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Abstract: In this paper, we mainly consider the nonsmooth homogeneous optimization prob-
lem (HOP). By using the generalized Euler identity for Clarke’s subdifferential, a sufficient condi-
tion for an optimal solution of (HOP) to be a KKT point is obtained. Moreover, we also give an
equivalent characterization of KKT points (optimal solutions) of (HOP) and (ﬁ\OP)7 which extend
previous ones in [1]. Examples are also given to illustrate our results.
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1 Introduction

Due to the wide applications in many aspects of applied mathematics, properties of
homogeneous functions were studied by many authors, see, for instance, [1-5]. However, it
is worth mentioning that there are many homogeneous functions which are not differentiable,
and there exist few studies of nonsmooth homogeneous optimization problems defined by

positively homogeneous and locally Lipschitzian functions in real Banach spaces.

In the work [1], the homogeneous optimization problems were extended to nonsmooth
functions, but there was still much work left to do. Meantime, we note that some results in
mo_
Section 4 there require the assumption » )\Z-(p%w #0, i.e., p#¢q for somei € {i € M :
i=1
i # 0}. In order to avoid the weakness mentioned above, inspired by the technique used in

[2], we will give a modification of the model there.

In this paper, by using the generalized Euler identity for Clarke’s subdifferential, we
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obtain a sufficient condition for an optimal solution of (HOP) to be a KKT point:

(HOP) minimize  f(z),
subject to gi(x) <by, i=1,2,---,m,
x € Q.

Moreover, the relationship between (HOP) and its embedding problem (IT(-)\P) is also
considered:

—

(fOP) minimize  Fo(w,u) = (u+ a)f(x) + %(u Fa—1),

i bigi .
subject to (u+ ) [gi(@) — b;(1 - qf)} <24 . i=1,2,--.,m,
p p
x €€,
u =0,

where the functions involved in (HOP) and (H/O\P) are all positively homogeneous.

The paper is organized as follows. In Section 2, we give some preliminaries and defini-
tions. In Section 3, we give a sufficient condition for an optimal solution of the nonsmooth
homogeneous optimization problem (HOP) to be a KKT point. In Section 4, the one-to-one
correspondence of the KKT points (the optimal solutions) of (HOP) and (H/O\P) is estab-
lished.

2 Preliminaries

Let X be a real Banach space with the topological dual X*, (.,.) be the duality par-
ing between X and X* and Q2 be a closed cone of X. We now introduce the nonsmooth

homogeneous optimization problem:

(HOP) minimize f(x),
subject to gi(x) < by, i=1,2,--- ,m,
x € Q,
where f,g; : X — R(i = 1,2,---,m) are positively homogeneous functions with degree

p, qi (i =1,2,--- ,m), respectively, and each b; € R(: =1,2,--- ,m).
We denote by K the set of feasible solutions of (HOP), i.e.,

K:={zeQ:g(x)<b,i=1,2,--- ,m}.

The following definitions and lemmas will be useful in the next two sections.
Definition 2.1 (see [6]) A function f: X — R is said to be Lipschitzian of rank L near

a given point x € X, if there exists some ¢ > 0 such that

[f(y) = F(2) < Llly — 2|, Vy, z € B(x;9).
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We say that f : X — R is locally Lipschitzian on X if it is Lipschitzian near any point
of X.
Definition 2.2 (see [6]) Let f: X — R be locally Lipschitzian on X. The generalized

directional derivative of f at x in the direction v, denoted by f°(x;v), is defined as follows:

f°(x;v) := limsup fly+tv) - fy)

y—x t ’
t10

where y is a vector in X and ¢ is a positive scalar.
We call the set

of(x) = {5 € X*:(v) < f°(x;v), Vv e X}

the Clarke’s subdifferential of f at x.
It is easy to verify that

fo(xyv) = max{<§,v> €€ af(m)}, Vv e X.
Lemma 2.1 (see [6]) Let f; (i = 1,2,---,n) be Lipschitzian near z, and let \; (i =

1,2,---,n) be scalars. Then f:= ) A f; is Lipschitzian near x, and we have
i=1

Definition 2.3 (see [7]) Let X be a real Banach space, and C' be a nonempty subset
of X. The Clarke tangent cone to C' at z € C is defined by

Te(x) = {v € X :di(xyv) = O},
where do(x) = ing |z — ||, and the Clarke normal cone to C' at x € C' is defined by
ze

N¢(z) := {C e X" {(¢,v) <0, Vv e Tc(x)}.

