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Abstract: In this paper, we mainly study the Hopf-bifurcation and the stability of differential-
algebraic biological economic system with predator harvesting. By using the method of stability tho-
ery and Hopf bifurcation theorem dynamical systems and differential algebraic system, we find some
related conclusions about stability and Hopf-bifurcation. We have improved the ratio-dependent
predator-prey system, take economic effect p as the bifurcation parameter and make a numerical
simulation by using Matlab at last, so the conclusions are made more practical.
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1 Introduction

According to the lack of biological resources on the earth, more and more people in-
creasingly realized the importance of the modelling and research of biological system. The
predator-prey was one of the most popular models that many researchers [1-8] studied and
acquired some valuable characters of dynamic behavior. For example, the stability of equi-
librium, Hopf bifurcation, flip bifurcation, limit cycle and other relevant conducts. At the
same time, the development and utilization of biological resources and artificial arrest was
researched commonly in the fields of fishery, wildlife and forestry management by some ex-
perts [9-11]. Most of them choose differential equations and difference equations to research
biological models. It is well known that economic profit become more and more important
and take a fundamental gradually situation in social development. In recent years, biologi-
cal economic systems were researched by many authors [12-16], who describe the system by
differential-algebraic equations or differential-difference-algebraic equations.

Basic analysis model which applied by differential-algebraic equations and differential-
difference-algebraic equations are familiar at present. However, there still exist some disad-

vantages in many systems such as harvesting function. In this paper, the main research is
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the stability and Hopf bifurcation of a biological-algebraic biological economic system, which
is changed in some details and meaningful.

Our basic model is based on the following ratio-dependent predator-prey system with

{ = u(ry — ev), (1)

0 =uv(r; —0%) —avE”,

harvest

where u and v represent the predator density and prey density at time ¢, respectively, €, 0
and « are all positive constants, and r; and ry stand for the densities of predator and prey
populations, and F represents harvesting effort. aFv denotes that the harvests for predator
population are proportional to their densities at time t.

In 1954, Gordon [17] studied the effect of the harvest effort on ecosystem form an

economic perspective and proposed the following economic principle:
Net Economic Revenue (NER) = Total Revenue (T'R) — Total Cost (T'C').

Associated with system (1.1), an algebraic equation which considers the economic profit

m of the harvest effort on predator can be established as follows

E(t)(pv — q) = m,

where E(t) represents the harvest effort, p denotes harvesting reward per unit harvesting
effort for unit weight, ¢ represents harvesting cost per unit harvesting effort. Combining
the economic theory of fishery resources, we can establish a differential algebraic biological
economic system
= u(r, — ev),
0 =uv(ry —0%) — avE”, (1.2)
0= E*(pv—q) —m.
Nevertheless, the capture effect to predator is not always shown in the liner in nature
based on many factors that can affect the predation such as the ability of search, illness and

death. Therefore, the harvesting function of system (1.2) is modified as follows

U= u(r — ev),
v =uv(ry — %) — aFE* 2 (1.3)

u 14+~v?
0=FE*(p ) —m.

1—:'711 —4q
To simplify system (1.2), we use these dimensionless variables
€ € aem
r=—-u, y=ev, E=aFE", /5:1, c:—q, =
0 € D p

and then obtain the following system

= Z’(’I"l - y)7
§ =yl =4 - By, (4
0=E(7% —9—w
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For simplicity, let

_ fl(ZvEnu) _ m(rl _y)
f2 B = ( 22, B, 1) ) < y(rs— ) - By )

g(Z,E,u) = E(

e Q) — i,
where Z = (z,y)T, u is a bifurcation parameter, which will be defined in the follows.

In this paper, we discuss the effects of the economic profit on the dynamics of system
(1.4) in the region R3 = {(z,y, E)|z > 0,y > 0, E > 0}.

Next, the paper will be organized as follows. In Section 2, the stability of the positive
equilibrium point is discussed by corresponding characteristic equation of system (2.2). In
Section 3, we provide Hopf bifurcation analysis of system (1.4). In Section 4, we use numerical
simulations to illustrate the effectiveness of result. Then give a brief conclusion in Section
5.

