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Abstract: In this paper, we study the boundedness of multilinear fractional integral operators
on variable exponent spaces. It is obtained that these operators are both bounded from strong
and weak Lebesgue spaces with variable exponent spaces into Lipschitz type spaces with variable
exponent, which gives some new results for previous published papers. A simple way is obtained
that is colsely linked with a class of fractional integral operator.
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1 Introduction

Let (R™)™ = R™ x R™ x --- x R™ be the m-fold product space of R, the multilinear

fractional integrals on R™ are defined by

Ton(fi s fun) (@) = /(Rm - Fiwn) - Fon(m)

T — Y1, 7‘r—ym)|mn7B

dyl - dym7

where 0 < B < mn,|(z —y1, .2 — Ym)| = V]T =2+ + [T — Y|

f(y)
When m = 1, Ig,, = Iz, where [ z:/
B, B 5f( ) - ‘I—y|n_6

Littlewood-Sobolev theorem tells us that the fractional integral operator Iz is a bounded

dy. The famous Hardy-

operator from the usual Lebesgue spaces LP* (R™) to LP2(R™) when 1 < p; < py < oo and p% —
p% = % Kenig and Stein [1] as well as Grafakos and Kalton [2] considered the boundedness
of a family of related multilinear fractional integrals. Lan [3] presented the boundedness
of multilinear fractional integral operators on weak type Hardy spaces. Recently, Yasuo [4]
considered the boundedness of multilinear fractional integral operators on Herz spaces.

It is well known that function spaces with variable exponents were intensively studied
during the past 20 years, due to their applications to PDE with non-standard growth condi-

tions and so on, we mention e.g. [5, 6]. A great deal of work was done to extend the theory of
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fractional integral on the classical Lebesgue spaces to the variable exponent case (see [7-9]).
However, these articles do not consider the behavior of Iy when p* > % Recently, Ram-
seyer, Salinas and Viviani [10] studied that Lipschitz type smoothness of fractional integral
on variable exponent spaces, when p* > % Hence, when p*t > %, it will be an interesting
problem whether we can establish the boundedness of multilinear fractional integral from
Lebesgue spaces LP() into Lipschitz-type spaces with variable exponents. The main purpose
of this paper is to answer the above problem.

To meet the requirements in the next sections, here, the basic elements of the theory of
the Lebsegue spaces with variable exponent are briefly presented.

Let p(-) : @ — [1,00) be a measurable function. The variable exponent Lebesgue space
LP)(Q) is defined by

p(z)

f(x)

A

LPO(Q) .= {f is measurable : /
Q

dxr < oo for some constant A > 0} .

LPO)(Q) is a Banach space with the norm defined by

f(z)

A

p(z)
||f||LP(‘)(Q) =inf{\>0: / dr < 1}.

Q

We denote p~ := ess ingp(x), pt = esssupp(x).
z€ TEQ
Let P(R™) be the set of measurable function p(-) on R™ with value in [1, 00) such that

1<p_(R") <p() < p4(R") < oo
We say a function p(:) : R® — R is locally log-Holder continuous, if there exists a
constant C' such that

c
(@) =Pl = e T e = a1

for all z,y € R". If, for some p(c0) € R and C' > 0, there holds |p(z) — p(c0)| < m for
all z € R™, then we say p(-) is log-Holder continuous at infinity.
The notation P'°8(R") is used for all those exponents p(-) € P(R™) which are locally log-

Holder continuous and log-Holder continuous at infinity with p(co) := | llim p(z). Moreover,

we can easily show that p(-) € P'¢(R") implies p/(-) € P°3(R"), where  + 5 = 1.

For brevity, C' always means a positive constant independent of the main parameters
and may change from one occurrence to another. B(z,r) = {y € R" : |z —y| < r},
By = B(x0,2*R) , Ay = By, \ Bx_1 and xa, = X be the characteristic function of the set
Ay for k € Z. |S| denotes the Lebesgue measure of S. f ~ g means C~1g < f < Cg.

Definition 1.1 [10] Given an exponent function p(-) we say that a measurable function

f belongs to LP():> if there exists a constant C such that / P\ (0 (x)de < C for

R’VL
every t > 0.

It is not difficult to see that

. £\ 7@
[f1p().00 = inf {A >0: Stt;g/ </\> x>0y (@)de < 1}
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is a quasi-norm in LP()>®

Definition 1.2 [10] Given 0 < # < n and an exponent function p(-) with 1 < p= <
pt < oo we say that a locally integrable function f belongs to Lipg . if there exists a
constant C' such that

o /B f—mpfldz < C (L1)

for every ball B C R"® with mpf =

‘B| / f. The least constant C' in (1.1) will be denoted
B

by ||f||Lin,p(,)'
Remark It is easy to see that in definition the average can be replaced by a constant

in the following sense

1
- : < - - — <
Wb < 200 00 oy 19 =l <
In this paper, we consider the case of bilinear fractional integral.
Definition 1.3 [4]

X 1,Y2
I5(fr, f2) (2 / /< Ji—y1,$—y1)|2” g |(;1(7yy2y)|221;>fl(yl)fQ(yQ)dyldy%

where 0 < § < 2n.