Now we give the definition of invexity which was taken from [8].
Definition 2.4 A function f : Q — R is said to be nonsmooth invex at Z € €2, if for
any x € Q and £ € 0f(Z), there exists n(x,z) € To(Z) such that

f@) = f(@) = (&n(, 7).

Let g = (91,92, ,gm) be a vector-valued function from Q to R™, then g is said to be
nonsmooth invex at z € €, if each g; (i = 1,2,--- ,m) is nonsmooth invex at = € Q.

Recall that a function f : X — R is said to be positively homogeneous with degree
p(p > 0) provided that the equality f(A\x) = A f(z) holds for any z € X and A > 0.
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As is well known, when a p-homogeneous function ¢ : R™ — R is differentiable, there is

an identity, the so-called Euler formula,
(Vo(z),2) =p-p(z), Yo €R"

The above formula was extended to nonsmooth homogeneous and locally Lipschitzian
function defined on a real Banach space as follows.

Lemma 2.2 (see [9]) Let X be a real Banach space and f : X — R be a p-positively
homogeneous (p > 0) and locally Lipschitzian function. Then, for each x € X and £ € 0f(x),
the following identity holds:

(€,2) =p- f(2). (2.1)

We denote it simply as the following formula:

<8f(x),x> =p- f(x), Ve e X.

Definition 2.5 z € K is said to be an optimal solution or a global minimum of (HOP)
if f(z) < f(z) for all x € K, or equivalently, there exists no z € K such that f(z) < f(Z).
Definition 2.6 z € K is said to be a KKT (Karash-Kuhn-Tucker) point of (HOP), if

there exists a L-KKT (Lagrange-KKT) multiplier A = (Ay, Aa, -+, A,y) € RT such that

0€df(z)+ Z Xi0g; (), (2.2)
Ailgi(Z) — bi); 0,i=1,2---,m. (2.3)

Definition 2.7 The problem (HOP) is said to satisfy the Slater constraint qualification,
if there exists & € Q such that ¢;(Z) —b; <0, i =1,2,--- ,m.
For notational convenience, we denote M = {i : ¢ = 1,2,--- ,m} in the next two

sections.

3 Optimality Conditions

In this section, we first give a fine result about the KKT points under appropriate
assumptions.

Theorem 3.1 Let f, g; (i € M) be locally Lipschitzian and positively homogeneous
functions with degree p, ¢; (i € M), respectively. If z € K is a KKT point of (HOP), then

f@ ==Y X%,
=1 p

where A = (A1, A2, -+, Ap) € RT is a L-KKT multiplier associated with z.

Proof Let # € K be a KKT point of (HOP) with associated L-KKT multiplier A =
(A1s A2y, A) € RT. Tt follows from (2.2) that there exist £ € 0f(Z) and ¢; € 0g;(Z) (i €
M) such that

£+ Z AiGi = 0. (3.1)



No. 1 On some nonsmooth homogeneous optimization problems in Banach spaces 59

By the homogeneity of f and the generalized Euler identity (2.1), we have

pf(.f) = Zj\ sz

= —Z)\,ngz(x Z)\z% i

Hence, f(z) =—>_ X-%bi. This completes the proof.
i=1
Now, we are ready to prove that an optimal solution of (HOP) is necessarily a KKT

point under appropriate conditions.

For notational convenience, we denote I = {i € M : \; # 0}, where \; (i € M) is a
L-KKT multiplier associated with some fixed KKT point Z.

Theorem 3.2 Suppose that

(1) f and g; (i € M) are all Lipschitzian near € ;

(2) f and g; (i € I) are nonsmooth invex at z € Q with respect to same n € T (Z);

(3) fand g; (i € I) are positively homogeneous with degree p, ¢; (i € I), respectively;

(4) the Slater constraint qualification is satisfied.

