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Abstract: In this paper, we study the induced Chern connection on Finsler submanifolds.
By using moving frame method, we built the fundamental equations with respect to the induced
Chern connection D on Finsler submanifolds. Moreover, we also obtain the relation between D and
the Chern connection V of the induced Finsler metric, which enrich some known results in relevant
literatures.
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1 Introduction

As the study on Riemann submanifolds, the study on Finsler submanifolds is also im-
portant and valuable. It is well known that the Finsler submanifolds have the induced Chern
connection D and the Chern connection V of the induced Finsler metric. In the Riemann
case D = V, called Levi-Civita connection. With the help of the Levi-Civita connection,
Gauss, Codazzi and Ricci equations are established, which play an important role in study-
ing Riemann submanifolds. Therefore, to study the same problems on Finsler submanifolds
is also important and necessary. However, to our knowledge, there were not many researches
on this topic (see [1, 2, 6, 7]).

In [1], the author built Gauss and Codazzi equations by the Chern connection V of the
induced Finsler metric. The main purpose of this paper is to study Finsler submanifolds via
the induced Chern connection D. In general D # V, so the relevant fundamental equations
have a bit difference from each other. Naturally, we care for: what are the relations D and
V? To answer this question, we give the following theorems.

Theorem 1.1 Let f : (M™" F) — (]T/f”*p,ﬁ) be an isometric immersion from a
Finsler manifold to a Finsler manifold, V is the Chern connection of M. Then V = D if
and only if

A(X,Y,Vze,) = A(X,Y,Vzen),
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where A and A are the Cartan tensors of I and F, respectively, X, Y, Z € #*TM and e, is
the distinguished field.

Theorem 1.2  Let f : (M", F) — (Mn+p,ﬁ) be an isometric immersion from a
Finsler manifold to a Finsler manifold. If M is a weakly totally geodesic submanifold of M ,
then D =V .

The paper is organized into 4 sections. After introducing some basic concepts of Finsler
geometry in Section 2, we build Gauss, Codazzi and Ricci equations with respect to the
induced Chern connection D on Finsler submanifold in Section 3. In Section 4, we discuss
some relations between D and V.

2 Preliminaries

Let M be an n-dimensional smooth manifold. A Finsler metric on M is a function
F :TM — [0, 00) satisfying the following properties:

(i) F is smooth on T'"M\0;

(ii) F(x,\y) = AF(z,y) for all A > 0;

(iii) the induced quadratic form g is positive-definite, where
. i J Lo
g = gijdz' @ dx’, g;; = i[F lyiyis

here and from now on, we will use the following convention of index ranges unless otherwise
stated:

1<iyj---<m 1< Ap--<n—-11<ab---<n+p, n+1<a,pf---<n+p.

The projection 7 : TM — M gives rise to the pull-back bundle 7*T'M and its dual
7*T*M over TM\0. In 7*T*M there is a global section w = [F|,:dz’, called the Hilbert
form, whose dual is £ = (52 (' = %, called the distinguished field.

Let (M™, F) and (M"“’,f) be the two Finsler manifolds. For an immersion f :
(M™ F) — (]\7”“”,?), if F(z,y) = F(x,df(y)) for all (z,y) € TM \ 0, then f is called an

isomertric immersion. It is clear that

95 (%, y) = Gau(@, 9) L] Aijre = gabcfffffﬁ,

where
afe

R N O

g (resp. §), A (vesp. A) are the fundamental tensor and the Cartan tensor of M (resp. M),
respectively.
The map f admits a lift f: TM — TM defined by

f(a:,y) = (jng zZ= f(x)a 9= f.y.
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Let (7*TM)* be the orthogonal complement of 7*T'M in W*(f’lTM) with respect to g.
Then

7 (f I TM) = " TM @ (7" TM)*,
where (7*T' M)t is called the normal bundle of f.

