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Abstract: In this paper, we mainly study the Hopf bifurcation and the stability of modified
predator-prey biological economic system with nonselective harvesting and time delay. By using
the stability and bifurcation theory of differential-algebraic system, the conditions for stability of
the positive equilibrium point are obtained, let time delay as bifurcation parameter, the existence of
Hopf bifurcation and direction of Hopf bifurcation are obtained. We have improved the Leslie-Gower
predator-prey system, make the system which we established more practical, so the conclusions are
made more scientific.
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1 Introduction

In recent years, the increasingly serious problem of environmental degradation and re-
source shortage, made the analysis and modeling of biological systems more interested.
The predator-prey system played a crucial role among the relationships between the bio-
logical population, and it naturally attracted much attention both for mathematicians and
biologists, especially on predator-prey systems with or without time delay. As we know,
delay differential equation models exhibit much more complicated dynamics than differen-
tial equation models without delay, see [1-12]. A lot of researchers studied the dynamics
of predator-prey models with harvesting and obtained many dynamic behaviors, such as
stability of equilibrium, Hopf bifurcation, periodic solution, Bogdanov-Takens bifurcation,
Neimark-Sacker bifurcation, and so on, see [10-15].

In [16], Lucas studied the dynamic properties of the following Leslie-Gower predator-

prey system

a-c::c(a—yz, (1.1)
Yy = y(d - k;)a
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where x and y denote prey and predator population densities at time ¢, respectively, a, d,
and k are positive constants that represent the prey intrinsic growth rate, predator mortality
rate, and the maximum value of the per capita reduction rate of x due to y, respectively.

At present, economic profit is a very important factor for merchants, governments and
even every citizen, so it is necessary to research biological economic systems, which are often
described by differential-algebraic equations or differential difference-algebraic equations.

In 1954, Gordon [13] studied the effect of the harvest effort on ecosystem from an
economic perspective and proposed the following economic theory:

Net Economic Revenue (NER) = Total Revenue (TR) - Total Cost (TC).

This provides theoretical evidence for the establishment of differential-algebraic equa-
tion.

Based on the economic theory as mentioned above and system (1.1), Liu and Fu [12]

considered the following Leslie-Gower predator-prey system

t=2xz(a—y—E),
y=yld=k3), (1.2)
0=E(pzr—c)—v.

They investigated the Hopf bifurcation of the above system without considering the effect
of time delay and the harvesting of predator.

As is known to all, delay differential equation models exhibit much more complicated
dynamics than ordinary differential equation models, see [1-12], as was pointed by Kuang
[17] that any model of species dynamics without delays is an approximation at best. When
we considered the model with non-selective harvesting, namely at the same time there are
also the harvesting of predator and harvesting of the prey in the model, it will be more in
line with the actual situation of the predator-prey systems.

Motivated by the above discussion, in this paper, by choosing the time delay as a
bifurcation parameter and consider the predator-prey systems with non-selective harvesting,
we investigate a modified Leslie-Gower predator-prey systems with non-selective harvesting

and time delay described by the following system

9 = a(t)(ry — by(t — 1) — E(t)),
s — (1), — K28 — B(1), (13)
0= E(t)(p1z(t) + p2y(t) — c1 — c2) —m,

where p; > 0 and p, > 0 are harvesting reward per unit harvesting effort for unit prey and
predator, respectively; ¢; and ¢, are harvesting cost per unit harvesting effort for prey and
predator, respectively; m is the economic profit per unit harvesting effort.

In this paper, we mainly discuss the effects of economic profit on the dynamics of system
(1.3) in the region R3 = {(x,y, E)|z > 0,y > 0, E > 0)}.
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For convenience, we let

( AE0.B@) \ _ [ w0 byt - 7) - ()
SO, EO) = ( £(X(0) (1) > - ( u(O)(r2 — K23 — B(1) ) ’

z(t)
9(X @), EQ@)) = E@Q)(pr2(t) +p2y(t) — 1 = c2) —m,

where X; = (z,y)T.

