for
each i and ¢ is a superadditive function such that the expectations exist. A sequence of
random variables {X,;n > 1} is said to be NSD if for any n > 1, (X, Xs, - -, X,,) is NSD.

Hu [3] gave an example illustrating that NSD does not imply NA. Christofides and
Vaggelatou [4] indicated that NA implies NSD.

Hu et al. [5] introduced the concept of m-negatively associated random variables as
follows.

Definition 1.4 Let m > 1 be a fixed integer. A sequence of random variables {X,,; n >
1} is said to be m-negatively associated (abbreviated to m-NA in the following) if for any
n > 2 and 4y, - - -, 4, such that |ix —i;| > m for all 1 <k # j <n, we have that X o X,
are NA.

The concept of m-NA random variables is a natural extension from NA random variables

i1y 7"

(wherein m = 1).

Similarly, we can define m-NSD random variables.

Definition 1.5 Let m > 1 be a fixed integer. A sequence of random variables
{X,;n > 1} is said to be m-negatively superadditive-dependent (abbreviated to m-NSD
in the following) if for any n > 2 and 41, - - -, %,, such that |iy —i;| > mforall 1 <k # j <mn,
we have that (X;,,- -+, X;, ) is NSD.

Hsu and Robbins [6] introduced the concept of complete convergence of a sequence of
random variables. Hu et al. [7] proposed the following general complete convergence of
rowwise independent arrays of random variables.

Theorem A Let {X,;;1 <i <k,,n > 1} be an array of rowwise independent random
variables and {¢,} be a sequence of positive real numbers. Suppose that for every e > 0 and
some § > 0,

() 5 0 35 P{IXul > e} < oo

n=1 i=1

J
(ii) there exists j > 1 such that Z <Z EX2I{| X, < 5}) < 00;

(iii) Z EX,I{|X,i| <0} — 0 asn — oc.

Then "
kn

D KXo

i=1

o

n=1

>5> < oo foralle > 0.

In this paper, we let {k,,n > 1} be a sequence of positive integers such that lim k, =

n—oo
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The proof of Hu et al. [7] is mistakenly based on the fact that the assumptions of
Theorem A imply convergence in probability of the corresponding partial sums. Hu and
Volodin [8] and Hu et al. [9] presented counterexamples to this proof. They mentioned that
whether Theorem A was true remained open. Since then many authors attempted to solve
this problem. Hu et al. [9] and Kuczmaszewska [10] gave partial solution to this question.
Sung et al. [11] completely solved this problem by using a symmetrization procedure and
Kruglov et al. [12] obtained the complete convergence for maximum partial sums by using
a submartingale approach.

Recently, Chen et al. [13] extended Theorem A to the case of arrays of rowwise NA
random variables and obtained the complete convergence for maximum partial sums. Hu et
al. [5] obtained complete convergence for maximum partial sums similar to Theorem A for
arrays of rowwise m-NA random variables. Qiu et al. [14] obtained similar result for arrays
of rowwise ND random variables. Wand et al. [15] extended and improved Theorem A for
NSD arrays. Qiu [16] obtained similar result for weighted sums of NA random variables.
The main purpose of this article is to generalize and improve Theorem A for the case of

arrays of rowwise m-NSD random variables.

2 Main Results

Theorem 2.1 Let {X,;;1 <i < k,,n > 1} be an array of rowwise m-NSD random

variables and {c,} be a sequence of positive real numbers. Assume that for every e > 0 and

some § > 0,
o) kn
(1) > end. P(|Xoi] > e) < oo
n=1 =1

n=1 =1

e’} kn J
(ii) there exists j > 1 such that ch (Z Var( X, I{| X | < 5})) < 0.

Then
l

> (X = EXpil {| Xoi| < 6})

=1

o0
E c, P | max
1<i<k,

n=1

>8><OO for all € > 0.

From Theorem 2.1, we can obviously obtain the following corollary.
Corollary 2.1 Let {X,;;1 < i < k,,n > 1} be an array of rowwise m-NSD random
variables. If conditions (i) and (ii) of Theorem 2.1 and
kn
(ili) Y. EXpil{|Xni| <6} -0 asn — o0

i=1
are satisfied, then

l

> X

i=1

o0
E c, P | max
1<i<kn

n=1

>E><OO for all € > 0.

Theorem 2.2 Let {X,;;1 < i < k,,n > 1} be an array of rowwise m-NSD random
variables with EX,,; = 0 and EX2, < oo for 1 < i < k,,n > 1. Let {c,} be a sequence of

positive real numbers. Assume that for every € > 0 and some § > 0,
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P(| X ] > ) < o0

HM”

J
(ii) there exists j > 1 such that ch (Z EXm> < 0.

n=1 =1

Then

o0
E c, P | max
1<i<k,

n=1

!
D> X
i=1

Remark 1 Corollary 2.1 shows that the main results of Hu et al. [7] and Sung et al.