3 Fundamental Equations on Finsler Submanifolds

Let f: (M", F) — (M"‘H’, f) be an isometric immersion from a Finsler manifold to a
Finsler manifold. Take a j—orthonormal frame field {e,} of 7*(TM) and let {#%} be a local
dual coframe such that {e;} is a frame field of 7*(T'M) and e, is the distinguish field (See
[1]). Denote by {62} the 1-form of the Chern connection V. Set w’ = f*#* and wh = f*05.
Then w’ is the local dual coframe of {e;} and w} is the 1-form of the induced connection D.
It is not difficult to conclude that

A(eia €4, en) = 07 Av(ea) €y, en) = 07 Viaja a, b.
The Gauss and Weingarten formulas are written by
VxY = DxY + B(X,Y), Vx& = —WeX + V&, VX, Y € ©°TM, € € (m*TM)*,

where B is the second fundamental form of M, W¢ is called Weingarten transformation, \Vas
is called normal connection on (7*T'M ). By simple arguments, we get

Proposition 3.1 D, B, W and V* have the following properties:

(1) D determines a linear torsion-free connection on 7*(T'M).

(2) B:mTM @ m*TM — (7*T M)t is a symmetric bilinear map.

(3) We : m*TM — 7*TM is a linear map and W : m*TM @ (n*T M)+ — 7*TM is a
bilinear map.

(4) V+ determines a linear connection on (7*TM)=.

Let B(ei,e;) = Bfiea, We,e; = Wiie;. Then we have

W2 = B + 24,500 (e;).

The structure equations of M are given by

do* = —02 A 0°,
eg +6° = 2Zabcec (3.1)

where égcd and ﬁbacd are called the first Chern curvature tensors and the second Chern

curvature tensors, respectively. Restricting them to M yields

dw’ = —wi ANw? ,w* =0,
Wit wl = —2A,05, (3.2)
dwi = —wi Awl + %R;ka Aw! + P’kcw Awe
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Exterior differentiating w® = 0 gives
0 =dw® = —w¥ Aw'.
By Cartan lemma, we have
wi' = hiw?, h; = hi;. (3.3)
On the other hand, from Gauss formula one gets
B = g(Blei ej),eq) = (Vele],ea) =wj i (e).
So
hi; = B (3.4)
The curvature 2-forms of the induced Chern connection D are
i i k i Lok ! i
dw; + wy, ANwi = Q) = §Rjklw Aw +Pk,\w Aw)

where R; » and P}k , are the curvature tensors with respect to the induced Chern connection

D. By using the above formula and (3.2)—(3.4), we have

Lo & l ik l i o, Imio l i

§Rjklw AW + Puw® Aw, = —w, Awj + §Rjkl“-’ ANw +Pkcw Aws
=(W + 2A50,05) A Bw' + R]klw AW

+P7k/\w Awh + P!

JkaBnlw A w

:{iR;kl + PZ oBoy + (B, + QAZaank)B 2YwP A wh + ]Sjkkwk Aw.
Therefore, we get the following result.

Theorem 3.2 (the Gauss equations) Let f: (M™ F) — (]Tf"“’,ﬁ) be an isometric

immersion from a Finsler manifold to a Finsler manifold. Then we have

;‘kl = R;‘kl + P]kaBgl P;lanfk + B, Ba
—BiBj, + 24,05(BBS — Blem (3.5)

- i
Phy = ij/\ 2B]kAmA
Exterior differentiating wi* = B w’, we have

dwf =d(Biw’) = dB{iw’ + Bidw’
( zg|kw +B )\w +Bljwz+Blz 7
- ijwﬂ) Aw! — Bo‘w,c Aw” (3.6)

where “|” denotes the horizontal covariant derivative with respect to D and “;” denotes the

vertical derivative.
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On the other hand, from (3.2)-(3.4) one obtains

@ el a 1 pa |k l pa  k c

dw = —wy ANwi + iRiklw ANw' + P w™ Aws,

1~
=—wzA wiﬂ — BYwh AWk + in‘klwk Aw!
+ P ,BP W AWt + PO W AW 3.7
kB nl ik n
Substituting (3.6) into (3.7), we get the following result.