Now it is in this position to state our results.

Theorem 1.1 Let 0 < f < 2n, 1 < p; <p+<ooandi ﬂ<5<%+%—|—1
Suppose that p;(-) € P°8(R") for i = 1,2 and (T) +5 T), then Is(f1, fg) is bounded
from LP1C)(R™) x LP2()(R™) into Lipg .

Theorem 1.2 Let0<ﬁ<2n1<p < pf < oo and % ++<ﬂ<p%+

1

2+ 1. Suppose that p;(-) € Plog(R”) for ¢ = 1,2, there exists a p081tlve ro > 1 such
2

that p;(z) < p;(oco) for |z| > ro and p(x) = plix) + ﬁ(x). Then I5(f1, f2) is bounded from

LP1()oo(R™) x LP2():2°(R™) into Lipg (-

p(?‘)

2 Lemmas

Lemma 2.1 [11] If p(-) € P(R"), then for all f € LPO)(R") and all g € LP')(R") we
have

[ @@ <yl Lol

where 7, :=14+1/p~ —1/p™*.
Lemma 2.2 [10] Let p(-) be an exponent function in P°8(R") such that 1 < p~ < p* <
oo and p(z) < p(oo) for |x| > ro with 7 > 1. Then there exists a positive constant C' depend-
ing on 7y and the constants associated P'°(R") such that / |f(x)|de < Clflpe).eollxallp e
B

for every ball B and f € LP()->,
The following lemma see Corollary 4.5.9 in [12].
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Lemma 2.3 Let p(-) € P'°8(R"), then for every ball B C R", we have
Ixsllpe) ~1B[7@, if |B|<2", z€B
and
Ix5llpe) ~ 1B, if [B] > 1.

We remark that Lemma 2.4 were showed in [13] and we will give the proof of it.
Lemma 2.4 Let p(-) € P'°¢(R") and x5 € 2B(zy,), then we have

||XB(961,T)HP(~) ~ ”XB(wz.,r)Hp(')'

Proof We consider two cases, by Lemma 2.3.
Case 1 |B| > 1.

1 1
IXBGr ) lp) ~ [B(@e, 7)[7 ~ | B, 1) |7 ~ [[XB@s.m o)

Case 2 |B| < 1.

. 1 1
IXBG ) o) ~ By, 7)[7 = | By, 7)[70 | B, 1) 7 || XB(am lp()

11
~ e pED ||XB(12,T)||p(-) < CHXB(mz,r)HP(-)’

where we denote that 2’ € B(z1,r) and 2 € B(xa, ).
Indeed, since xy € 2B(x1,7),2" € B(x1,r) and 2" € B(xy,7) we note that |2’ —z”| < 4r,
we make use of local-Holder continuity of p(x) and get,

1
T

1 1

pl(a)  p'(a)

log1 < log <C
r ~ log(e + ‘z,_liz/,‘) T logle+ ) T

log £

Lemma 2.5 Let p;(-) € P¢(R") for i = 1,2 and ﬁ = plb) + sz(w)’ then for every
ball B = B(z,r) C R", we have

IxBllpe) ~ IxBllp ) IXBlp2) (2.1)
IxBllye) ~r " lIxslyolxsle- (2.2)

Proof We will give the proof of inequality (2.2), the argument for inequality (2.1) is
similar, we omit the details here. We consider two cases, by Lemma 2.3.
Case 1 |B| <1.

S R 1
IXBllp () IXB gy ~ (Bl [BPE ~ 0[BT~ 1 X gl (-

Case 2 |B| > 1.

T | BT o | BIF ~ x5 o.

IxB ) IXBlwe) ~ |B
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Lemma 2.6 Let p(-) € P8(R"), then there exists a constant C' > 0 such that for all
balls B and all measurable subsets S = B(xg,79) C B = B(z1,71),

1--L
||XS||P/() S C <|S|) v , (23)
IxBlly ) |B|
3
HXBHP () <C @ . (2.4>
40! S|

Remark We can easily show that inequality (2.4) implies || x25|y() < Cllxallp)-
Proof We will prove inequality (2.3), the argument for inequality (2.4) is similar, we

omit the details here. We consider three cases, by Lemma 2.3.
S S 1 1—
, (zg) HT -
(1) |S| < |B| <1, HXSHP(') ~ |S|P 1s |B|7P’(;s) F(TB> <C(|S> P :C<|S|>
% Prs) | B | B

where we denote that xg € S and zg € B.

