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Abstract: In this paper, the properties related to paths and cycles embedding in n-
dimensional enhanced hypercube @, with fault vertices are investigated. To fully realize its
potential in those networks, we use the construction way to prove our results and demonstrate
that Qn,x with 2n — 4 fault vertices can contain a cycle of length 2™ — 2f, which generalizes the
conclusion about 1-vertex fault-tolerant cycles embedding on folded hypercube networks, which is
a special case of enhanced hypercube networks.
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1 Introduction

One of the central issues in evaluating a network is to study the graph embedding
problem. In computer network topology design, an important benefit of graph embedding
is that we can apply existing algorithms for guest graphs to host graphs. For instance,
there is an application of longest path to resolve a practical problem that was encountered
in the on-line optimization of a complex flexible manufacturing system (see [5]). This is a
good example to show the power of the embedding of paths and cycles in networks. Since
vertex and edge faults may develop in computer networks, it is important to consider faulty
networks. The main concerns in this regard are fault tolerant routing, fault tolerant path
embedding and fault tolerant cycle embedding. Recently, there were many attentions payed
on vertex-fault-tolerant n-dimensional hypercube @,. In [6], it is showed that a fault-free
cycle of length at least 2" — 2f can be embedded in an n-dimensional hypercube when the
number f of fault vertices no more than 2n — 4.

The enhanced hypercube @, (1 < k < n — 1) is proposed to improve the efficiency of
the hypercube structure in [2], since it possesses many properties superior to hypercube [2—
4]. The enhanced hypercube is an extension of the hypercube that is constructed by adding
some complementary edges. The folded hypercube F@Q, is the special case of the enhanced
hypercube @, when k = 1; see [12, 19, 20].
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When investigating a network, the failures often occur, so it is practically meaningful to
consider faulty networks. Previous results regarding fault-tolerant cycles or paths embedding
on hypercube @,, or its variant structure as a host graph with only faulty vertices or only
faulty edges or both faulty vertices and edges have been proposed. Let F, and F, be the set
of faulty vertices and faulty edges of @,. Li et al. [13] proved that every fault-free edge of
Qn, for n > 3, lies on a fault-free cycle of every even length from 4 to 2" if |F,| < n—2. Xu et
al. [15] showed that every fault-free edge of @,,, for n > 4, lies on a fault-free cycle of every
even length from 6 to 2" if |F.| < n—1. Tseng [17] showed that a fault-free cycle of length at
least 2™ — 2| F,| can be embedded on Q,, with |F.| <n—4 and |F,|+ |F.] < n—1. Sengupta
[18] extended the result of Tseng, showing that a fault-free cycle of length 2™ — 2|F),| can be
embedded on @Q,, with |F,| > 0 or |F.| <n—2, and |F,|+|F.| <n—1. Fu [16] showed that a
fault-free cycle of length 2" — 2|F, | can be embedded into Q,, with |F,| < 2n — 4. Hsieh [21]
generalized the result of Fu, proving that @Q,, — F, — F, contains a fault-free cycle of length
2" —2|F,| if |F,] <n—2and |F.|+|F,| < 2n—4. Tsai [14] showed that every fault-free edge
and fault-free vertex of @Q,,, for n > 3, lies on a fault-free cycle of very even length from 4 to
2" — 2|F,| if |F,| < n — 2. This paper aims to further explore the vertex-fault-tolerance of
Qn.k, and discuss its path and cycle embedding. We prove that a fault-free cycle of length
at least 2" — 2f can be embedded in an n-dimensional enhanced hypercube with |F,| = f
vertices, where n >4 and 1 < f < 2n — 4.

The remainder of this paper is organized as follows. Section 2 gives some basic definitions
and lemmas used in our discussion. The proofs of our main results are in Section 3. Finally,

some concluding remarks are given in Section 4.

2 Preliminaries

For the graph theoretical definitions and notations we follow[1]. A network is usually
modeled by a connected graph G = (V, E), where V denotes the set of processors and E
denotes the set of communication links between processors. Two graphs G; and G, are
isomorphic, denoted as G; = Go, if there is a one to one mapping f from V(G;) onto V(G3)
such that (u,v) € E(Gy) iff (f(u), f(v)) € E(Gs). Two vertices (nodes) are connected by
an edge in a hypercube if their binary labels differ in exactly one bit position. Two distinct
edges are adjacent if they are incident with a common vertex. A path is a sequence of

adjacent vertices, with the original vertex vy and end vertex v,,, represented as
P[U(bvm] - [U07 V1,V2, 7vm]7

where all the vertices vy, vy, vs, -+ , v, are distinct except that possibly the path is a cycle
when vy = v,,.