Theorem 3.3 (the Codazzi equations) Let f : (M", F) — (M"“’, ﬁ) be an isometric
immersion from a Finsler manifold to a Finsler manifold. Then we have

%Ik o Z‘C;CIJ’ ~ nk’ (3.8)

By = _PiOI::)\'

_ _ pa Da B Da B
B B = *Rijk + Pz‘kﬁan - Pz‘jﬁB
i3

Set
dw§ + wS Aw} = Q5 = %Rg,g;w’f AWt + Pytw® Awl 4+ Qpoqws Awi,
where Ry, P, Qo are the normal curvature tensors. Then
dw§ + W Aw) = {;Rg,g; + Qg;ngkBgl} W AW + QR wn A wh
+ {Péﬁ\ + Qé’?)\sz - Qéf{;sz}wk Awp. (3.9)
On the other hand, from (3.1)—(3.4) we have
dw§ + w§ Aw) = —wif Awj + %Egklwk Awh + ﬁgkcwk Aws
=BSw* A (Biw! + 24,500 + 24,5, B ')
+ %Egklwk Aw + ﬁé’kcwk A wy,
={B4B}, + 2B5.Aip,B), + %Egkl + PG, B Jw" AW
+{2B5 Aigy + Pyt Aw). (3.10)

From (3.9) and (3.10), we can state the following theorem.
Theorem 3.4 (the Ricci equations) Let f : (M™ F) — (M"™?,F) be an isometric

immersion from a Finsler manifold to a Finsler manifold. Then we have

n

Rgii + Qs (B By — By Bry) = —Rgy + P By — P&WNBZk
+(B§.Bj — BiBy) + 2Ais,(B{. B, — BB,
Pg#f\ + Qé‘%sz - Qéfyng = 2352141‘& + Pﬁak/\’
Lo —
B = 0.
Definition 3.1 [2] Let f : (M™, F) — (M"?, F) be an isometric immersion. Write

H := LtrB = -3 Bfe,, H is called the mean curvature vector field, M is called to be

T on
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minimal (or totally geodesic) if H (or B) vanishes identically, M is called to have flat
normal bundle if Qé‘o‘ =0.

Definition 3.2 [1] A submanifold (M™, F) of (M™*?) is said to be weakly totally
geodesic if B(e,,e,) = 0.

From Theorem 3.4, one obtains

Proposition 3.5 The totally geodesic submanifold in Minkowski space has flat normal
bundle.

In the end of this section, we give the Gauss equations on the flag curvature.

Theorem 3.6 Let f : (M™, F) — (ZTJ/”*‘p,ﬁ) be an isometric immersion from a

Finsler manifold to a Finsler manifold. Then we have

K(em ei) = K(en; ei) + EiiaBsn + Bg‘Bgn - (Bz%)Q?
where Eabc = */A(abc is Landsberg curvature.
Proof Setting j =1 =n in (3.5);, we obtain

R:Lknzél +ﬁrlzkaan_ﬁZ BSk_‘—BfIthz‘n

nkn nnao

—B$, B2, + 2A;05(BL, BS, — BE, B2,

= Rl + LyaBS, + B4BS, — BoBY,

where we have used Eﬁka = Lijko. So the Gauss equations on the flag curvature can be
derived. This finishes the proof.

4 The Relationship between D and V

Lemma 4.1 [1] Let f : (M",F) — (M"*?, F) be an isometric immersion from a

Finsler manifold to a Finsler manifold and V be the Chern connection of M. If

VxY =VxY + B(X,Y)+ Y {A(X,Y,V. e, — Ve,en)

?

— E(X, €, %yen - VY(Z“) — Z(ei, K %Xen - Vxen)}ei, (41)

where X,Y € T'(7m*TM), B(X,Y) € I'(7*TM)>*, then V is the Chern connection of M.
In order to illustrate the relationship between V and D, we give the following:
Theorem 4.2 Let f : (M™, F) — (M"*p,ﬁ) be an isometric immersion from a
Finsler manifold to a Finsler manifold. V is the Chern connection of M. Then V = D if

and only if
A(X,Y,Vzen) = A(X,Y, Vzen),

where A and A are the Cartan tensors of F and F , respectively, X,Y, Z € m*T M.
Proof Recall that the Gauss formula is

VxY = DY + B(X,Y). (4.2)
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If V = D, then from (4.1) and (4.2) one gets
A(X,Y,Vze, — Vgzen) — A(X,Z,Vye, — Vye,) — A(Z,Y,Vxe, — Vxe,) = 0.
Setting X = Z, we have
A(X, X, Vyen) = A(X, X, Vyen). (4.3)
Substituting X = U + V into (4.3) yields
A(U,V,Vye,) = A(U,V, Vyey,).

