Vol. 86 (2016 ) J. of Math. (PRC)

LARGE DEVIATION UPPER BOUND FOR THE LAW
OF MATRIX-VALUED ORNSTEIN-UHLENBECK
PROCESS
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Abstract: In this paper, we study the large deviation problem for the matrixvalued Ornstein-
Uhlenbeck processes. By constructing the exponedtial martingale, we obtain a large deviation upper
bound for its empirical process, which extends the corresponding result for Hermitian Brownian
motion.
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1 Introduction

Random matrix theory is focused on the asymptotic properties of random matrices
as their dimension tends to infinity. The spectral characteristics of a random matrix are
conveniently studied via its empirical spectral distribution. In the 1950s, motivated by
numerical experiments, Wigner (see [1]) proved that the empirical spectral distribution of
an n x n Hermitian matrix with on and upper diagonal entries being independent Gaussian

random variables converges to the semi-circle law . with density

1
—Vi4 -z |z| <2
plz) =4 2w

0, |z > 2.

It was later shown that the distribution of the matrix entries did not play a significant role
and convergence to the semicircle law holds under more general conditions and holds for
many other ensembles (see [2, 3]), and much of work devoted to weaken the assumptions
about the ensembles (see [4]). The weakest known condition was given by Pastur (see [5])
and it was proved necessary by Girko (see [6]).

Dyson (see [7]) considered a matrix-valued random process with matrix entries are

independent Brownian motions, i.e., symmetric (resp. Hermitian) Brownian motion. It can
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be described on the space H,, ,, ¥ = 1, symmetric (resp. v = 2, Hermitian) matrices of

dimension n, as the random process H,, -, v = 1, 2 with entries {Hﬁ:fy(t),t >0}

o { e (Bua+ily = 1)By), itk <l;
n,y -

\/%Bl,h itk =1,

where (Byu, B;), 1 < k <1 < N is a collection of independent real valued standard
Brownian motions. This leads to more effective tools, such as the method of stochastic
analysis and the theory of martingale, for the study of Gaussian random matrices since a
standard Gaussian variable with mean 0 and variance 1 can be seen as a standard Brownian
motion at time 1. The eigenvalue processes of H,,  corresponding to a diffusion model of an
interacting particles system with electrostatic inter-particle repulsion which can be described

by n coupled It6 stochastic equations:

V2 1 1
IN() = “dB(0) 4~ 3 e dt, =1,
Ai(t) — A(t
v n 22 N0 - A0
where 3;, i = 1,--- ,n are independent Brownian motions. The associated empirical process

1 N
La(t) = — > o
i=1

is an element of M;(R), the space of probability measure on R, where ¢, denotes the unit
mass at . Then, under quit general assumptions, the sequence L, (-) was shown to converge
in law to a determinstic M (R)-valued process provided that L,,(0) — p in distribution, and
thus a dynamic proof of Wigner’s theorem was established (see [8]).

Chan (see [9]) studied the role of the Wigner semi-circle law from the point of view
of symmetric matrix which entries are independent Ornstein-Uhlenbeck processes, it can be

described on the space of n-dimension symmetric matrices as the random process X;:

1 1
dX; = —=X;dt + — (dB + dB” 1.1
¢ g vt + NG ( + ) ) (1.1)
where B is a standard matrix-valued Brownian motion and B” denotes the transpose of
B. He also derived a system of It6 stochastic equations for the eigenvalues of X; which
corresponds to a diffusion model of an interacting particles system with linear drift towards

the origin and electrostatic inter-particle repulsion, i.e.,

1 1 1 1
d\i(t) = —=dB;(t) + — ——————dt — =\(t)dt, 1=1,---,n, 1.2
0= 590+ 5 Y s T O noo (12)
where (3;, ¢ = 1,...,n are independent Brownian motions. Its associated empirical process

converges weakly to a measure-valued process which characterized by a weak solution of
a deterministic ordinary differential equation and the Wigner semi-circle law is one of the

equilibrium points of this limiting equation.
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The purpose of this paper is to study the large deviation properties of the law of the
empirical process associate with X defined by (1.1). This problem was studied by several
authors, Dawsont et al. (see [10]) studied it from the McKean-Vlasov limit, Duvillard et al.
(see [11]) studied the same problem for symmetric (Hermitian) Brownian motion and it was
completed by Guionnet et al. (see [12]).

2 Main Result and the Proof

We first state the assumptions and some notations for our result.
1 n

H1 The initial values u,(0) := L,(0) = — E O (0) are weak convergence to some
n

i=1
limiting measure u, where A1(0),...,A,(0) are the initial condition of (1.2).