If z is an optimal solution of (HOP), then Z is a KKT point of (HOP) and there exists
A= (A1, A2, -+, Am) € RT such that

_ G
f (&) = min f(x) Z )
Proof Since z is an optimal solution of (HOP), we have by [7, Theorem 6.1.1], there
exist 7 € Ry, A= (A,---,Am) € R, (7,A) # 0, such that

0€70f(z)+ ZA 89:(%) + No(2), (3.2)

by (gl(x) - bi) = O, i€ M. (3.3)

By (3.2), there exist £ € 0f(Z), (; € 0g;(Z) (i € M) such that

—(r¢ + Z/\z(i) € No(7),
i=1
or equivalently
—(T£ + Z)\lg) € Ng(i’)
icl
Using the nonsmooth invexity property of f and g; (i € I) at Z € Q, we have, for any
x € 2 and a suitable vector n € To(Z),

0 < TEm+ D NlGm)
i€l

< r(f@) - £@) + 3 Mlgia) — 0:(3)). (3.4)

el
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Now we claim 7 # 0. In fact, if possible 7 = 0, then A = (A, Ay, -+, \) # 0, by (3.3)
and (3.4),

> (gi@) =) =0, Yz € Q. (3.5)

iel

By Slater constraint qualification, there exists & € 2 such that

Z (9:(2) —b;) <0,

iel

which is a contradiction to (3.5).
According to (3.4) and 7 # 0, we obtain

(f(=) Zﬂ gi(x) — g:(2)) > 0, Vo € Q,

wherej\if’\— 0, 7€ M.

So z is a minimum point of the following problem

151618 (f + Z 5\2’91‘) (z)
i=1
which gives that
065( Z gl)(x c of(z) Z (3.6)

In view of (3.3) and (3.6), Z is necessarily a KKT point of (HOP). And by Theorem
3.1, we have

f(@) =minf(x) =-> X\

€N l
i1

x4y,
‘p
Let X = R", then we have the following result.
Corollary 3.1 Suppose that
(1) f and g; (i € M) are all continuously differentiable near & € ;
(2) f and g; (i € I) are all convex on €;
(3) f and g; (i € I) are positively homogeneous with degree p, ¢; (i € I), respectively;
(4) the Slater constraint qualification is satisfied.
If z is an optimal solution of (HOP), then z is a KKT point of (HOP) and there exists
A=Ay, A) € R such that

G

f (@) = min f(x) Z ,
Remark 3.1 It is worth mentioning that our results above can be applied in mathe-
matical Finance theory. Assume that there are only n kinds of risk assets in the market,

denoted by X, X, -+, X,,, and there are only two moments, today (denoted by 0) and future
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(denoted by 1). The one-period returns of the risk assets, Ry, Rz, - - - , R,, are all random vari-

able. R = (Ry, Ry, -+, R,)isavector,w = (wy,ws, -+ ,wp)’, 3 w; = 1, is a portfolio, where
i=1

w; is the investment ratio on X; (i = 1,2,--- ,n). E(R) = (E(Ry), E(Rs),--- , B(R,)) is
a vector, where E(R;) is the expected return on X; (i = 1,2,---,n). As is well known,

Markowitz’s Mean-Variance model can be written as follows (for more details, see [10] or

[11]):

) 1, 1 4
o2 = 2Ty .
min 50w = 5% 2w, (3.7)
s. t. Tw=1, (3.8)
E(R,) =w"E(R) = i, (3.9)
where [ = (1,1,---,1)T is a n-dimensional vector, each component of which is 1, ¥ is a

reversible variance-covariance matrix. The constraint qualification (3.8), (3.9) shows that w
is a portfolio and the expected return of the portfolio is a constant fi.

It is obvious that model (3.7) is a special homogeneous optimization problem. For this
problem, we take the functions f and g; (i = 1,2) in the Theorem 3.2 as follows:

£() = 367, g1(w) = 1w, ga(e0) = E(R.)

and
p=2¢=100=12),b =1, b = [

Since the feasible set of the problem is a bounded closed set in R" for each fixed [, then
problem (3.7) has an optimal solution @, and it is not difficult to verify that the conditions

of Corollary 3.1 are satisfied. Therefore

2

i 1 1.