2 Local Stability Analysis of System (1.4)

It is obvious that there exists an equilibrium in Ri if only if this point xo := (20, Y0, Fo)”

is a real solution of the equations

x(rl - y) = 07

y(r— %) — By =0, (2.1)
E(i —a)—pn=0.

By the calculation, we get

r1Go , p(1+ Bry)
TQGO_,U’ 1, GO

Xo = (*T07y07E0) = ( )7

where
G=Gy)=y—c(1+py), Go=Gy=r1)=r—c(l+pr).

According to this analysis procedure, this essay only concentrate on the interior equi-
librium of system (1.4). Based on the ecology meaningful of the interior equilibrium, the
predator and the harvest effort to predator are all exist that it is the key point to the study.
Thus, a simple assumption that the inequality 0 < u < roGj holds in this paper. Following,
we use the linear transformation y* = QM7 , where

1 0 0
M=(X,Y,E), Q=Y - 0
0 0

_yo(l + Byo) — (1 + Byo)?

Then we obtain D, g(x)®Q = (0,0 c), M = (z,y, &=y + E), where

Yo _
> 1+Byo
n M Ey
E=tytE=
G(Q)y Yo(1 + Byo) — (1 + Byo)

Sy + E.
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Next, let £ = E — Gigy Thus we transform system (1.4) into

X = X(r=Y),
V=Y[r— %+ (&Y - E) 57, (2.2)
0=(E &Y)(5 Thay — ) — I

From Section 1, we obtain

_ | M) X(r —¥)
F = ( fo(M, 1) ) R ( Y[ra = % + (&Y - B) 357 )7

o) = (B~ 5V )y

—c) — p.
For system (2.2), we consider the local parametric 1, which defined as follows

(X,Y,E") =4(2) = My +UsZ + Voh(Z),

where
10 0
Uy = 0 1 s Vo= 0 ’ Z = (ylva)T7 My = (X()v}/b?EO)?
0 0 1

h : R* — R?® is a smooth mapping. Then we can obtain the parametric system (2.2) as

follows:

v = Silps (p M),
{ jo = f2 (s (s, M)). (2.3)

More details about the definition can be found in [18]. Based on system (2.3), we can get
Jacobian matrix F(M;), which takes the form of

BE(M,) = D f1(Mo) DGy (M) - 0
v Dy f2(Mo) uy I,
Dx fi(Mo) Dy f1(Mo)
Dx fa(Mo) Dy fa(Mo)

0 _ _mGo
— TzGoflL .
(ro — GLO)2 _T'QGL%(2GO +c)
Then the following theorem summarizes the stability of the positive equilibrium point of
system (1.4).
Theorem 2.1 For system (2.2)
(i) If (ry — u%fc) > 4ry ’"ZGG“ Land p < rmn{

3G, +C,r2G0} the positive equilibrium

point of system (1.4) is asymptotically stable; otherwise when < p < 129Gy, the positive

2G +c
equilibrium point of system (1.4) is unstable.
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(ii) If (ro — uQGCg;rc) < 4dr Tz%‘) £ and p < min { oTen +C,?"QGO} the positive equilibrium
0

point of system (1.4) is a sink; otherwise when 25 +“c < p < roGy, the positive equilibrium

point of system (1.4) is a source.

Proof First, the characteristic equation of the matrix E(M,) can be written as

2Go+c roGo —
)\2 + (TQ — Tg)A + TlTO =0. (24)
Now donate A by
2Gy + ¢ roGo —
A=(rz—p gz )? 47“1260,70'u

IfAZOand,u<min{

Tng
2Go+c

theorem by the Routh-Hurwitz criteria, part (ii) can be similar proofed. Thus, we complete

oTen +C,r2G0}, eq. (2.4) has two negative real roots; when A > 0

and < p < 3Gy, eq. (2.4) has two positive real roots. We can obtain part (i) of the
the proof of Theorem 2.1.
Remark 1 The local stability of xq is equivalent to the local stability of M.
Remark 2 When the roots of eq. (2.4) exist zero real parts, system (1.4) will occur
bifurcation, which will be discussed in Section 3.