The rest of the paper is arranged as follows: in Section 2, the local stability of the positive
equilibrium points are investigated by the corresponding characteristic equation of system
(1.3). In Section 3, by using the normal form and Hopf bifurcation theorem, we study the
Hopf bifurcation of the nonnegative equilibrium depending on the parameter where we show
that the positive equilibrium loses its stability and system (1.3) exhibits Hopf bifurcation in
the second section. In Section 4, the theoretical result is supplied by a numerical example.

Finally, this paper ends with a brief discussion.

2 Local Stability Analysis of System

In this section, we discuss the local stability of a positive equilibrium for system (1.3).
Now, we try to find all possible positive equilibrium points of system (1.3). A point Yy =
(20, Yo, Fo) is an equilibrium point of system (1.3) if and only if Y satisfy the following
equations

z(t)(re — by(t — 1) — E(t)) = 0,
y(t)(ra — k43 — E(t)) =0, (2.1)
E(t)(p1x(t) + pay(t) —c1 — c2) —m = 0.

From (2.1), we can easy get Fy satisfy
E3 + ’YlEQ + "}/QE + Y3 = 0, (22)

where

= bey + beg — kpy — pary — pare
1 — 9
P2
kpir1 4 ripare + bm — beycy — bears —bmry
Y2 = , V3= < 0.
D2 D2

Based on the root and coefficient relationship of equation and v3 < 0, we can find at
least one positive root Ep, so system (1.3) has at least one positive equilibrium point
Yo = (z0,y0, Fo) = (’;((:;:gﬁ)), "'1_bE°,E0), where 1 > Fy, o > Ej.

Now, we derive the formula for determining the properties of the positive equilibrium

point of system (1.3). Asin [13], first we consider the local parametric ¢ of the third equation
of system (1.3), which is defined as follows

[z, y, )" = (Z(t)) = Ny +Us + Voh(Z(1)), g((Z(t))) =0,
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where
1 0 0
UO = 0 1 ; Vb = 0 3
0 0 1

Z(t) = (y1,92)", No = (w0, 90, Eo),
WZ(t)) = h(h1(y1(t), y2(t)), ha(y1 (t), y2(t)), hs(y1(t), y2(t))) : R> — R

is a smoothing mapping, that is

z(t) = zo + y1(), y(t) = yo + y2(t), E(t) = Eo + ha(y1(t), y2(t)).

Then we can obtain the parametric system of system (1.3) as follows

{ dyéit(t) = (y1(t) + w0) (r1 — b(y2(t) + yo) — (Eo + ha(y1(t), y2(t))),

2 2 0 nl (23>
W20 — (ya(t) + o) (12 — FE2EHE0Y — (By + ha(yi (1), a(1)))-

Noticing that g(/(Z(t))) = 0, so we can get the linearized system of parametric system (2.3)
at (0,0) as follows

(2.4)

dyét(t) = —bxoyz(t — 7),
dt

2
A0 — By (1) - S2(0).

From (2.4), we can obtain the characteristic equation of the linearized system of parametric
system (2.2) at (0,0) as follows

k k2
A2 4 B0y 4 T A g, (2.5)
To To

kby?2

By eq. (2.5), when 7 = 0, it is obvious that %" > 0 and

(2.5) has always negative teal parts, i.e., the positive equilibrium point of system (1.3) is

2l > 0, then, two roots of eq.
locally asymptotically stable.

Now, based on the above discussion, we study the local stability around the positive
equilibrium point for system (1.3) and the existence of Hopf bifurcation occurring at the
positive equilibrium point when 7 > 0.

If iw is a root of eq. (2.5), and substituting iw (w is a positive real number) into eq.
(2.5), and separating the real and imaginary parts, two transcendental equations can be

obtained as follows

2

w? = Wby cos(wt), (2.6)
Zo

kyo  kbyd .