Indeed, since |xp — xzg| < 2r1, we make use of local-Hélder continuity of p’(x) and get

1 1
log L < B < logﬁl <cC.
1~ log(e + ~logle+5-) ©

1 1

p'(rs) p'(rp)

1
|1:5sz|)
h ST S\ @ S\

o <1 <imy sl IS (19N _ (1)

Ixsllyey —|Bj7= |B| |B|

sy 1SI7 SN IS\
(3) 1< 18] <|BJ, ST (ST _ (18]
') 7 |B| |B|

Lemma 2.7 Let p(-) € P(R") such that 1 < p~ < pt < oo, B = B(xp, R) and
k <n —n/p_, then there exists a constant C' > 0 such that

/l |f(y 2 dy < CR7*||fllpelIxally o

wo—yl<r [To — y[*

Proof Using Lemma 2.1, we obtain

[y [

Lemma 2.6 gives

1/ (y)] -
/ yl’fdy =¢ Z (

"I: J—
zo—y|<R | 0 i—— o0

f i
|(yykd <c Y (2R

1=—00

XBllp )

<C Z RF(2)" TR

i=—00

< CR™*| fllpy Ixall -
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Lemma 2.8 Let p(-) € P©8(R") such that 1 < p~ < pT < oo, B = B(w, R) and
k >n —n/py, then there exists a constant C' > 0 such that

f
/ 1/ >'|kdy<CR B o Iz v
|zo—y|>R

|zg —

Proof Applying Lemma 2.1, we derive the estimate

/lxo y|>R |£IJ0 y|k Z/

Lemma 2.6 implies that

W gy < (JZ 2 R) I fllpey Il Aslly

i=1

yl’“

e - )
= dy < C R7* <CR

[ Z 0

Lemma 2.9 Suppose p;(-) € PP%(R") fori = 1,2, B = B(xo, R) and p(T) (r)+m(T)’
then
|1y f2 ()] 2
M = dxdy,dy, < C|B|» N
// /B| Yz — )PP yidys < C| Sillp o l1f2

Proof For y;,ys € 2B, one can obtain the following inequality in [4]

CRP—™, ifn <8< 2n,
/ dr =< Clog ifn=p
T —1,x — 2n—4 |y1 y 2|’ )
p |z =y =) Cos, f0<f<n.

When n < 8 < 2n, using Lemma 2.1 and 2.5, we obtain

MSCRﬁ”/ |f1(y1)|dy1/ | f2(y2)|dy2
2B

2B
< CRP7™| fillpy ) 12 lpa ) lx2 1 () X2 lpg )

< CR| fullp, )1 f2

When 0 < 8 < n, we write
M<C/ / |f1(y)l] fo( y?'d s
Y1 — y2|™

/ \fl(y1)||f2(y2)|d L dys

A, |y —ye|nh

<« fl z 1 f2 j\Y2
o2 (820 L) LI

i=—o00 \j=—00 j=i1—1 j=i+2

=Dy + Dy + D3,

when j > —1 we define D3 = 0.
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First we estimate D;.
For y; € A;,y2 € A;, we have |y; — y2| > |y1| — |y2| > 27?R. Then

D, <C Z (2'R)° ( Z /|f1Xz Y1 dy1/|f2XJ Yo |d3/2>

i=—00 j=—00

oy @Ry [t [\t

i=—00 Bi—2

Now Lemma 2.1 yields

1
Dy <C Y @R Al el s,

i=—00

o, I B, lpy (-

By Lemma 2.5, we get

1
Dy <C Y @R fillpo I follpao]

< CRﬂHfl||p1(-)Hf2||pz(-)HXB||p/(-)'

Next we estimate Ds.
Noting that |y; — ya| < |y1]| + |y2| < C2'R for y; € A;,y2 € A;, using Lemmas 2.1 and

2.7, we have

1 1+1

D203 Y [l [0,

i=—o0 j=1—1

o, ) IXB 2R lpy (-

<C Z 2" R [ fillps 1 f2

1=—00

By Lemmas 2.4 and 2.5, we arrive at the inequality

1
Dy <C Y (2R fillpuoo | fallpac

i=—00

< CR| fullps 1 fo

Finally, we estimate Ds.
We note y1 € A;,y2 € Aj, |y1 — y2| > |y1] — |y2| > 2772 R and derive

Ds <C Z Z (27R)P /llez Y1 |dy1/|f2Xg(y2 |dy2

i=—o00 j=1+2

YNl [ 1octlan [ 1l

j=—00i=—00

oY @Ry o nln [ 1)dse

Jj=—o0 Bj—2
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Hence, we apply Lemma 2.1 and 2.5 and obtain

