Vol. 36 ( 2016)
No. 3 J. of Math. (PRC)

A CLASS OF THREE-WEIGHT CYCLIC CODES
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Abstract: In this paper, the value distribution of the exponential sum S(a,3) =
k 3k
> x(aa:p ol Bz” 2+1) is investigated. Applying the value distribution of S(«, 3), the weight

zE]Fpm
distribution of a class of p-ary cyclic codes is determined. It turns out that the proposed cyclic

codes has three nonzero weights, here p is an odd prime, m and k are two positive integers such
that m/ ged(m, k) is odd, k = /ged(m, k) is even and m > 3.
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1 Introduction

Let p be a prime. An [n, k]-linear code C over the finite field F,, is a k-dimensional linear
subspace of . Moreover, if (co,c1,--+,¢,-1) € C implies (¢,-1,¢0," "+ ,cn2) € C then C
is called a cyclic code. For a cyclic code C with length n over F,, let A; be the number
of codewords in C with Hamming weight i. The sequence (1, A1, Ay, -+, A,,) is called the
weight distribution of C. The weight distribution of a code is an important research object
in coding theory. If C is cyclic, the weight of each codeword can be expressed by exponential
sums, so the weight distribution of C can be determined if the corresponding exponential
sums (or their certain combinations) can be calculated explicitly (see [1-8]).

The value distribution of the exponential sum S(a, 3) = > x(az® + Bz%) and the
z€F,m

weight distribution of the cyclic code

¢ = {e(a.8) = (T} (aa™ + ™)), ;. |(0,8) € Fl }

were extensively studied, where x(-) = pT ""'() is the canonical additive character on the finite
field F,m, Tr}"(+) is the trace mapping from F,n to F,, and ¢, = exp(2my/—1/p) is a primitive
p-th root of unity. For d; = p* + 1,dy = 2, the exponential sum S(a, ) and the associated
cyclic code C were studied in [2]. For di = (pF + 1)/2,d> = 1, the value distribution of

S(a, ) and the weight distribution of C were derived in [3]. When d; = p* +1,dy = p3* +1,
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the weight distribution of C was determined in [5] for zed(mm 0dd, and in [6, 7] for FEIEEWO]
even.
In this paper, we will study the exponential sum

S(a’ﬂ) = Z X(ax# +ﬂ$p32+1)’

z€F,m

and determine the weight distibution of the cyclic code C = {c¢ = c(a, ) | (o, 5) € Fpm },

where
p3F 41

m pF41
c(oz,ﬁ):(Tr1 (r 2" + pa 2 )>m€F* )

m/ ged(m, k) is odd and k/ ged(m, k) is even.
This paper is presented as follows. In Section 2, we introduce some definitions and

auxiliary results that will be needed later in this paper. In Section 3, we determine the value
distribution of S(a, 3) and the weight distribution of the cyclic code C.

2 Preliminaries

The following notations are fixed throughout this paper.
(a) Let m and k be positive integers such that s = m/e is odd, k/e is even and m > 3,

90—1

where e = ged(m, k). Let p be an odd prime, ¢ = p™, qo = p°, ¢¢ = (=1)" =z qo.
(b) Let i be the finite field with p* elements, and F*, = F,:\{0}.

m

| | i
(c) Let Tt! : F,; — F,: be the trace mapping defined by T/ (z) = 3 a?" for i|j.
i=0

For z € F,, define x(z) = CET(I) to be the canonical additive character of F,, where
¢, = exp(2my/—1/p) is a p-th root of unity.

From now on, we assume that A is a fixed nonsquare in F, . Note that s is odd and
k/e is even. It is easy to get that A is also a nonsquare in F, and AFHD/2 = \GPFHD/2 2 )
Since the union of the images of maps = — z? and x — Az? covers each element of F, exactly
two times, then we have

S(a, B) ggF:q X <0¢:Jc + Bz )

_ % (T(a, B) + T, A3)) , (2.1)

where .
T(a,8) = 3 (I oa™ eper™ s (2.2)
€l
The exponential sum 7T'(c, 3) have been extensively studied in [4-6]. This is an impor-
tant tool we will use.
Definition 2.1 [9] The quadratic character of Fy, is defined as

if « is a nonzero square in F,,
if « is a nonsquare in F,,
itz =0.
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Definition 2.2 [9] A quadratic form in s indeterminates over F,, is a homogeneous

polynomial in Fy, |21, 29, -+, x,] of degree 2 and can be uniquely expressed as
S
f(.’ﬁl,.’li'g, cee ,.TCS) = Z hijxixj with hij = hji S ]qu.
i,j=1

The s x s symmetric matrix H whose (4, j) entry is h;; is called the coefficient matrix of f.
Let r be the rank of H. Then, there exists M € GL4(F,,) such that H' = MHM" =

diag(ay,--- ,a,,0,---,0) is a diagonal matrix where a; € F; (1 < i < r). Let X =
(z1,xa,- -+ ,xs), making a nonsingular linear substitution X = Y M with Y = (y1, 42, -+ ,ys) €
[y, , then we have
FX)=XHX" =YMHM"Y" = " a}. (2.3)
1=1

Let A = ajas - - - a, (we assume A = 1 when r = 0), and 7y be the quadratic (multiplicative)
character of F,. Then 79(A) is an invariant of H under the conjugate action of M €
GL4(Fy,).