=1
Let 1
L= ngzw + M (Tw—1) + X (W E(R) - ),

then it is not difficult to obtain that

1 ~ 1
A= _5<B — RA), Ay = _E(MC —A),
where
C=0I"S"",A=1"Y"'E(R),B=FER)'S'E(R),D = BC — A>.
Therefore )
e STy oLy oLy O A, L

4 Some Duality Results
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In [1], the homogeneous optimization problem was extended to nonsmooth homogeneous

functions, but there exist weak points in the model there. In fact, some results in section 4

there require the assumption Z i %)qwh #0, ie., p#q; forsomei € {i € M :\; #0}.
1=

Let 0 < a < 1 be a fixed pomtlve scalar. In order to avoid the weakness mentioned
above, following the idea of Ref. [2], we consider here a modification of (HOP) as follows
(we still denote it as (HOP) for convenience):

(HOP) minimize  F,(x,u) = (u+ a)f(x) + %(u +a—1)%

subjectto  (u+ a)|gi(z) — b(l—g) < ;, ie M,

T € Q,
u =0,
where f, g; : X — R (i € M) are positively homogeneous functions with degree p, ¢; (i € M),

respectively, and b, € R (i € M).
We denote by H the set of feasible solutions of (HOP), i.e.,

j big; .
H:= {(:v,u)EQXR:(u—|—a)[gi(:v)—bi(l—%)] < qu,u20, blvER,ZEM}.

Definition 4.1 A point (Z,u) € H is said to be a KKT point of (EO\P) if there exists
a L-KKT multiplier (X, i) € RT x Ry such that

m

0€(ata) [af z)+2izagi x} (4.1)
F(@) + (@+a—1) z:: [gl(:r 1—5} — 7, (4.2)
Xi{(a +0)[g:(7) — bi(1 — %)] . q;f”} —0,i¢ M, (4.3)
au = 0. (4.4)

Next, we are ready to prove that the KKT points of (HOP) have a one to one corre-
spondence to the KKT points of (ﬁO\P)

Theorem 4.1 Let X be a real Banach space and Q be a closed cone of X. Assume
that f: ) — R is a locally Lipschitzian and positively homogeneous function with degree p,
and g; : Q@ — R (i € M) are locally Lipschitzian and positively homogeneous functions with
degree ¢; (i € M). Then

(i) If z € Q is a KKT point of (HOP) with associated L-KKT multiplier A € R, then
(Z,1 — a) is a KKT point of (EO\P) with associated L-KKT multiplier (A,0) € R x R..

(ii) If (z,a) € H is a KKT point of (HOP) with associated L-KKT multiplier (X, fi) €
R x R, and suppose further that

Z/\ 1——— < U+ o, (4.5)
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then @ = 1 —a, fi = 0; hence, 7 is a KKT point of (HOP) and A € R7 is a L-KKT multiplier
associated with Z.
Proof (i) Let z € Q be a KKT point with associated L-KKT multiplier
5‘: <;\175‘27"' )S\m) € RT

It follows from (2.2) that there exist £ € df(z) and (; € dg;(Z) such that

=+ Z AiGi =

i=1
Therefore .

)+ 2 A7) =0,
By the generalized Euler identity (2.1), the above equality can be written as

T) + Z Xigigi(T) =

i=1

Dividing both sides of the above equality by p (> 0), we have

Considering \;[g:(Z) — b;] = 0(i € M), we obtain

(4.6)

’B\’Q

f(z) +ZA 9:( 1—5)] =0. (4.7)

Take & = 1—a, i = 0, then (4.1)—(4.3) follow from (2.2), (2.3), (4.7), directly. Moreover,
upt = 0 holds trivially, since g = 0.