The n-dimensional hypercube, denoted by @,, is a graph with 2" nodes (vertices)
{r = 1292, : &; = 0or 1,1 < i < n}, and two nodes being adjacent if and only if
one coordinate is different. Let dg, (z,y) denote the length of the shortest path between

vertices x and y in hypercube @Q,. Let © = z1x5- -2, and y = y1y2 - -y, represent two
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n-bit binary strings respectively. The Hamming distance between x and y is defined as
Z |z; — y;| which is the number of the different bits between the corresponding

strings of two nodes x and y. Obviously, by the definition of Hamming distance, we know
that h(x,y) = dg, (z,y), where dg, (z,y) is the shortest path between the node z and node

y in . The Hamming weight of a node z is defined as hw(z) = i xi, so whether a node is
even or odd, based on the hamming weight of the node is even orz_riode. In this paper, if we
denote the node u = x5 - - 24 _12;T441 - - T, then v’ = x129 - - 2;_1T;7i41 - - - T, for some
i € {1,2,--- ,n}, in other words, the binary strings of the two nodes u and u’ is different
exactly on the ith position. And the edge (u, u’) represents the i-dimensional hypercube edge
in Q,, FQ, or Q, . The set of i-dimensional edges is denoted by F; = {(u,u’)|h(u,u’) =
1,1 €{1,2,---n}}.

Definition 1 Enhanced hypercube @, = (V,E)(1 < k < n—1) is an undirected
simple graph. It has the same vertices of Q,,, i.e, V = {z1zs-- 2, :2; =00r 1,1 <i<n}.
Two vertices * = x1x5 - -+ x, and y are connected by an edge of E if and only if y satisfies
one of the following two conditions:

(1) y=mx0 @i 1T3%541 Ty, L <i<nor

(2) y=z122 - Tho1ZpTs1 - - Ty

From the definition of @), i, the enhanced hypercube @), i is the extension of the hyper-
cube by adding the edges (x5 Xy, X122+ - Tp_1Z1Tky1 " * - Tn), Which called complemen-

tary edges of enhanced hypercube, denoted by
E. = {(u’ﬂ) € E(Qn,k”H(U;ﬂ) =n—k+ 1},

where u = z129---x,, and & = T -+ Tp_1TkTpe1 - Tn- As mentioned above, the en-
hanced hypercube @, contains hypercube @, as its subgraph. In addition, the folded
hypercube F@,, which is the extension of the hypercube, is regarded as the special case of
the enhanced hypercube when k = 1.

It has showed that @, x is (n+1)-regular,vertex-transitive and edge-transitive, and have
2™ vertices and (n+1)2""! edges. Due to its good properties, the enhanced hypercube @, x
have received substantial researches.

Lemma 1 [3] The enhanced hypercube @, can be partitioned into two subgraphs
along some component i(1 <4 < n). We use Qi , (Qi) ;) and Q;" , , (@ ;) to denote

the two subgraphs respectively. From the definition of the partition, we can conclude that
when 1 <7 <k—1, Q) , and Q)" are two (n — 1)- dlmensmnal enhanced hypercube,

that is, Qnix = Q1 ,UQ} 1 4; when k <i <n, Q;) , and Q;" , are two (n — 1)-dimensional
hypercube, that is , Qn, = Qi) ; UQ} . A vertex = 123 - -z, belong to Q% ; ,(Q% 1)

if and only if the ith position z; = 0; Similarly, = belongs to Qn k(@ i1 ) if and only if the
ith position x; = 1.

Lemma 2 [24] There is an automorphism o of @, (1 < k < n—1), such that o(E;) = E
foranyi,j € {1,2,---,n,c}. Furthermore, we have Q,, ,—E; is isomorphic to @), (represented
as Qnir — E; = Qy), wherei € {k, k+1, k+2,--- ,n, c}.
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Figure 1: An illustration of Case 1 and Case 2 in the proof of Lemma 5 (each straight line
represents an edge, and each curved line represents a path between two vertices. The bold lines
represent the selected fault-free paths. The solid points and hollow points are used to
distinguish the different parity of the nodes).

Lemma 3 [11] For any z,y € V(Q,,) with H(z,y), there exist paths from = to y with
length I, H(z,y) <1<2"—1 and 2|l — H(x,y).

Lemma 4 [6] There exists a fault-free cycle of length of at least 2" — 2f in @,, with f
fault nodes, where 1 < f <2n —4 and n > 3.

3 Paths and Cycles in Faulty @), and @,

Now let’s begin our work. Let F' denote the set of fault vertices in Q, %, f = |F N

V(Qn,)|- By Lemma 1, we can partite Qp  as Qnr = Qh_ yUQL_ 1 or Qn i = Q1) ,UQ%
along different 7. Therefore we definite

fo=FOV(Qi)l fi=IFNV(Qu_14)l
for some 1 <¢<k—1. And
fo=FOV(Q)l, fi=IFNV(Q,)l
for some k < i < n. Similarly, in @,

F=IFnV@)l, fo=IFOV(@ ), fi=IF0V(Q,y)l

n—1

where i =1,2,--- . n.

If x is a vertex of graph G, denote Ng(z) = {u|ux € E(G)} the neighborhood of x.

Since Q11,21 are trivial, we just discuss n > 3.

