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Abstract: In the present paper, we study the class W, (H(b; + 1); A, B) of multivalent ana-
lytic functions with respect to the parameters b; € C\ Zg (Zg = 0,—-1,-2,---; 7 =1,2,--- ),
which is defined by the Dziok-Srivastava operator H(a1,-- ,aq;b1,- - ,bs). By using the methods
of differential subordination and the properties of convolution, we obtain the characterization prop-
erties and inclusion results for this class, which generalize some previous known results.
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1 Introduction

Let A, denote the class of functions f of the form
f(2) :ZP+Zak+pzk+p (peN={1,2,---}), (1.1)
k=1

which are analytic in the open unit disk U= {z: 2 € C and |z| < 1}. Also, let A; = A.
Let f,g € A,, where f is given by (1.1) and g is defined by

g(z) =2+ Z b p2™TP.
k=1
Then the Hadamard product (or convolution) f % g of the functions f and g is defined by

(f*9)(2) = 22 + Y angpbrsp?™™ = (9% f)(2).

k=1
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For two functions f and g, analytic in U, we say that the function f is subordinate to

g in U, if there exists a Schwarz function w, which is analytic in U with
w(0)=0 and |w(z)| <1 (2 €0U),

such that
f(z) =g(w(2)) (= €D).

We denote this subordination by f(z) < g(z). Furthermore, if the function g is univalent in
U, then we have the following equivalence (see, for details, [3, 12]; see also [19, 20]):

f(z) <9(2) (z€U) < f(0) = g(0) and [(U) C g(U).

A function f € A is said to be the class K of convex functions in U if and only if

Re (Zf"(z)> > -1 (z€U). (1.2)

f'(z)

A function f € A is said to be close-to-convex of order o (0 < v < 1) in U if there exists

a convex univalent function h € A and a real § such that

Re (el];;g,z()z)> >a (zel). (1.3)

Janowski [11] introduced the class

zf'(z) 1+az
f(2) ~1 + bz

S*(a,b)—{fEA: (ZEU;—1§b<a§1)}. (1.4)
For a = 1,b = —1, we have the class of starlike functions §* = S*(1, —1).

For parameters a; € C (i = 1,2,---,¢q) and b; € C\ Z; (Z, = 0,-1,-2,---; j =
1,2,---,s), the generalized hypergeometric function ,Fs(a1, - ,aq;01,- -+ ,bs; 2) is defined
by

- (a1)p - (ag)k 2
Fs P ab77b57 = 0
oFs(ar ag; by z) kz_: (b ) (b5 ) k!

0
(¢<s+1;¢q,5eNg=NU{0}; z € U),

where (\); denotes the Pochhammer symbol defined, in terms of Gamma function, by

TR 1 (k=0; A e C\ {0}),
( )k_W_
AA+1) - (A+k—1) (keN; AeC).

Dziok and Srivastava in [7] (see also [8, 9]) considered a linear operator

H<a‘17"' 7aq§b17"' 7b8) :AP —>AP’
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defined by the Hadamard product

H(ala"'7aq;bla"'abs)f(z) == [Zp'qF(ala"'7aq;b17"'7bs;z)]*f(z)
o (ag)r arp
= 2P )i Paas 1.5
; bk (bs)s K (1.5)

where f € A, is given by (1.1).
It follows from (1.5) that for all j € {1,2,--- s},

byH(by) f(2) = z[H(b; + D f(2)] + (b; — p)H(b; + 1) f(2), (1.6)
where, for convenice
H(b])f(z) = H(ah crt Qs by, - 7bj7 o 7bS)f(Z)

and
H(bj +1)f(2) :H(alal" 7aq;b17"' 7bj +17 7bs)f(z)'

The Drziok-Srivastava operator H(aq,--- ,a4;b1,---,bs) includes various linear operators,
which were considered in earlier works, such as (for example) the linear operators introduced
by Hohlov [10], Carlson and Shaffer [2], Ruschewyh [13] and Srivastava and Owa [18].

In particular, we mention here the Bernardi integral operator 7, : A — A, defined by
(see [1])

T f(2)] = vl / t"~Lf(t)dt (v € C). (1.7)

ZV

Note that for f(z) = 2z + as2® + - - -, we have

Z V+k (1.8)

k=

Therefore the Bernardi operator and the Dziok-Srivastava operator are connected in the

following way

T f ()] =HA+v,Lv+2)f(2).
Definition 1.1 Let us suppose

—-1<B<0, A€C and |A4| < 1. (1.9)

We denote by W, (H(b; + 1); A, B) the class of functions f € A, of form (1.1) which satisfy

the following condition

H(b;)f(2) 1+ Az
Y 0fe TP e BEY (1.10)
By using (1.6), condition (1.10) becomes
2 PHG; + D)) 2RO+ 1D f(2)) l+4z
RO, D) Hb DAz P i GEU (111)
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From (1.9), we see that

1+ Az
Re <1+Bz> >0 (zel). (1.12)

Thus we have
feW,(H(b; +1); A, B) = 2" "PH(b; + 1) f(2) € S*.