3 Hopf Bifurcation Analysis of the Positive Equilibrium

In this section, we discuss the Hopf bifurcation from the equilibrium point x( by choosing
w as the bifurcation parameter. Based on the Hopf bifurcation theorem in [19], we need find
some sufficient conditions.

According to the definition of A, we obtain

(QTQGO + roc — 27’1G0)G% (27’2G0 —+ roc — 2T1G0) G
Jy = + B=A++vVA?2+ B,
- (2Go +0¢)? (2Gy + ) * +

where
(2T2G0 + roC — 27‘1G0)G(2)
(2G0 + 0)2 ’
G
(2G0 + 6)2 ’

A:

B = (4ryry — rg) .

here, we assume that A2 + B > 0 in this paper.

Thus, for eq. (2.4), if B > 0 and 0 < g < min{rGo,J+}. Eq. (2.4) has one pair of
imaginary roots. When B > 0,4 > 0,J_ < r2Go and J_ < p < min{rsGo, J; }, eq. (2.4)
has one pair of imaginary roots.

In the case of meet the above conditions, we can get the roots as follows:

/\1,2 = —*(7"2 — M
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where
1 2G0 +c
a(p) = —5(r2 = );
2 G3
o) = fr 2B
0
By calculating, we obtain
7“26% / 2Gy+c¢
= = — 0
Ho 2G0 +C’ « (/‘LO) G(Q) > B
1 G
wo = w(po) = \/rlrg(GO - 2G00+c)' (3.1)

Eq. (3.1) indicates that eq. (2.2) occurs Hopf bifurcation at f.

In order to calculate the Hopf bifurcation, we need to lead the normal form of system
(2.2) as follows

= a(wy —w(pwy: + %ahyf +ajy1y2 + %aégyi + %ahlyi”
+%ahzy3yz + %a}mylyg + éaémyg +o(|Z]"),
Yo = w(pyr +alwy: + %aizﬁ +alaynys + %aizyi + éafllyf
310y + s ahamnd + sk +o(1Z]%). (3:2)

From eq. (2.3), we have

fl(M7/J') = X(Tl _Y)v

ROL) = YT = 5 + (&Y = D)

o) = (B = ¥ ) (g =) —
Then we can easily obtain

Dy fi(M, ) = (ry — Y, —X,0),

D faMop) = Cogora = 2+ B )

Dig(M, 1) = (0, 2 Y

0753_ 71+IBY—C)7

where B
K 2Y + Y2 B F
TG AY)? (1Y)
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and
Dvg(M, ) -1 0 0
> NY y b
Dy(Z,p) = ( o > 10
0
0 1
0 1 0 0 0
= 1 0 1 1 0
148Y 14+8Y ¢
Go 0 Y —c(1+8Y) (F ng> 01
1 0
1+8Y c
ch—é_lJrﬁY)(F_ %g)
Then we get
flyl(Ma:u) = DNfl(Mvﬂ)Dylw(Znu) =T — Yv
f1y2(M7:u) = DNfl(Mvu')Dyzw(Znu) = _X7
_ Y?2
f2y1(M7:u) = DNfQ(lej')Dznw(Znu) = ﬁ7
= -Y e 2Y
M =D M, u)D A = (F — — ——+ F.
f292( 7/’[’) Nf2( 7“) y2w( 7/’{/) Y*C(1+/6Y)( G%)+T2 X +
Thus we have
DNf1y1(M7:u) = (07_170)7

DNflyz(Mnu) = (_170’0)7

2Y2 2Y
DNnyl(Mnu) = (_F7ﬁ70)7
2Y c
Then we obtain
f1y1y1(M> /J') = DNf1y1(M7 M)Dylﬂ)(zvu) = 07
f1y1y2<M’ :U) - DNf1y1(Ma ,u)Dwa(Z,u) =-1,
flyzyz(Mv /1’) = DNf1y2(M7 M)Dyﬂ/)(zvu) = 07
- 2Y2