—w = 3 . 2.7

xow o sin(wT) (2.7)

Since sin(wT)? + cos(w7)? = 1 and adding (2.6) and (2.7), we obtain

k kby?2
wt + (ﬂ)Qw2 - (—yo )2 =0. (2.8)
ZTo To
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From (2.8), (’j%)2 > 0 and —(%33)2 < 0, we can easy find that eq. (2.5) has a unique
positive root wy, that is

wo = ; (2.9)
Substituting wy into (2.6) and solving for 7, we get
2
Towj 2nm
Tn:w—oarccos(kbyg)+w—o,n:O,1,2,--- . (2.10)

Thus when 7 = 7,,, the characteristic equation (2.5) has a pair of purely imaginary roots
1Wo.
Lemma 2.1 Denote by A, (7) = n,,(7) + iw, (7) the root of (2.5) such that 7, (7,) = 0,
wn () = wo, n =0,1,2,--- . Then the following transversality condition 7/, (7,) is satisfied.
Proof Differentiating eq. (2.5) with respect to 7, we obtain

Ay _ 2Azo + kyo — kbygre™™] 1 1
ar’ kbydre T A g By

(

Noting that

. X . X, _ L 20f (A2
mgn{Re(a)}A:w = mgn{Re(E) 1}A:m = 81gn{202—‘k‘;02} > 0.
wh(wg + 227)

The proof is completed.

From the above analysis and [17, 18], we have the following results.

Theorem 2.1 (i) For system (1.3), its positive equilibrium point Yj is locally asymp-
totically stable for 7 € [0, 79) and unstable for 7 > 7.

(ii) System (1.3) undergoes Hopf bifurcation at the positive equilibrium point Y; for

T=Tp,n=2012,.-.
3 Direction and the Stability of Hopf Bifurcation

In this section, we investigate the direction of bifurcation and the stability of bifurcation
periodic orbits from the positive equilibrium point Yy of system (1.3) at 7 = 7y by using the
normal form approach theory and center manifold theory introduced by Hassard [15].

Now, we re-scare the time by

t_ _ = o
t=_ =y =y, T =T+ 1,2 = (41, 42)
for simplicity, we continue to use Z said Z, then the parametric system (2.3) of system
(1.3) is equivalent to the following functional differential equation (FDE) system in C' =
C([-1,0],R?),
Z(T) = L,Z(T) + f (. Z), (3.1)
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where Z(T) = (y1(t),y2(t))", and L, : C — R, f : R x C — R are given, respectively, by

0 0 0
Lu(¢) = (10 + 1) ] ¢ (0) + (70 + ) e ] ¢ (-1),
azr  a22 0 O
where
_ _ kyg _ kwo
ajg = —bxg, ag = gy Q22 = ——,
T Zo
and f(1,6) = (o + 1) < ; ) where
Ji1 = —b¢1(0)p2(-1),
ky?2 2k k
for = =" 0 + T 201(0062(0) = Z3(0) + -+

and ¢ = (¢1,¢2) € C. By the Riesz representation theorem, there exists a matrix whose

components are bounded variation functions 6 € [—1, 0] such that

L(6) = / dn(0,11)6(0).6 < C.

-1

In fact, choosing

0w =m+w| YO+ | ) a0+,
as; Qo 0 0
where §(6) = { (1)’ Z ig’ For ¢ € C*([-1,0],R?), define
wlo) -1<6<0,
A(p)o(0) = /O (6, 1)6(6), 6= 0. (3.2)
-1
Then system (3.1) can be rewritten as
Z = A(p)Z; + R(w) Z,. (3.3)
For ¢ € C*(]0,1], (R?)*), the adjoint operator A* of A as
— o) 0<s<1,
ATY(s) = /0 a7 (5, 0)b(—s), 5 =0, (3-4)
-1

where n” is the transpose of the matrix 7.
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For ¢ € C'([-1,0],R?) and for ¢ € C*([0, 1], (R?)*), in order to normalize the eigenvec-

tors of operator A and adjoint operator A*, we define a bilinear inner product

0 0
w00 = 0000~ [ [ it - omopee (35)

where n(6) = n(0,0). It is easy to verify that A(0) and A* are a pair of adjoint operators.