If we regard F, as an F,,-linear space of dimension s, then
Qapla) = T ("t + far )

is a quadratic form over F . Let H, g be the coefficient matrix of Q. () , 7a, be the rank

of H, 3, we have

e e T
T(a,B) = Z (Tri(Qan@) = Z (Tri (X HapXT) (2.4)
z€F, z€F,
and
T()\O{, )\6) — Z Cg‘r‘f(XHAa,)\BXT) _ Z CI’)I‘r‘li(/\XHQ,gXT), (25)
z€F, z€F,

where Hyo ag = AHa g and ryq 28 = Ta.3-
Now we give the following lemmas, which will be used in the next section.
Lemma 2.1 (see Theorems 5.15 and 5.33 of [9]) For a € F

7> et mo be the quadratic

(multiplicative) character of Fy,. Then we have

Z CTr;(awz) _ { no(a)(—l)e’lqo%, 1 ifp=1 (mod 4),
' mo(a)(—1) "t (V=1)"q¢, ifp=3 (mod4).

z€Fq,

From Lemma 2.1 and (2.3), it is easy to get the following lemmas.

Lemma 2.2 With the notations as above, we have

T(a’ﬂ) — Z C[’)I‘rT(Qa,ﬁ(fL))

z€Fy
,_Ta,B
_ no(A)(=1)leDrasgy 2" ifp=1 (mod 4),
nO(A)(_l)(e—l)Ta,B (‘ /_1)6'740"/3 qgfaTﬁ’ lfp =3 (mod 4)
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Lemma 2.3 (see [4]) For (a,f) € F2\{(0,0)}, we have ro 3 =5—14,0 <7 <2.
Combining (2.3), (2.4) and (2.5), by repeatedly using Lemma 2.1 wo obtain the following
conclusion.

Lemma 2.4 With the notations introduced above, we have

§(0,8) = 5 (1+ (o)™ Tla, ) = 5 (1 4+ (~1)7) T(a, ).

In order to determine the frequency of each value of S(a, ) for a, 5 € F,,, we also need
some preliminary identities of S(«, 3).
Lemma 2.5 Let s be odd and k/e be even. Then the following identities hold.

i) > S(ap)=p™;

a,B€eF,

(i) > S(ap) =
a,BeER,
Proof (i) We observe that

> Sa,p

Z Z X(owc# + ﬂxpszﬂ)

a,B€F, a,BeFR, x€F,
PLESY 1 p3k 41
= 2D x(ae"F) x Y ox(Be)
z€F, a€l, BeFR,
_ 2m
= p .

(ii) We can calculate

> oS = 33 x4 s ) ooy 4 gy )
a,B€eF, a,BelF, xz,ycl,
= > D.x (O‘(xpk;l + ypkjl)) x> X (»BWM% + y4)>
z,y€F, a€Fy BEF,
- p2m : M7
where
M = # {(a:,y) ER2|a™5 4yt = 0,05 4yt = 0}

= #{@y eF"F + 4 =0}
= #{(z,y) €Fl|y=—a}

m

Here the third equality follows from ged ((pk +1)/2,p™ — 1) =1.
Hence, the result follows.

3 Main Results

Now we give the value distribution of S(«, 3) and the weight distribution of the cyclic
code C.
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Theorem 3.1 The value distribution of the multiset

S(o, B) = Zx(ax = +ﬁx 2 ) a,pelF,
z€eF,
is described as shown in Table .
Table I
value multiplicity
p™ 1
0 (p’"* ’"’“rl)(m*l)
P e A" - )
A T 0
Proof It is clear that S(a,3) = p™ if (o, 8) = (0,0). For (o, ) € F\{(0,0)}, by

Lemmas 2.2, 2.3 and 2.4, we have

S(a.9) € {0,£p™F

1

To determined the distribution of these values, we define

= #{(@,8) € F2{(0,0)}](a, ) = (-

1)ip%+e} ,

where i = 0,1. By Lemma 2.5, we immediately have

{

(no — m1)p™=* +p™
(nO + 711) m-+e +p2m — p3m

p2m

Solving the system of equations, we get the result.

Theorem 3.2 Let p be an odd prime, m and k be two positive integers with e =
ged(m, k), m > 3. If m/e is odd and k/e is even, then the weight distribution of the code

C= {c(a,ﬂ) (Tr1 (ax > 4 Ba

is described as shown in Table II.

m_
p3k ¢ p—2

) }

=0

Table 11
) A;
0 1
P Hp—1) (" —pm+ (™ - 1)
(p— D"t —p=Y) + (™ -1)
(p— D™ t+pE Y =) - 1)
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Proof The Hamming weight of the codeword ¢ = ¢(a, 3) in C is given by
wg(c) = #{xeF* )7&0}

= q—l—#{xEF*Trl(o‘“” SRR s ) 0}

ozTr1 ax 2+1 +8x 3k+1)
SRR BN

k

Tr!" (a:r > —|—ﬂx

:DG]F* a€ckF,
T DIl
aE]F* z€Fy;
3k
e DID I AL R
= q —_ —_—— _ =
aGIF* zclFy
+ p3F 41
Tr'” a(aac) +B(ar)T)
SRR 3 o
aG]F* €l
A )
oaxr T
S AU I O
aE]F* z€Fy
= pm—l(p - 1) - 75(@,6),
p
. . Pk o3k 4 )
where for the sixth equality we use the fact that =z =a" 2z = a for any a € F,(k/e is

even). By Theorem 3.1, we get the weight distribution of the code C.
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