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Abstract: In this paper, we study a fourth-order singular boundary value problem. Using
the Leggett-Williams fixed point theorem together with constructing a special cone, we establish
optimal existence of symmetric positive solutions for a fourth-order singular boundary value problem
under certain conditions, which generalizes optimal existence of symmetric positive solutions to
singular boundary value problem.
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1 Introduction

We consider existence of symmetric positive solutions for a fourth-order singular bound-

ary value problem:
W)+ f(t,x(t) =0, 0<t <1, 1)
z(0) = z(1) = 2'(0) =2 (1) = 0,

which describes the deformations of an elastic beam with both endpoints fixed, where f :
(0,1) x (0,400) — (0,+00) is conditions and f(t,x) = f(1 —t,z) for each (0,1) x (0, +00).
f(t,z(t)) may be singular at t = 0 and/or ¢t = 1.

Here symmetric positive solutions for a fourth-order singular boundary value problem
(1) satistying z(t) = 2(1 — t) and x(t) > 0,t € (0,1).

Boundary value problems arise in a variety of different areas of applied mathematics
and physics (see [1, 2] and the references therein). Recently many authors studied the
existence of positive solutions for four-order singular boundary value problems for example
[3-13] and the references therein. Most of these results are obtained via transforming the

four-order boundary value problems into a second-order boundary value problems, and then
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applying the Leray-Schauder continuation method, the topologial degree theory, the fixed
point theorems on cones, the critical point theory, or the lower and upper solution method.
However results about the existence of symmetric positive solutions to singular boundary
value problem (1) are few. Motivated by the results in [9, 11] we try to establish optimal
existence of symmetric positive solutions to problem (1) by applying Leggett-Williams fixed

point theorem.

2 Preliminary

We consider problem (1) in a Banach space C]0,1] equipped with the norm |z||
Jnax |z(t)]. A function z(t) € C[0,1] is said to be a concave function if z(7t; + (1 — 7)ts) >

Tx(t1) + (1 — 7)x(t2) for all t1,ts, 7 € [0,1]. We denote
C*[0,1] = {x € C[0,1] : z(t) > 0,t € [0,1]}.
Let K be a cone of C[0,1] and m,n be constants, 0 < m < n. Define

K, ={ze K ||z <r}, K, ={z € K ||lz]| <r},
K(u,m,n) ={x e K|m <u(z),|lz] <nj.

Let G(t,s) be the Green’s function of the corresponding boundary value problem (1), i.e.,

) A= 9)?[(s —t) +2(1 — t)s], 0<t<s<l,
G(t’s){ 121 _ 2t —s)+2(1—s)t], 0<s<t<I,

and G(7(s),s) = max G(t, s), where

0<t<1
1 1
T(S): 3_2s° OSSS 2
2s 1

After a simple calculation, we get

1 1
_ _ Lo o L
) [ Glrts)o)ds = e [ Gles)ds = e 20 —1 =
(I1) G(1 —t,1 —s) = G(¢t,s);
G(L
(II)) min (30 _ 1

0<e<1 G(%,c) - Z;

(IV) (see [9]) q(t)G(7(s),s) < G(t,s) < G(7(s),5),q(t) = min{t?, (1 — t)*},t € [0,1].

Lemma 2.1 (see [14]) Let A : K — K be a completely continuous operator, u be a
nonnegative continuous concave function on K, and satisfies u(z) < ||z|| for all z € K,.. In
addition, assume that there exist 0 < d < m < n < r satisfy the following conditions:

(i) {z € K(u,m,n) | u(x) >m} # &, and u(Az) > m for x € K(u, m,n);

(ii) ||Az| < d for € Kg;

(iii) u(Az) > m for x € K(u,m,r) and [|[Ax| > n;
then A has at least three fixed points z, 72,23 on K, satisfy ||zi| < d,m < u(z), and
|zs|| > d for u(xz) < m.
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3 Main Results

Theorem 3.1 Suppose the following conditions hold:
(H1) f € C((0,1) x [0, 400), [0, +00)), f(t, ) < g(t)h(x),9 € C((0,1),[0,400)),h €
C([0, 400), [0, +00));
1
(H2) 0 </ G(1(s),8)g(s)ds < +o0;
0
(H3) There exist 0 < d < m < § such that

1) h(z) < d[/o G(7(s),s)g(s)ds] ™" for 0 < z < d;

1
2) f(t,x) > 16m[/ G(7(s),s)ds|™" = 6144m for m < x < 2m;
0

3) h(z) < T[/ G(7(s),5)g(s)ds] " for 0 <z < r;

then problem(1) }?as triple symmetric positive solutions 1, xs, z3 satisfy ||z1]] < d,m <
u(ze), and ||zs]| > d for u(xs) < m.

Proof Denote K = {z € CT[0,1] : x(t) is convex function and z(t) = z(1 —t),t €
[0,1]}, then K is a cone of CT0, 1].