The sufficient condition is evident from (4.1) and (4.2). This proves Theorem 4.2.
Theorem 4.3 Let f : (M™, F) — (M"*p,ﬁ) be an isometric immersion from a
Finsler manifold to a Finsler manifold. If M is a weakly totally geodesic submanifold of M ,
then V = D.
Proof If M is a weakly totally geodesic submanifold, then!!

By =0,Vo.

So we have
i’ + Banowy = dBg, — 2Biwn + Bj,05 = —2Bw;.
From which one gets
e —2B;,.

nn;\

By using P2, =0 and (3.8), we obtain

nny
By, = 0,Va,i. (4.4)
Therefore, from (4.1) and (4.4), we get

A(X,Y,Vzen) =A(X,Y,V ze,) + A(X,Y,B(Z,en)) + A(X,Y,V ze,, — Vzen)
— A(Z,Y,Vxe, —Vxen) — AX,Z,Vye, — Vyey)
—A(X,Y,Vze,) + AX,Y, B5w'(Z)) + A(X,Y,B(Z,e,))
— A(X,Y,ex)A(Z, ex, B(en, en)) + A(X, Z, ex)A(Y, ex, B(en, €,))
— A(X,Z,B(Y,e,)) — A(Y, Z,B(X, e,)) + A(Y, Z,ex) A(X, ex, B(en, €,))
=A(X,Y,Vze,),

which implies V = D by Theorem 4.2.

From Theorem 3.6, Theorem 4.3 and (4.4), we also obtain the following result which is
the main theorem in [1].

Corollary 4.4 If M" is a weakly totally geodesic submanifold of M ntP then flag
curvature of M"™ equals flag curvature of Mnp.



54 Journal of Mathematics Vol. 36

References

[1] Li Jingtang. The fundamental formulas of Finsler submanifolds [J]. Bull. Korean Math. Soc., 2010,
A(4): T67-T75.

[2] Bejancu A. Structure equations for Riemann-Finsler subspace [J]. C. R. Acad. Bulgare Sci., 1987,
40(1): 37-40.

[3] Bao D W, Chern S S. On a notable connection in Finsler geometry [J]. Houston J. Math., 1993,
19(1): 135-180.

[4] Bao D W, Chern S S, Shen Z M. An introduction to Riemann-Finsler geometry (GTM 200)[M].
New York: Spring-Verlag, 2000.

[5] Bai Zhengguo, Shen Yibing. An introduction to Riemann geometry [M]. Beijing: High Education
Press, 2004.

[6] Chen Xinyue, Yang Weilong, Yang Wenmao. On the Chern connection of Finsler submanifolds [J].
Acta Math. Sci., 2000, 20B(4): 551-557.

[7] Nie Zhi. The Chern connection and Gauss equation of Finsler submanifolds [J]. J. Math., 2004,
24(5): 537-542.

[8] Shen Z M. On Finsler geometry of submanifolds [J]. Math. Ann., 1998, 311(3): 549-576.

Finsler TR P RIBGRKESEKSIE

FHinkE
(BB 0% STHSNLR, 2B M 244000)

W E: ZCWA T Finsler FHIEHFE SR PRELS. 80 FH G2 PR 2235, RIS 0 PRELZD
7 T Finsler FHIEMEATTE, HEHETD 5 FEENBRKEY ZAMLR. XEHAGEEMRL T
OV SCHR IR AR e 45 L.

X HE17: Finsler F&; RBLS; FEATE

MR(2010)E & 53 £ 5:  53C60; 53C40 FESES: 0186.12