>E><OO for all € > 0.

[11] remain true for m-NSD random variables. We generalize the corresponding complete
convergence theorems from the independent case to m-NSD arrays without adding any extra
conditions.

Remark 2 In Theorem 2.2, we only need conditions (i) and (ii) of Corollary 2.1.
Condition (iii) of Corollary 2.1 is not needed. Therefore Theorem 2.2 extends and improves
the corresponding results of Hu et al. [7] and Sung et al. [11]. In addition, our results also
extend the corresponding results of Chen et al. [13], Hu et al. [5], Qiu et al. [14] and Wang
et al. [15]. When m = 1, from Theorem 2.1 and Theorem 2.2, we can obtain the results of
Theorem 3.3 and Theorem 3.2 of Wand et al. [15], respectively. We mention that Theorem
2.1 of this paper not only extends the results of Wand et al. [15] but also we have a simpler
proof. More precisely, we only divide the sum into two parts in our proof instead of into
four parts as was in the paper of Wand et al. [15].

Throughout this paper, C' denotes a positive constant which may differ from one place
to another.

3 Proofs of Main Results

In order to prove our results, we need the following lemmas.
Lemma 3.1 (cf. Wand et al. [15], Lemma 2.4) Let {X,,;n > 1} be a sequence of NSD
random variables with EX,, = 0 and EX? < oo, n > 1. Let

S, = zj;X B, = Z:L;EXE.

Then for all z > 0,a > 0,

22 B, T2
> < — _—
P( max Sk_x)_P<1I§1]3<xn|Xk|>a>—I—Qexp< )—1—2(4( ) ,

1<k<n 8B, za+ By)

1,’2 Bn ﬁ
> < — _— .
P (f;lsgnlskl & ) 2P (le > ) dexp ( 83) 4 (4@“3”))

Lemma 3.2 Let {X,,;n > 1} be a sequence of m-NSD random variables with EX,, = 0
and FX?2 < oo, n > 1. Let

S, = zj;X B, = i;EXf.
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Then for all n > m,x > 0,a > 0,

2
P(max Sy > x) < mP<maX | X 5| > a) + 2mexp <_3:)

1<k<n 1<k< 8m2B,,

—L
12ma

(4 G Ey)

2
max x | Xk > a) + 4mexp <_87r3;Bn>

AN
/\

P < max |Sy| > :L‘)

1<k<n

(4 xa/m+B )>

Proof Givenany 1 <k <n,let r=[2]. Set

X, if1<i<n,

Y, = -
0, ifi>n

k
and Smkﬂ > Yoiv; forl1<j<m.
i=0

/ T
U---u S > =
} {Oril]?é(r mk+m = m}?

3=

0<k<r

Since {121&)(71 Sy > J;} - { max Smk+1 >

by Lemma 3.1, we have

T2ma
m m CE2 Z EY73L7«+J
< mi - 2 =
< 2p (o> 0) + 3 |2ow | -— -
j=1 Jj=1 8m E:-E mi+j (IG/WL+—§:.E nm+ﬂ
i EX2 127na
= mP(%?? | Xl >a + 2mexp +2m = :
! gme Z EXE A(za/m + Y. EX?)
i=1
P X 2 2 Bn 12fna
<
< (s, Xl ) 2me (. (swamssn)

If we consider — X, instead of X,, in the arguments above, by a similar way we get

2 B, T2ma
_Sy) > ) < - B .
P(1rgn1?gxn( Sk) > ) <mP (frg]nkagxn | X k| > a) + 2mexp ( 8m2Bn) +2m (4(ma/m T Bn))
Therefore

2 B, T2ma
> < _ _ .
P (1211?§n |Sk| > x) 2mP ( mkax | X k| > a) + 4m exp ( 8m23n) +4m (4(xa/m+ Bn))
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Lemma 3.3 Let {X,;n > 1} be a sequence of m-NSD random variables with £X,, =0
and EX? < oo, n > 1. Let S, _ZX“ B, ZEX2 Then for alln > 1,2 > 0,a > 0,

i=1 =1

2 B 12ma
P<max |Sk|2x>§2mP<max |Xk|>a>+8m<m > .
1<k<n 1<k<n 3xa

Proof By the fact that e < 1/(1+z) < 1/x for z > 0, we have, for alln > 1,z >

0,a >0,
. 2 . 3za T2ma < 2mB,, I
xp [ — = |exp | — .
P\ " 8’m2B, P\ omB, =\ 3za

On the other hand,

Bn ﬁ < B:n ﬁ < 2mB 127n(1
4(za/m + By,) — \dza/m ~— \ 3za .