H2 sup(u,(0),log(1 + %)) < +o0.
Let C([0,7],R) be the space of continuous function on [0,7] equipped with the uni-

form convergence topology and C([0, 7], M;(R)) be the space of continuous measure-valued
processes furnished with the topology generated by the weak topology on M;(R) and the
uniform convergence topology on [0, 7]. Denote

_ { fifeC? (R x[0,T)) and 8, f(z,t) is bounded}
and

/f v(dz), feD

for any measure v.
Next, we introduce a candidate for a rate function on C([0,T], M;(R)). By Itd formula
and (1.2) for any f € C7"'(R x [0, 7)),
t
FEN®) =7 ONO) + [ 05 A
t 0 1 t
= [0s )N + 5 [ B AE)dN)

=£(0,X:(0)) +/ dsf (s, Xi(s) ds+/ 0o f (s, Mi(s))dB;

/af 5, i <2n B _A 2&) ds+2n/0 21 (s, Mi(s))ds

Thus

=(f(0, /<8f )>ds+M" +/ (02f(s,-), Ln(s))ds
+/0 {4711228#(5’&(;)4 f(sA Zafs/\ ()}d

J#i
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—(£(0,), Lu(0)) / (9075, La(s)ds + MF (1) + 5 / (2 F(5, ), La(s)) ds
Oy f s :JC -0 f(s,y)
x0, ))ds dL,(s)(z)dL,(s ds
3 [ Gonst.1a00) +///¢y ()L (5))

z—y
—(£(0,), Lu(0)) /<af )>ds+Mf(t)+1/ (21(5, ), Lu(s) s
/ (202 f(5,), Ly(s))ds + ~ / / O/ (5, @) 8yf(s y)dLn(s)(:z;)dLn(s)(y)ds

where M} (t), t <T is a martingale given by

Mp(t) = 3/2Z/afsA )dB;.

For any f, g € D, s <t and v € C([0,T], M1(R)), set

S*tv, f) = /fxtdvt /fxsdvs //afxudvu z)du
//x@fxudvu )du — = ///afx”) D) 41 ) (1)

(2.1)

rg)t = / t / 0, £ (2, u)Pug (, w)dv(2)du

and
—s,t

5" (0, f) = 8§, ) = U 1

Our main result is as follows:
Theorem 2.1 Under the Assumption H1 and H2, {L,(t),t € [0,T]} _
deviation upper bound on C([0,7], M;(R)) with speed n? and with good rate function

obeys a large

SOT (p) :=sup sup ?S’t(v,f)7 if vy =
S(v) = fED 0<s<t<T

0, otherwise.

Thanks to the exponential tightness result established in [9], to prove Theorem 2.1, by
the usual scheme (see [13]), we only need to show that the rate function is good and a weak
large deviation upper bound holds. We first recall the exponential tightness result (see [9]
Theorem 3.3):

Lemma 2.2 Under the Assumption H1 for any L > 0, there exists a compact set
Kr € M;(R) such that

hrnsup—logP(L ¢ Kp) <—L.

n—0o0
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Next, we show that S is good and a weak large deviation upper bound holds for
{L.(t),t €0, T]} .,

Lemma 2.3 S is a good rate function, i.e., S is a non-negative function and for any
1 >0, the level set {v € C([0,T], M1(R)) : S(v) <1} is compact.

Proof First, we have

5% (v) =sup sup <Ss’t(v, f) - %(f, f>5’t>

fED 0<s<t<T

Ss t 2
=sup sup sup (S”(v M) — 7<)\f Af)”) =sup sup M (2.2)
FED 0<s<t<T AR fepo<s<i<r  2(f, f)o"
Hence, S is non-negative for vy = p, and as a supremum of continuous functions on
C([0,T], M1(R)), S is lower semi-continuous. Thus, we only need to show that the level
set of S is compact. By Lemma 5.4 in [10], it is suffice to show that it is contained in a

compact set of the form:

K = {U € C([0,T], Mi(R)), v; € €, V¢ € [O,T]} N (ﬂ {t s ulgn) € en}> . (23)

n>0

where € and €, are compact subsets of M;(R) and C([0,T],R), respectively, (g,)n>0 is a
family of bounded continuous functions dense in C.(R).