(ii) Suppose that (zZ, @), (), i) satisfies conditions (4.1)—(4.4). Now we show that Z, A
satisfies (2.2) and (2.3). Since @+ « > 0, (4.1) reduces to

0€df(z)+ Z Xi0gi(z
Thus (2.2) is satisfied. And, there exist & € 0f(Z), (; € dg;(Z) (i € M) such that
=+ Z AiGi =
i=1

Therefore,

Z (¢, 7) =0,
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ie.,

_mxg_
x;p

From the above equality and (4.2), we have

§jx@@ww»u—@o=ﬁ—w+a—n, (4.8)

=1 p
and it follows from (4.3) that
L _ qi m*Qz ¢\ l1-u—-o
Mlgi(@) —b) (1= Ly =S XL - L= ; 4.9
> Ao 0= =300 I (1.9
From (4.8) and (4.9), we see that
= 1~y di _
n —1[1—7 /\i—l——bz}: . 4.10
@ra-ni- g SAsa- ] = (110)

Since the condition (4.5) is satisfied, it gives that

m

*q
p

i=1

If 1 > 0, then it follows from (4.10) that @ > 1 — o > 0, which contradicts (4.4). So,
@ =0,u=1—a. Then (2.3) holds directly from (4.3), which completes the proof.

In particular, setting @ = 1, we have the following results.

Corollary 4.1 Let X, Q, f and g;(i € M) be given as in Theorem 4.1, then

(i) fz € Qisa KKT pomt of (HOP) with associated L-KKT multiplier A € R"", then
(z,0) is a KKT point of (HOP) with associated L-KKT multiplier (),0) € R™" x R.

(i) If (z,a) € H is KKT point of (HOP) with associated L-KKT multiplier (, i) €
R x R, and suppose further that

ZA i b <u+1, (4.11)

then @ = 0, fi = 0; hence, 7 is a KKT point of (HOP) and X € R7 is a L-KKT multiplier
associated with z.

Remark 4.1 Problems similar to that of Theorem 4.1 were considered in [2] under the
condition that all homogeneous function are differentiable on 2 C R™. When a function
¢ : @ — R™ is differentiable, the Clarke’s subdifferential dp(x) becomes a singleton at any
point x € Q, and 0p(z) = {Vp(z)}. So Theorem 4.1 is a generalization of [2, Theorem 2.3].

Moreover, based on the above results, the next theorem shows the one-to-one corre-
spondence of the optimal solutions of (HOP) and (H/O\P)
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Theorem 4.2 Let X, Q, f and g; (i € M) be given as in Theorem 4.1. Assume that

the condition

(u+a)%"[( —1)%+1} <1 (4.12)

U+ «

is satisfied and b; > 0 (i € M), where (-,u) is any feasible point of H.

Then, Z is an optimal solution to (HOP) if and only if (Z,1 — «) is an optimal solution
to (ITO\P) Both problems have the same optimal values.

Proof If  is an optimal point of (HOP), then (Z,1 — «) is a feasible point of (H/O\P)
Thus

- — @) =Fy(#.1—a)> min F,(z,u). 413
min f(z) = f(z) (@,1-0a)> min Fo(z,u) (4.13)
Next we show that min f(x) = min F,(z,u), on the contrary, if
rxeK (z,u)€EH

. o win F
min f() o a(z,u),

then there is a minimizing sequence {(yn, un)} € H, such that

(un + @) f(yn) + %(un +a—-1)] (wl’il)llelH Fo(z,u).

Therefore, for n sufficiently large, say n > ng,
1 2 _
(n + ) f(yn) + 5 (un +a = 1)° < f(2).
But let @, = (u, + )7y, € €, then, by (4.12) and {(yn,un)} € H, we have

gi(zn) = gi((un+a)7y,) = (un + )7 gi(yn)

i 1- n % .
g (un+06)p|:((u_’_>a)q+1}bz <bi, ZGM,
Unp a)p

that is, x,, € K and

L +a—12 < f(@),

f(zn) = (un + @) f(yn) < (un + ) f(yn) + 9

when 7 is sufficiently large. This contradicts the fact that Z is an optimal solution of (HOP).

H i = min F .
ence, min f(z) o o(@,u)

Conversely, let (Z,1 — «) be an optimal solution to (H/O\P) We now show that z must
be an optimal solution of (HOP).

Let y = (u + a)%i. We note that y is a feasible point of (HOP). Indeed, by the
homogeneity of the function g¢; (i € M) and (4.12), we know

a4 a4 (1*’[1*&)%‘

9i(0) = il(a+ a)ba] = (+ ) Fgu(a) < (a4 @)F [t 1< b i€ M
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Hence

%%ﬂﬂéf@%=w+aﬁﬁ)<@+aﬁ@%+;ﬁ+a—ﬂzzdggﬁ%@m)(4M)

It follows from (4.13), (4.14) that

e
wip ) = 1uin, Foles

Therefore

min f(z) = f(§) = (i + ) f(Z) = (a4 @) f(T) + 1(ﬁ +a—1)%= min F,(z,u),

z€K 2 (z,u)€H
then % =1 —, and § = (i + )7 Z = & is an optimal point of (HOP).