1
Dy <C Y (2R fillpy ) x5, oy )l £ a1, g

j=—o00

1
<C D @R fillmolFallpa ) s, oy

j=—o00

< CR| fullps 1 fo

When 8 = n, the proof is similar. Therefore we omit the details. We use the following

inequality
1

>

i=—00

1
218_2> 2" =log2 » (512" <C.
As long as we change the conclusion of Lemma 2.1 into the conclusion of Lemma 2.2 in
the proof of Lemmas 2.7-2.9, we can obtain the corresponding conclusions in LP()> space.
Corollary 2.1  Let p(-) € P8(R") such that 1 < p~ < p* < oo, B = B(zo, R),
p(x) < p(oo) for |z| > rg with 79 > 1 and k < n — n/p_, then there exists a constant C' > 0
such that

[ sy < or i mivali

wo—yl<r [0 = Y[*
Corollary 2.2  Let p(-) € P(R") such that 1 < p~ < pt < 0o, B = B(zo, R) ,
p(x) < p(oo) for |z| > g with 7 > 1 and k > n — n/p,, then there exists a constant C' > 0
such that

[ sy < on i mival

wo—yl>r [0 = Y[*

Corollary 2.3 Let p;(-) € P8(R") such that 1 < p; < pz+ < o0, pilz ) < pi(o0) for

i=1,2 and |z| > ro with 7o > 1. Suppose B = B(z, R) and p(m) = pl(z) + 557 then

|f1 Y1 Hf2(y2)| B
M = dzdy;dy, < C|B|» ) . .
// /B| @ — )28 T2 = | BI™ [filpr (.00 [Falpa).ce X8l ()

3 Proof of Theorems

We will give the proof of the Theorem 1.1 below. In Corollary 2.1-Corollary 2.3, we
obtain the corresponding results in LP():> space. The argument for Theorem 1.2 is similar,
we omit the details here.

Proof of Theorem 1.1 We write

fi(z) = fixen(x) + fixem2s(z)  (1=1,2).

And we need to estimate four terms I:B(flxgg,fQXQB),fﬁ(flan\gB,fQXQB)jﬁ(ﬁXQB’szRn\QB)
and I(fixem\28, foXr"\2B)-
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First we estimate Iﬁ Jixzs, fax2B)-

Let ¢ = / / flxzzgy;);;;i 2Bﬁ(y2)dy1dy2. By Lemma 2.9, we get
[(y1,92)|>1 ’

/|f5(f1X23,f2X23)(x)—c|dx—/ [15(fix2B, faX2B)(x)|dz
B B
llps () [1.f2

Hence, we arrive at the inequality

/ [s(fixz2B, faxzn)(®) — cldx < Ol fillp, ()1 f2llpa()-
|B|”||XB||P

Next we estimate fﬂ(leRn\w,szQB) and jﬁ(leZBa JoXrm\2B)-
We only estimate I5(f1Xrm\28, f2x25) and the estimate for Ig(fix2p, foxrm\2p) is sim-
ilar, we omit the details here.

Let ¢ = fg(leRn\QB,fgxgg)(xo), then for x € B, we have

|Iﬁ<f1X]R“\2vi2XQB)( )— C| < CR// |f1XRn\2B(y1)f2X2B(y2)‘ dy dys

|zo—y1|>2R | To — Y1,To — y2)|2n B+1

|f1(y1)]
SCR/ isan 70 — g 1 | Ve tuz)ldye
To—Y1

Applying Lemma 2.8, 2.1 and 2.5, we obtain

I(fixwmas, faxzs) (@) — ¢ < CR™> fllp, o) 1x8 1l () 1 F llpat) X281y )
< CR_n—w”f”m(‘)”f“pz(‘)”XBHP’(‘)'

Thus we get that

/ [ Is(fixmm\28, faX2s)(x) — cldx < Ol fillp, ()| f2llpa()-
\BI"HXBllpo

Finally we estimate jﬁ(le]R"\QBa fQXRn\QB).
Let ¢ = Ig(fixrm\2B, faXrm\2B)(Z0), then for z € B,

= |f1XR”\2B(y1)f2XIR”\2B(y2)|
1 n —c| <CR dy,dys.
1T (fixw \2B, faXR \23)(33) o < / (o — y1, 0 — ya)| 2P+ Y14Y2
By Lemmas 2.8 and 2.5, we have
5(fixemens fa(@) — | < CR / Ml / xanlwa)l
|zo—y1|>2R |$0 - y1| ! |zo—y2|>2R |ZEO - y2| 2

< COR[|fllpy ) Ix2 oy ) B (1 fllpa ) Ix2B g () 77
< CR_M_{B||f||pl(~)”f”znz(‘)”XBHP’(')7
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where we can take s; and s, such that s; < n/pf, So < n/pgr and s1 + s =0 —1.

Hence, we obtain

/ s (frxemas: Faxenos)(@) — cldz < Cll ool 2l

Consequently we prove Theorem 1.1.
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