Moreover, for —1 < B < A < 1, this means that 2'"?H(b; + 1) f(z) belongs to the class
S*(A, B) defined by (1.4).

Many interesting subclasses of analytic functions associated with the Dziok-Srivastava
operator H(ay, - ,aq;b1,- -+ ,bs) were investigated recently (for example) by Dziok [4, 5],
Dziok and Sokol [6], Sokol [16, 17] and others. They obtained various properties and char-
acterizations for these subclasses with respect to the parameters a; € C (1 = 1,2,--- ,q).
However, in this paper, we aim to investigate some characterizations and inclusion rela-
tionships for the class W,(H(b; + 1); A4, B), which are in connection with the parameters
b € C\Zy (Zy =0,—1,-2,--; j=1,2,-- 5).

2 Main Results

First, we begin by proving the following two characterization theorems.
Theorem 2.1 If f € A, and j € {1,2,---,s}, then

2l TPH(b; + 1) f(2)]" = b PH(b;) f(2)] = b= PR + 1) f(2)] (2.1)
Proof From (1.6), we casily get
2[H(b; + 1) f (2)] + (1 = p)H(b; + 1) f(2) = bH(b;) f(2) + (1 — b)) H(b; + 1) f(2).  (2:2)
Multiplying both sides of (2.2) by 217, equality (2.2) becomes
2[2VPH (b + 1) F(2)) = bi[2 PH(by) £(2)] + (1 — bj) [z 7PH(b; + 1) f(2)]. (2.3)

Then differentiating (2.3), we immediately obtain (2.1).

Theorem 2.2 If f € A, and 2" "PH(b; + 1)f(z) is convex univalent function, then
2'7PH(b;) f(2) is close-to-convex of order Re (brb]l) with respect to z'"PH(b; + 1)f(2),
where j € {1,2,---,s}.

Proof From (2.1), we conclude that

[TPH©) () 2[R + 1) f(2))
[21=PH(b; + 1) f(2)]"  bj[zt=PH(b; + 1) f(2))
Hence, from (1.2) and (2.4), we have

Re{ b [ PH(b)f(2)] } _ Re{ 2 [ZPH(b 4 1) f(2)]” b.}

o] Hb, + DT 5] EHG )T b

|
b 1
> Re( >
;]

+1. (2.4)
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and using (1.3), we obtain the asserted result.

In order to obtain inclusion properties, we first recall the following lemma.

Lemma 2.1 (see [12]) Let v, A € C and B € [—1, 0] satisfy either
Re[l + AB+v(1+ B%)] > |A+ B+ B(v +7)| for B € (—1,0],
or
1+A>0, Re[l —A+2v]>0 for B=—1.
If f e Aand F(z) = J,[f(2)] is given by (1.7), then F' € A and

zf'(z) 14 Az zF'(z) 14+ Az
2 1+B:  F(z) 1+Bz

Theorem 2.3 If f € A, and j € {1,2,---,s}, then

2 TPH(b; + 1) f(2) = To, [z TR, f(2)],

where J,, 1 is the Bernardi operator (1.7) with v = b; — 1.

Proof From (1.5), we have

o - (al)k"'(aq)k Ak+p _k+tp

P N (al)k T (aq>k Ak+p _k+p
= '+ P
; (b1)k -~ (b))k <bgbjk>._.(bs>k k!
= HO)IC) w+§jbﬁkfw]
k=1 7

Hence, by (1.8) with v = b; — 1, we obtain
H(b; +1)f(2) = 27 To, 1 [ TPH(b;) f(2)],
which implies that (2.7) holds.

(2.7)

Theorem 2.4 Let m € Nand j € {1,2,---,s}. If A€ C and B € [—1,0] satisfy (2.5)

or (2.6) with v =b; — 1, then

Wy (H(b;); A, B) € Wy (H(b; +m); A, B).

(2.8)

Proof Clearly, it is sufficient to prove (2.8) only for m = 1. Let f € W,(H(b;); A, B),

then from (1.11) we have

A THO) () 1+ A
SPH(b)[(z) | 1+ Bz

(z € U).

(2.9)
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By applying Lemma 2.1 and Theorem 2.3 to (2.9), we get

z[Z1PH(b; + 1) f(2)] - 1+ Az
21=PH(b; + 1) f(2) 1+ Bz

(z€),

which means that f € W,(H(b; +1); A, B).

It is natural to ask about the inclusion relation (2.8) when m is not positive integer.
Next, we will give a partial answer to the question by using a different method. We need
the following lemma.