According to Prohorov’s theorem, € in (2.3) can be taken as
1
c) = R) : >0, < —

® ,QN{UGW )i ollal > ) < o}

with a positive real valued sequence ¢ = (¢,,)men. Moreover, by Arzéla-Ascoli’s theorem and
the fact that t — v4(g,) (Vn € N) is uniformly bounded on C([0,T], P(R)) for g, is bounded,
we can take €, in (2.3) of the form

e(6) = {heC([O,T},R), sup  [h(t) — h(s)| < 1}

meN |t_5|§67n m

with a positive sequence & = (§,,)men- Thus, to finish the proof, we need to show that for
any v € {S(l/) < l} (VI > 0) and any integer m,

e there is a positive real number ¢! such that

1
sup v,(|z| > ) < — (2.4)
0<s<T m’
e there exists a positive real number 4! such that
1
sup o (f) —vs(A)l < —  VfeD. (2.5)
|t—s|<dt, m’
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For 0 < e <1, set f.(z) =log(1 + z2(1 +e2?)~!) € D, then

Q= Ssup Half8||00+ sup ||xaxfe||oo+ sup ”85]06”00 < 400,
0<e<1 0<e<1 0<e<1

and

8g;f5($) — 8yfa(y)
r—y

<«

Taking f = f. in the supremum of (2.2), we have that for any ¢ € [0,7] and any v € {S(-) <

I,
(5%, £.))" < 2{fer £203" < 20711, (26)

Thus by (2.1), we have

5
ve(fe) < wo(fe) + Zat + aV2t < w(f) + 2at + 20V 1t,
let € | 0, by monotone convergence theorem, we have

sup v (1 + 2%) < {u,log(1 + 22)) + 2a(T +VIT) = Cy + 2a(T +VIT).
t€[0,T)

Then by Chebyshev’s inequality and Assumption H2, for any v € {S () < l} and any
K e RT,

sup vy(|z[ > K) = sup v(z? > K?)

te[0,T te[0,T]

< SUP¢e(o0,1] v (14 2?) < Co + 2a(T +VIT)
= 1+ K? = 1+ K?

So (2.4) is proved. Again by (2.6), we have for any f € D,

S, f) <\J2L(f 1Rt <RV IE = sl.

Thus by (2.1), for any v € {S() < l} and 0 <s<t<T,

1 1
[(fy 00 = vs) | SVRU| || V18— 8] + Tl = sl Sl f @)llclt = s

This complete the proof of (2.5).

To end the proof of the main result, we would only need to show that {Ln(t),t €
[0, T]}n> , obeys the weak upper bound of large deviation.

Lemma 2.4 For v € C([0,7T], M;1(R)),

- 1
71}2[1 hmsupﬁlog P(Ln € B(v,r)) < —=S(v),

n—oo

where B(v,r) denotes the open ball with center v and radius 7.
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Proof First, since L,(0) is deterministic and converges to pu, if vg # p,

1
lim lim sup — log P(L,, € B(v,r)) = —oc.
r— n

n—oo

Second, take v € C([0,7], M1(R)) and f € D, by (2.1), we have that S*'(L,, f) —
Le(f )SL:, s < t is a martingale for the filtration of the Brownian motion (3, and equals to

7131/22/ 8zf(s,)\i(s))dﬂi(8),

its bracket is (f, f)SLz, where

(0 =1 [ (@

Since f’ is uniformly bounded, we have for v € C([0,T], M1(R)),

M )00 = exp {570, 1) = S0 12 4 e}

is a martingale. Moreover, C([0,T],R) 3 v — S§%'(v, f) = 5! — £(f, f)3" is continuous as

f and its two derivatives are bounded continuous whereas the function

t
v — / /aif(s,x)dvu(m)du
is uniformly bounded by 7|02 f||«. Therefore, for any v € C([0,T], M1(R)) and r > 0, we
have for s <t < T,

M(Ln, f)

P(L, € B(v,r)) = E <M(me)1LneB(w>>

gexp{—rﬂ wt (50 = 5 i) ¢ s ne(f)fﬁ}

nEB(v,T) neB(v,r)

= oxp {—nZS%, )+ s ne(f)ff} ,

pneB(v,r)

where we have used the fact that E(M(Ln7 f)(t)) = 1 since the process {M(Ln, H),s < t}

is a martingale. Hence, for any f € D,

1 —s,
lim lim sup — log P(Ln € B(v,r)) <-5 't(v,f),
n

=0 nooo

optimizing over f gives

1 —s
lim lim sup — log P(Ln € B(v,r)) < —sup sup S ’t(v,f) < =8%T (v, f).
n

r—=0 pooo FEDO<s<t<T

Thus the proof is completed.
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