Therefore by Lemma 3.2, the conclusion holds.
Proof of Theorem 2.1 Let Y,,; = 0I{X,; > 0} + X, [{| Xi| <0} — 0I{X,,; < —0}
and Y., = 6I{X,; >0} — 6I{X,; < =6} and 1<i<k, n>1 {V;,1<i<k, n>1}

is an array of rowwise m-NSD random variables. Note that

P | max €
1<I<kn,

l
> (Xni = EXnil{| X1 < 6})| >

i=1

i !

< ZP(|Xm'| >d)+ P (13}%{" Z(Xml{|Xm| <8} — EXuI{|Xo| < 0})| > 5)
Zkznl 7,:ll | |

- ;P(|Xm| >6)+ P (Kmlg)kcn ;(Ym CEY— Y. +EY.)|> 6)
kn ; | |

< ;P(Ixm >0) + P (1233; ;(Ym _EY.)| > 8/2>

l

> (Yo — EY,)

=1

+P < max > 5/2)
1<i<k,

ko o
< ZP(|Xm| > 6) +CZP(|Xni| >0+ P < max

1<i<kn
i=1 i=1

l

> (Vi — EY,)

i=1

>5/2>.

Hence, by condition (i), it is sufficient to prove that

o0

E cp P | max
1<i<kn,

n=1

For any a > 0 and set

kn
d:min{ 65} Nl_{ ;;P(|Xm|>min{5,g})>d} and N = N\ MV;.

> 5/2> < 0.
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Note that

l
5 or (e [0 - v

i=1

3

> 5/2) < Z Cn
neN;

n

;ic"zp (\Xm| > min{5, %}) < 0.

n=1 i=1

IN

Hence, it remains to prove that cp P | max
nEN, 1<i<k,

Z(Ym — EY, i)

1=

> 6/2) < 00. By Lemma

3.3, we get
l
; e P (@?én ;(Ym‘ ~ BY,;)| > e/2>

o ma
4m > Var(Yy,)
< 2m Y P ( max |V, — EY,| > a) +8m Y e | — T

neNy neNy
Note that
P (112225 |V — EYy:| > a) <P <1I<nax | X i I{| X ni| <0} — EX i l{| Xi| <0} > a/2>
+ P <1I<I}<2}]§ Y., — EY,,| > a/2> :
For n € N5, we have

1max |EX i I{| X ] <0} <  max E|Xm\l{|Xm| <0}

< 1I<nax (B| X il I{| Xni] <a/6} + E|X,i|I{a/6 < | X, < 6})

< a/6+ 6ZP (|Xm«\ > min {5, %}) < a/6+6d<a/3.
i=1

Therefore

Z c, P ( max |Y,; — EY,;| > a)
1<i<ky,

ne Ny

< < — EY..

< Zlcnp <1r<n3x | X i T{| X i) < 6} > a/6> + 2%19 <1r<r}i>é lY,, — EY,,| > a/2>
o0 kn (o) kn

< D e Y P(Xnil > a/6) +CY e > P(|Xpi] > 6) < o0

3

=1 i=1 n=1 1=1
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k:'n,
Denote B,, = > Var(Y,;)

B, = Z[Var(XmIﬂXm\ < 0}) 4 Var(6I{X,; > 6} — 0I{X,; < —0})

2cov(me{me| < 6}, 61{Xpi > 8} — 6I{ X < —6})]

ar (X I{| Xni| < 6}) + 96 ZP (| Xni| > 0).

|'PI/\1?V

ky
When n € Ny, we have that > P(|X,;| > ) < 1. Let a = 55—, we have

i=1 24mg?
4mB, \ ™ .
ng]; c"( 3ae > n%;z <3ae> Bu)’
ko kn g
< C> (Z Var( X [ {] Xoil < 0}) +96%) " P(|Xp| > 5))
neNy =1 =1
kn
< C> e (ZVar(XmI{|Xm| < 6}) ) +C D e (ZP | X ni| > 0) )
neN2 i=1 ne€N2
S kn oo kn
< C)Y e (Z Var(X,,, I{| X | < 5})) +CY en Y P Xl > 0) < o0.
n=1 i=1 n=1 i=1
Proof of Theorem 2.2 Let a = % By Lemma 3.3, we have that

ZXm

o0
E ¢, P | max
1<1<k,

—£
12ma

. )
oo 2m Z EX2,
i=1
ch2mP <1r<r%z<1x | X | > a> + ch8m e

n=1

0o kn o) kn J
CY e Y P(Xul>a)+C) e, (Z EX3”.> < 0.
n=1 =1 n=1 i=1

IN

INA
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