By the discussion in Section 2, we know that +iwT, are eigenvalues of A(0). Thus they
are also eigenvalues of A*. Next we calculate the eigenvector ¢(6) of A associated to the
eigenvalue iwty and the eigenvector ¢*(s) of A* associated to the eigenvalue —iwrg. Then it
is not difficult to show that

() = (1,8)",q"(s) = G(B", 1)e™™,

where
; ; kyo
iw . w — 0 = =  irono1
B=———m B =y G = (840" —baorofFre™™ ™)™
0 0

Moreover, {(g*(s),q()) = 1 and (¢"(s),q(¢)) = 0.
In the reminder of this section, we use the same notations as those in [15]. We first

compute the coordinates to describe the center manifold Cy at p = 0. Define
2(t) = (q", Z), W (t,0) = Z, — 2Rez(t)q(0). (3.6)

On the center manifold Cj, we have

W(t,0) = W(z(t),2(t),0) = Wzo(@? + Wi (0)2z + WOQ(G)Z; to (3.7)

In fact, z and Z are local coordinates for center manifold Cj in the direction of ¢ and §*.
Note that W is real if z; is real. We consider only real solutions. For the solution z; € Cp,

since ¢ = 0 and (3.3), we have

z = dwtoz +(¢7(0), f(0,W(2, z,0) + 2Re[2(t)q(0)])),

= iwtgz + ¢ f(0,W(z,z,0) + 2Re[2(t)q(0)]), (3.8)
rewrite it as
2 =iwTtoz + g(z, 2), (3.9)
where , .
. _ z
8(2,2) = g20(0) 5 +811(0)27 + goa(6) 5 + - (3.10)

From (3.3) and (3.8), we have

AW — 2Re{q"f(2,2)q(0))}, 1< <0,

W—Zt—éq—éq—{ (3.11)
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Rewrite (3.11) as

W =AW + H(z,Z,0), (3.12)
where
22 z2

Substituting the corresponding series into (3.12) and comparing the coefficient, we obtain
(A — 2iWTo)W20(9> == —H20<9), AW11(9) = —H11(9) (314)
Notice that
q(0) = (1, 8)Te™, ¢*(0) = G(8",1),
and (3.6) we obtain

22 72
y1:(0) = 2 + Z + WQO(O)E + WL (0)2z + W&2(0)5 T
52

2
= Z _
yo:(0) = Bz + Bz + Wfo(o)g + W (0)2z + Wgz(o)g +e

I

y1t(—1) = Bze ™™ + Bze™™ + T/Vglo(—l)%2 + Wh(=1)zz + Woy(—1) = + -+,
Yor(—1) = Bze ™™ + Bze™™ + I/Vgo(—l)%2 + WE (=122 + Wi (=1) = + -
According to (3.8) and (3.9), we know that
8(2,2) = 7°(0) fo(,2) = Gro(", 1) ( f% ) : (3.15)
fao
where
fly = =by1(0)yae (1),

kiy? 2k k
£l = =0, (0)% + 21, (0)y21(0) — 4oy (0)% + - --
Tg o o

By (3.7), it follows that

2 =2

8(2) = Gro{=bF'[z+2+Wi(0) 5 + Wh(0)22 + W(0) ]
‘ - p 52
X[Bze ™ + Bzt + Wi (—1) 5 + WA (=1)2z + W (-1) 7]
2 2 =2
Ko sy Wgo(o)% WL (0)27 + Wog(())%]?
_ 1 22 1 - 1 z?
o [z +2z+ Wzo(o)g + Wi (0)zz + W02<0)§]

2 =2
x[B + Bz + Wi(0) 5+ W (0)22 + W5, (0) 5]
2 =2
B2 + B2 + W2 (0) = + W2 (0)22 + WH(0) =] +--- ).