f2y1y1(M7 /J’) = DNnyl(Ma M)Dqu/)(Zvu) = _Fv

2Y
f2y1y2(M7 /J') = -DNf2y1(M7 M)Dyﬂ/)(Z;u) = ﬁa

2c ue " 2
Jayaya (M, 1) = D fay, (M, 1) Dy, 0(Z, p) = GTg(F‘f'ﬁF - 53 - (Tg) X
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Substituting My, o into above, we have
2

flyl(MmMo) =0, fly2<M07/J’0) = —Xo, f2y1 (M07MO) = Xfoga

2Y? 2Y.
f1y1y2(M07M0) = -1, f2y1y1(M07M0) = 7Xig7 f2y1y2(M07/J’0) = Xié),
0 0

2cp 2
f22/2y2(M07M0) = ?3(60 — 1) —+ YO
Now, we get
6Y?2 4Y
DNnylyl(Ma,u) = (ﬁ7_ﬁ70)’
4Y 2
DN fay,yo (M, p) = (*ﬁvﬁﬂ)’
2 _Go 2 c(1+ )
D M) = 2 N R NN
N f2yy: (M, 1) X214 3Y (G% ( ch)), G§(1+ﬁy)2)
Finally, we obtain
= 6Y?
f2y1y1y1 = ‘DNfQZlel (Ma M)DM?/)(Z)/J') = ﬁa
> 4Y
f2y1y1y2 = DNf2y1y1 (Ma M)Dyzw(z)u) = _ﬁv

Fovsen = D Py (M, 10Dy (Z ) = <5
foyoysys = DN Fayye (M, 1) Dy (Z, ) = ! 2}56(1??;0 — pe).
Thus we have eq. (3.3)
Y1 = —XoY2 — y1ye,
Y2 = ?;yl - )}?;,yf + ?Xi;’ylyz + [%é(ﬁc -1+ ;O]yg + )}?;yi" - %yfyz + %ylyi
—|—1 A= fe 2uCo pe)ys +o(|Z[4). (3.3)

6 G2 <1 + BYo
Comparing with the normal form (3.2), we chosse the nonsingular matrix
N = XovXo O

= 0 v, |’

then we use the linear transformation H = NZ, noticing wy = \/’;%0, we derive the normal

form as follows

U = —wolg — Youiua,
'LL.Q = WUy — YOU% + 72}/6 U1U + [%(,BC — 1) + L])/()ug + Y() XQ’LL? — 2%@13’&2
v Xo G% Xo
Yo o, 1 1—=[c, 2uGy 2,3 714
—_— - — Y A 3.4
+\/YOUIU2 + 6 G% (1 1 BY, pe)Yguy +o(|Z]), (3.4)
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where H = (uy,us)”. Then

2Y,
a%z =Yy aj; = —Yo, a1p = \/)TOO’
1

1 1
ajy; = Gy =0,
Yo

a?u = Yo/ Xo, ‘1312 = —2Yp, a%zz = \/7—07
5 1 1-— /Bc( 2uGy

= — )Yy
Q222 6 G% 1+ 3Y, pe)Ys

According to the Hopf bifurcation theorem in [19], now we only need to calculate the

value of a

16a = [a’b(a%l + a§2) - a?2(a%1 + a§2) - a‘}lail + a%2a§2]/w + (a}u + a}22 + a%12 + agm)

= (_aizai - a§2a§2)/w + a%u + CL322
2Yy cp 1 1—pc, 2uGy

= —— +2Y,—(1— —_ —
¥, T Wi =8+ 5 e gy,

pe)Yy .

Next, there are two cases should be discussed. That is a > 0 and a < 0. Based on the
Hopf bifurcation theorem in [19], we obtain Theorem 3.1.

Theorem 3.1 For the system (2.2), there exist an £ > 0 and two small enough neigh-
borhoods P; and P, of xo(p), where Py C Ps.

(i) If
clt 1 1-0c

2uG
@(1—5@"'* L
0

2Yy
6 G2 ST

YE > -
'UC) 0 > X07

2Yo

then

(1) when po < o < po + €, xo(u) is unstable, and repels all the points in Ps;

(2) when py — e < pu < p, there exist at least one periodic solution in P;, which is
the closure of P, one of them repel all the points in P;\{xo(x)}, and also have another
periodic solution (may be the same that) repels all the points in P\ P;,and xo(x) is locally
asymptotically stable.