Remark 4.2 It is not difficult to verify that inequality (4.12) holds trivially if one of
the following holds:

(i) p< @, i € M;

(i) u+a=1.

That is, our results is an extension of that in [1, Theorem 4.4].

Now we present two examples of nonsmooth homogeneous optimization problem to
illustrate the effectiveness of the results in Theorems 4.1 and 4.2.

Example 4.1
(HOP) minimize f(x),
subjectto  g(z) <0,
Q

xT

m

)

where f(x) = |z| is absolutely 1-homogeneous, g(x) = max{0, z} is positively 1-homogeneous,
b=>b; =0, Q= (—00,+00) is a closed cone of R.

Let a = %, and the embedding problem of (HOP) is presented as follows:
— 1 1 1

(HOP) minimize (u+ §)f(x) + i(u _ 5)27
1
subject to (u+ §)g(x) <0,
u =0,
x € (.

(i) 0 € 9f(0) =[—1,1], 0 € 9g(0) = [0, 1], take A; = 1, then
0€9f(0)+1-0g(0),

and 1-¢(0) =0, i.e., 0 is a KKT point of (HOP).

Now we show that (0, ) is a KKT point of (H/O\P) with associated L-KKT multiplier
(1,0). In fact, 0 € 8f(0) + 8g(0) = (1 + 2)[8f(0) + 1 - dg(0)] is obvious and equations
(4.2)—(4.4) hold trivially.
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(ii) Conversely, it is easy to check (0,3) is a KKT point of (IT(-)\P) with associated
L — KKT multiplier (1,0), and a =1 — % = %, i =0,z =0is a KKT point of (HOP) with
associated L — KKT multiplier A = 1.

Furthermore, graphically, we can see that 0 is an optimal solution of (HOP) if and only
if (0, %) is an optimal solution of (ﬁO\P)

Example 4.2

(HOP) minimize  f(z),
subject to g(z) <0,
Q

m

x )

where f : R? — R, f(x) = ||z|| is absolutely 1-homogeneous, g(z) = z? + 23 is positively
2-homogeneous, ) = {(xl, Xo) Ty = |x1|} is a closed cone of R?.

Let a = %, then the embedding problem of (HOP) is presented as follows:

TS 1 1 1
(HOP) minimize (u + §)f($) + Q(u _ 5)2’
1
subject to (u+ 5)9(&7) <0,
u = 0,
x €.

(i) 9f(0,0) = {¢ € R?: ¢ € [-1,1], i = 1,2}, 9g(0,0) = {(0,0)}. Take A = 1, it
follows that (0,0) € 9f(0,0) +1-9g(0,0) and 1- (g(0,0) —0) =0, i.e., (0,0) is a KKT point
of (HOP). Now we show that ((0,0),3) is a KKT point of (i.\P) with associated L-KKT
multiplier (1,0). In fact, (0,0) € 8f(0,0) + 1-8g(0,0) = (3 + 3)[0/(0,0) + 1 - 8g(0,0)] is
obvious and (4.2)—(4.4) hold trivially.

(ii) Conversely, it is easy to verify that ((0,0), 1) is a KKT of (}TO\P) with associated
L-KKT multiplier (1,0). And a =1—1 =1, i =0, then z = (0,0) is a KKT of (HOP)
with associated L-KKT multiplier A = 1.

Furthermore, graphically, we can see that (0,0) is an optimal solution of (HOP) if and
only if ((0,0), 1) is an optimal solution of (EO?)

Remark 4.3 So and first, the above two examples verify that even when p # ¢; (i € M),
f and g; (i € M) involved are nonsmooth, the one-to-one correspondence of KKT points
(optimal solutions) of (HOP) and (H/O\P) is still true, that is, our results is a true extension
of those in [1, 2]. For more details of the duality problems, see [12, 13] and references therein.
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