k
o 2 2
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That is,
_ e i kYS 2K k
a(27) = Gr{e?[-bpfrem — 20 T = g2
o o T
—iWT k 2k
+oa b (B 4 o) oM L gy gy o R gy
0
g ky2  2kyo - Kk -
+22[_b/6*/6€ZWT0 _ % + y(]ﬁ o 752]
Zy ) i)
_ e iom ky?2 2k 2k k
+225((—bBF ™ — 220 + R W (0) + (L — 2 )WE (0)
o Zo Zo Yo
Sk q 2kyo 2kyo
—bBG* e kyo B 1 o koo
H = S S W0 + (S — S AWR)
- —b
VBWA(-D) + S W (<] + ).
Comparing the coefficients with (3.10), it follows that
_ _ . ky2 2k k
g0 = 26m[-biFreTim — 0 4 g g2,
xy T T
e —IWT k 2k
B = Gmlb3 (B + o) — 20 B0 gy o Ky
0
2% Q _TWT k 2k 2
g = [-bFpeen — M, y“ﬁ— ),
II,'O iy
Groim _ okUs 2k —bBBre  kyd  ERtD
g = ((~bgFrem 288 gy o) (ZOIPE R e Py o)
:r T 2 z3 2
2kyo 3
2ky k 20 3 2 —bg”
(2 =2 )WR(0) + (=5 = = B)W5(0) — bW (=1) + —— Wi (-1)].
0 Yo Zo
Now we compute Wo(6) and Wi1(6). From (3.11) and (3.15), we have that for § € [—1,0),
H(z,z,0) = —2Re{q"(0) f (2, 2)q(0)} = —g(z,2)q(8) — &(z, 2)q(0). (3.16)
Comparing the coefficients with (3.13), we can obtain that
Hao(0) = —g20q(0) — 8020(0), H11(0) = —g119(0) — 8114(0). (3.17)
Substituting the above equalities into (3.14), it follows that
Wao(0) = 2iwWao(6) + g204(6) + 8024(0), (3.18)
Wi1(0) = g11q(0) + 8114(0).
Solving (3.18), we have
W20(0> — ::gig q(0> iwTl + .;5707_27<0)67in09 + E€2iw‘ro’
° _ (3.19)
Wll(e) _ i_gog q(o) wTol + 18:11 (0)efzw'r(]0 +F
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In what follows, we seek appropriate E and F' in (3.19). From (3.11) and (3.15), we have
2

Hj0(0) = —g20q(0) — 8024(0) + 270 ( Zl > , (3.20)

H11(0) = —g114(0) — 8114(0) + 279 ( Zl > ; (3.21)

where

kys | 2kyo , ko

dy = —bfre 0 dy = — =0 4 T g T g2
i ZTo Zo
| k2 2k k
dy = —bRe(B ™), dy = ——20 4 =P pe(3) — 35
Ty o 0

Substituting (3.19)—(3.21) into (3.14) and noting that

(iwTol — / e™“™%n(0))q(0) = 0,

-1

(—iwryl — / &= 1 (6))(0) = 0.

-1

2w baoem ) o[ (3.22)
b 9iy 4 e T\ a ) '

0 b.’ﬁo ds
(2 )een( ) o

It is easy to obtain E and F from (3.22) and (3.23), that is

We obtain

2w + ) d, — brge—2iworo
o

ED —
2kyoiw + %6—21@070 _ 4w2 ’
o xo
M8 dy + 2iwd,
E®@)= o
2kyoiw | VRUE o 2iwgry _ g2
o o
kyo g _
) _ s B brods o) dy
M ’ bl’o
o
Therefore we can compute the following quantities
C1(0) = L(gzogu —2lgn|* - 1|g02|2) + g£7
27'0&)0 3 2
ReC1(0 ImcC, (0 TIm\
oy = —oeCl0) y, _IC(O0) +elX () 5 opee, (o),

Re)\l(’?'()) ’ TowWo
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which determine the direction of Hopf bifurcation and stability of bifurcated periodic solu-
tions of system (1.3) at the critical value 7.

Theorem 3.1 (i) The direction of Hopf bifurcation is determined by the sign of ps: the
Hopf bifurcation is supercritical if ps > 0 and the Hopf bifurcation is subcritical if us < 0.