(ii) If

1 1-0c

2Y, (1~ Be) + - - 21Co

2Y,
G2 6 G? (1 + BY;
0 0 0

A
'uC) 0 < XO’

then

(1) when puo—e < p < po, xo(p) is locally asymptotically stable,and repels all the points
in Ps;

(2) when o < p < pio + €, there exist at least one periodic solution in Pj, one of them
repel all the points in P;\{xo(x)}, and also have another periodic solution (may be the same
that) repels all the points in P\ P;, and () is unstable.
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Proof Theorem 3.1 can be similarly proved as the Hopf bifurcation theorem in [19], so

we omit the process here.

4 Numerical Simulations

In this section, we give a numerical example of system (1.4) with the parameters r; =
3,ro =1,c=1,5=0.195, then system (1.4) becomes

& =z(3-y),
y=y(l-%) - E1+0?J195y’ (4.1)
0= E(5508; — 1) — 1

By simple computing, the only positive equilibrium point of above system is

(o) = (4.7578,3,0.5856),

r2G3 _ 2.0002225
2Gotc  3.83

Therefore, by Theorem 3.1, we can easily show that the positive equilibrium point xo(p)

and the Hopf bifurcation value pg =

of system (4.1) is locally asymptitically stable when p = 0.505 < g as is illustrated by
computer simulations in Fig. 1; periodic solutions occur from xo(p) when p = 0.5195 < pq
as is illustrated in Fig. 2; the positive equilibrium point xo(u) of system (4.1) is unstable
when p = 0.535 > pg as is illustrated in Fig. 3.

4.8 3.04

4.75

4.7

4.65

X-prey
Y-predator
w
. % .

4.6

50 100 150 200 250 0o 50 100 150 200 250
time t time t

0.576

0.574

0.572

0.568

E-harvest effort
E-harvest effort

0.566

0.564

0.562

0.558

o 50 100 150 200 250 Y—predator 295 455
time t

X-prey

Figure 1: When p = 0.505 < pg, that show the positive equilibrium point xo(p) is locally
asymptotically stable.
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4.765 T T T T 3.008 T T T T
4.76
3.006 g
4.755
3.004 i
4.75
5 4.745 g 8002
g 3
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= 474 > 3
4.735
2.998
4.73
2.996 [
4725
4.72 - . - - 2.994 - . . .
50 100 150 200 250 0 50 100 150 200 250
time t time t
0.5835
0583
0.5825
< s
5 2
5 0582 2
= g
s
H £
£ 05815 a
i
0.581 n
05805 g
058 50 100 150 200 250 299 472
'Y—predator g .
time t P! X—prey
Figure 2: Periodic solutions bifurcating from yo(x) whenp = 0.5195 < pp.
7.5 T T T T 3.8 T T T T
o I 36f 4
65 I
34t
sl I
E}; § 3.2
3 55- o
g
< Al
sl
28}
4.5
ol 26 i
3.5
0 50 100 150 200 250 0 50 100 150 200 250
time t time t
0.8 T T T T
075t
07t
= s
5 2
% 065 ®
s g
s
2 os a3
o
055}
0.5
045 50 100 150 200 250 25 3
Y—predator -
time t P! X-prey

Figure 3: When p = 0.535 > po, that show the positive equilibrium point yo(u) is unstable.
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5 Conclusions

Based on the above inference and calculation, we find that economic effect will influence
the stability of differential-algebraic biological economic system. For instance, according
to those statistics and graphs, if people fix the economic index at a high level, over the
bifurcation value of Hopf-bifurcation, the system will become unstable that means people
have destroyed the economic balance even led to the extinction of ecologic species. Therefore,
with an aim to realize the harmonious sustainable development co-existence between man
and nature, we should not seek economic effect blindly and control it within a certain limit,
such as less than bifurcation value.

In addition, we can make some improvements in our model. For example, we do not
consider the influence of time delays and double harvesting that is, human harvesting will
harvest predator and prey at the same time. So it is necessary for us to go on with our

research in these aspects in the future.
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