Lemma 2.2 (see [15]) Let f € K and g € §*. Then, for every analytic function s in U,

(f = hg)(U)
(f = g)(U)
where ¢o[h(U)| denotes the closed convex hull of A(U).
Theorem 2.5 If f € W,(H(b;); A, B), H(z) = 2" "PH(b;)f(z) € 8 and G(z) =
kgo EE;:Z’““ € K, then f € W,(H(b;); A, B) and z2"PH(b;) f(z) € S*.
Proof Let f € W,(H(b;); A, B). Then by the definition of the class W,(H(b,); A, B),

we have

C co[n(U)];

227 PH(b) f(2)] 14 Aw(z)

A-rH(b;)f(2) 1+ Bw(z)

where ¢ is convex univalent mapping of U and |w(z)| < 1in U with w(0) = 0 = ¢(0)—1. Also,
we have Re[¢(z)] > 0 because of H(z) € S*. Using (2.10) and the properties of convolution,

— $lu(2)] (=€), (2.10)

we get
S~ 0k k1, L 1—p I
ey _ et O
Zl_pH(bj)f(Z) i Gk k41 51— —PH(b )f(z)

(b

_ G(Z) *ZH'(Z) _ G(2) x olw(2)]H(2)
G xH(z)  GR)xH(z) (2.11)

Since H(z) € 8%, G(z) € K and ¢ is convex univalent, then by applying Lemma 2.2 to
(2.11), we conclude that (2.11) is subordinate to ¢ in U. Thus, by (1.11), we obtain that
21PH(b) f(2) € S*(A, B) C 8* and so f € W,(H(b;); A, B).

3 Some Corollaries

Lemma 3.1 (see [14]) If either 0 < a < ¢ and ¢ > 2 when a, ¢ are real, or Re[a+¢| > 3,

Rela] < Re|c] and Im[a] = Im][c] when a, ¢ are complex, then the function

i(a— ML (2 e U)

C
k=0

belongs to the class K of convex functions.
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Corollary 3.1 If b;, l;; are real such that 0 < b; < b~ and I;V > 2 or b; I;V are complex
(bj,ij #0,—1,-2,---) such that Re[b; + b; ;] > 3, Re[b;] < Re[b-] and Im[b;] = Im[b |, then
W, (H(b;); A, B) € W, (H(E)); A, B).

Proof Since A, B satisfy (1.12), soif f € W,(H(b;); A, B), then H(z) = 2 "PH(b;) f(2) €
S*. By Lemma 3.1, the function

oo

Z kk“ (2 € 1)

k=0

belongs to the class K of convex functions. Therefore, in view of Theorem 2.5, we obtain
that f € W,(H(b,); A, B).
Lemma 3.2 (see [12]) If a,b,c are real and satisfy —2 < a < 0, b # 0, b > —1 and
¢ > M(a,b), where
M(a,b) = max{2 + |a + b|,1 — ab},

then the Gaussian hypergeometric function

oF1(a,b,c;2) = (a)(b

i (b

is convex in U.
Corollary 3.2 Let b; € (—1,0)U (0,1) and j € {1,2,---,s}. If b; > 3 + |b;|, then

k=0 ( J )k
is convex in U for b; # 0, ~1,-2,---; =2 <b; =1 < 0 and b; — 1 > M(a,b) = 2+ [b]. It is
clear that G(z) = z?j [F'(z) — 1] € K. After some calculations we have that

()= 3 Lt e
and this completes the proof.
Corollary 3.3 Let b; € (—1,0)U (0,1) and j € {1,2,--- ,s}. If b; > 3 + |b;|, then
Wi (H(b;); A, B) € Wi (H(b;); A, B).

Proof The proof follows as the proof of Corollary 3.1 by using Corollary 3.2.
Corollary 3.4 Let m € Nand j € {1,2,---,s}. If Re(b;) > 1, then

W, (H(b,): A, B) C W, (H(b, +m): A, B),
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Proof Obviously, it is sufficient to prove this corollary only for m = 1. If f €
W,(H(b;); A, B), then H(z) = 2 "PH(b;) f(z) € S*(A, B) C S*. Let us denote

zH'(z) 1+ Aw(z)
H(z) 14 Bw(z)

= olw(z)] (z€0),

where ¢ is convex univalent and |w(z)| < 1 in U with w(0) = 0 = ¢(0) — 1 and Re[¢p(z)] > 0.
If Re(b;) > 1, then

R R
G(Z)_;(bj—l)—i—kz (z €U)

belongs to the class K of convex functions (see [14]). Therefore, by (2.7), we have

2[27PH(b; + 1) f(2)] _ [G(2) * zH (2)] _ G(z) x zH'(2)
21 PH(b; + 1) f(2) G(z)* H(z) G(z) « H(z)
R )

Analogous to the proof of Theorem 2.5, we obtain that f € W,(H(b; + 1); A, B).
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H Dziok-Srivastava HT & X H % 247 of 2 2R 14 R

o ARVE XSk
(LRl e S et 2B, W58 JRI% 024000)
(2.ALHUMIE R 2B R 22 B, JE5T 100875)
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