(ii) The stability of bifurcated periodic solution is determined by (2: the periodic
solution are stable if G5 > 0 and unstable if G, < 0.

(iii) The period of bifurcation periodic solution is determined by t5: the period increase
if t5 > 0, decrease if t5 < 0.

y - predator

. . . . . . . . . . . . . . . . . .

0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
time t time t

0.055

0.05f

0.045 |

0.041

0.0351|

E - harvest effort
E — harvest effort

0.03

0.025

0.02

I I I I I I I I I
0 20 40 60 80 100 120 140 160 180 200
time t

Figure 1: When 7 = 0.62 < 79 and with initial conditions zg = 2.0053, yo = 3.1480,
FEy = 0.0256, that show the positive equilibrium point Yj is locally asymptotically stable.

y - predator

048 X - prey

4 Numerical Simulations

As an example we consider the differential-algebraic predator-prey system (1.3) with
the parameters r1 = 1.6, 71, =13, b=k=m=0.5, p; =7, po =6, ¢c; = b5, co = 3, that is,

9 — z(t)(1.6 — 0.5y(t — 7) — E(t)),

W= y(t)(1.3 - 0543 — E(t), (4.1)

0=E(t)(7x(t) + 6y(t) —5—3) — 0.5.
And by the discussions in Section 2 and Section 3, we determine the stability of the posi-
tive equilibrium point and Hopf bifurcation. Here, for convenience, we only discuss one of
the positive equilibrium point Y; of system (4.1), and others positive equilibrium points of
system (4.1) can be similar studied. we can easily get Yy = (2.0053,3.1480,0.0256), and by
computing, we get wy = 0.9942, 79 = 0.6473. So by Theorem 2.1, the equilibrium point Y,
is asymptotically stable when 7 € [0, 79) = [0,0.6473) and unstable when 7 > 0.6473.
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time t 08 X - prey

Figure 2: When 7 = 0.682 > 73, with the same initial conditions above that shows the

bifurcating periodic solutions from the positive equilibrium point Yj.

When 7 = 0, we can easily show that the positive equilibrium point
Yo = (2.0053, 3.1480, 0.0256)

is asymptotically stable.

By the theory of Hassard [15], as it is discussed in former section, we also determine the
direction of Hopf bifurcation and the other properties of bifurcating periodic solution. By
computing, we can obtain the following values C;(0) = 0.5303 — 0.4428i, X' (1) = 1.6352 +
1.14314, it follows that ps = —0.3243 < 0, B = 1.0607 > 0, to = 1.2643 > 0, from which and
Theorem 3.1 we conclude that the Hopf bifurcation of system(4.1) occurring at 75 = 0.6473
is subcritical and the bifurcating periodic solution exists when 7 cross 7 to the left and the
bifurcating periodic solution is unstable.

By Theorem 3.1, the positive equilibrium point Yy of system (4.1) is locally asymp-
totically stable when 7 = 0.62 < 7 as is illustrated by computer simulation in Fig.1. And
periodic solutions occur from Yy when 7 = 0.682 > 74 as is illustrated by computer simulation
in Fig.2.

5 Discussion

Nowadays, economic profit is a very important factor for governments, merchants, and
even citizen, and the harvested biological resources in the predator-prey systems are usually
sold as commodities in the market in order to achieve the economic interest. So modelling

and qualitative analysis for bio-economic system are necessary.
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Compared with most other researches on dynamics of predator-prey population, see [1,

5, 12, 18], the main contribution of this paper lies in the following aspect. The predator-prey

system we consider incorporate delay and non-selective harvesting, which could make our

model more realistic and the analysis result in this paper is more scientific. So our paper

provide a new ideal and a efficacious method for the qualitative analysis of the Hopf bifur-

cation of the differential-algebraic biological economic system. In addition, stage structure,

diffusion effects, disease effects may be incorporated into our bio-economic system, which

would make the bio-economic system exhibit much more complicated dynamics.

(14]

(15]

(16]
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