Let u(z) = min_z(t) for z € K. then u(z) = 2(1) < x(3) = ||z|. It is well known that

1 3
1Sty

z(t) is a positive solution of problem (1) if only if z(¢) is a positive solution of the equation
1

o) = [ Gle.s) s, s)s
0

1
Define operator A : K — K by Az(t) = / G(t,s)f(s,z(s))ds. Obviously Ax(t) >
0
0,(Az)"(t) < 0for 0 <t <1, and for z € K,

Az(1—t) = /01 G(1—t, 5)f(s, 2(s))ds
- /OH G —t,) f(s, 2(s))ds + /11t G(1—t,5) f(s, 2(s))ds
_ _/:Gu 41— (1 = ra(l = ))dr — /tOG(l =) (1= el —r))dr
_ /t Gt () + /0 Gt ) 2 dr = Aa()
consequently Az € K, that is A : K — K. By Arzela-Ascoli theorem, we can prove A : K —

K is completely continuous.
From (H1) and 3) in (H3), for any = € K,., we know that

lAz| < / G(7(s), $)g(5)h(x(s))ds

IN

[ e[ s =
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So A(K,) C K,.. Choose x(t) = 2m,0 < t < 1, then z(t) € K(u,m,2m), and u(x) = u(2m) >

m. Then {z € K(u,m,2m) | u(z) > m} # @. And for z € K(u,m,2m),u(z) = z(3) > m
Hence m < z(s) < 2m, 3 < s < 2. Thus for any 2 € K(u, m,2m), from 2) in (H3), we obtain
1
u(Azr) = min Az(t) = min / G(t,s)f(s,z(s))ds
i<t<i i<t<i Jo
1
> min [ gG(r(s), 9 (s.2()ds
i<t<i Jo
e
Z 1o G(T(S),S)f(s,.%’(S))dS
16 J,

1
> L 6144m/ G(7(s),s)ds = m.
16 0

Thus condition (i) of Lemma 2.1 holds.
Next from (H1) and 1) in (H3), for any = € K, we have

0<t<1

|Az|| < max/o G(t,s)g(s)h(x(s))ds

IN

1 1
/ G(r(s), $)g(s)ds - d] / G(r(s), $)g(s)ds] ™ = d.
0 0
So A : K4 — K . Thus condition (ii) of Lemma 2.1 follows.

Finally we prove u(Az) > m for z € K(u,m,r) and ||Az| > 4m.
From 2) in (H3), for € K(u,m,r) and ||Az|| > 4m, we know that

u(Az) = Aw():/o G(Z,s)f(s,x(s))ds

Gl [ 1
B G o) /O G(5,8)f(s,2(s))ds
1 1 1
= ZAx(i) = ZHA@’H > m.

Therefore condition (iii) of Lemma 2.1 holds too. The proof is completed.
Remark Theorem 3.1 also holds when nonlinearity f(t,z(t)) is nonsingular at t = 0
and t = 1.

4 Example

Example 4.1 The following boundary value problem:

Z(1-1)2

{ @ () 4 B =0, 0 <t <1, @
z(0)=z(1) =2 (0)=2'(1) =0



No. 6 Optimal existence of symmetric positive solutions for a fourth-order singular boundary ... 1213

has triple symmetric positive solutions, where

422 0< 2
h(x):{ T, <z <2,

5760
ogs T > 2.

Proof Let f(t,z) = h(z)g(t),9(t) = =y Obviously g(t) is signular at ¢ = 0 and
t=1. h(z) € C[0,400). So (H1) holds.
Since

Q
—~
9
—
»
~
»
~
I

2s%(1—s)® 1
b, 0<s<3,
S, 3 <s<1

1 1
§(1n3 —In2) — 5~ 0.05 > 0,
then (H2) holds.

1
1) In (H3) followings from [/ G(7(s), s)g(s)ds] " ~ 20, we may take d = 1 then
0

! 2 1
h(z) = 42? < 4d* = % < d[/ G(7(s),s)g(s)ds] ' ~ ZO for 0<z<d= 1
0

2) In (H3) is immediate, since we may take m = 2 then

B 1 5760
(1 -t)22z -1

ftx) = h(z)g(t)

> ]
6

o> 16h(4) > 2 x 6144 = 61d4m, 2 <2 <4.0<t <1,

3) In (H3) is immediate, since we may take r = 100 > 2m = 4 then

max h(z) h(2) = 5760

0<x<100 3

1
< 100[/ G(7(s),s)g(s)ds] " ~ 2000, 0 <z <r=100.
0

Thus from Theorem 3.1, we know that problen (2) has triple symmetric positive solutions

x1, o, w3 satisfy |1 < 1, 2 < u(wz), and [Jzs]| > § for u(a;) < 2.
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