Before considering the cycle embedding in the vertex-fault-tolerant enhanced hypercube,
it is worth to point out the similar result for hypercube as follows:

Lemma 5 Let u,v be two fault-free vertices of @,, with f < n — 1 fault vertices and
H(u,v) = 1. There exists a fault-free path Plu,v] of length at least 2™ — 2f — 1.

Proof We proof the theorem by introduction on n. When n = 3, it is clearly true.
Assume that it holds for n — 1(n > 4), next we consider n. We can partite @,, along some

component 4 into two (n — 1)-dimensional subcubes Q¥ ;| and Q¢! ;.
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Case 1l fo<f,i<[f,f=/Jo+ S

Since fy < f, by introduction, there exists a fault-free path Pylu,v] € Q¥ , of length
at least 2"~ — 2, — 1. Select an edge xy € P[u,v] such that z%,y" € Q! | are fault-free
vertices. Since H(z,y) = 1, we have H(z%,y*) = 1. By introduction, there is a faut-free path
Pz, y'] € Q'L , of length of at least 2"~ — 2f; — 1. Then the desired path P[u,v] can be
constructed as (Pylu,v] — zy) U za’ U Py[z%, '] U y'y, which is of length at least

(2" —2fy—1)— 1424 (2" —2f, —1)=2"—2f — 1,

see Figure 1 (a).

Case 2 fo = f (or, f1 = f).

Let F, be a fault vertex in Q% ;. Now we can suppose F, as a fault-free vertex tem-
porarily, by hypothesis, there exists a fault-free path Py[u,v] € QP | of length at least
2n=1 — 2(f — 1) — 1, which contains no any other f — 1 faulty vertices. Now we consider
whether the vertex F), is in the path Py[u,v] or not. Suppose F, € Pylu,v] (otherwise, using
the method similarly as Case 1 above, it is easy to discuss), let edges xF,, F,y € Pylu,v],
then H(x,y) = 2, and H(z',y") = 2 obviously. In Q! ,, using Lemma 3, there exists a
fault-free path P;[z*,y‘] € QI of length 2"~ — 2. Therefore, the desired path P[u,v| can
be constructed as (Pylu, v] — zy) Uzz' U Pz, y'] U y'y connecting u, v which is of length at
least

@ t—2(f-1)—-1)—2+24+ (2" ' —2)=2"—2f — 1,

see Figure 1 (b).

The proof of the lemma is completed.

Theorem 1 Let u,v be two fault-free vertices of Q),, , with f <n —1 fault vertices and
H(u,v) = 1. There exists a fault-free path Plu,v] of length at least 2" — 2f — 1.

Proof We proof the theorem by introduction on n. When n = 3, it is clearly true.
Assume that it holds for n—1(n > 4), next we consider n. Without loss of generality, suppose
u,v € Q) (or u,v € Q) ), that is u,v € Ey.

Casel fo< f,i<[f,f=fo+ /1.

We can either execute an (1 < i < k — 1)-partition on @, to obtain two (n — 1)-
dimensional enhanced hypercubes Q7 ; , and Q' , or execute an i(k < i < n)-partition
on @,k to obtain two (n — 1)-dimensional hypercubes Q?_; and Q% ; by Lemma 1. We
consider the following subcases:

Case 1.1 Q= Q) |, UQL | ;.

Since fo < f, by introduction, there exists a fault-free path Pylu,v] € Q;O_l,k with
length of at least 2"~' — 2f, — 1. Select an edge xy € Plu,v] such that 2,y € Qi" |, are
fault-free vertices. Since H(z,y) = 1, we have H(z',y’) = 1. By introduction, there is a
faut-free path Py[z*,y'] € Q}, ;. of length of at least 2"~' —2f; — 1. Then the desired path
Plu,v] can be constructed as (Pylu, v] — zy) Uzz' U Pi[2, y*] Uy'y, which is of length at least

2t —2fp—1)—1+2+ (2" —2fi —1)=2"—2f — 1.
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Case 1.2 Q,, = Q% , UQ! .
Since fo < f <n—1<2n—4 for n > 3, by Lemma 4, there exists a fault-free path
Pylu,v] € Q% | with length of at least 2"~ — 2f; — 1. Select an edge xy € P[u,v] such that
x'yt € QU | are fault-free vertices. Since H(x,y) = 1, we have H(z%,y*) = 1. By Lemma
5, there is a faut-free path Pi[2’,y']) € Qi , of length of at least 2"~ —2f; — 1. Then the
desired path P[u,v] can be constructed as (Py[u, v] — zy) Uzz’ U Pi[z?, y'] U y'y, which is of

length at least
2"t —2fp—1)—1+2+ (2" —2f; —1)=2"—2f — 1.

Case 2 fo = f (or, fi = f).

Similarly as Case 1, we also consider the partition of enhanced hypercube @, x, and
have the following subcases:

Case 2.1 Q= ;071,1@ U szlfl,k'

Let F, be a faulty vertex in Q. ,,. Now we can suppose F, as a fault-free vertex
temporarily, by hypothesis, there is a path Py[u,v] € Q% ; of length at least 2"~ — 2(fy —
1) — 1, which contains no any other f — 1 faulty vertices. Suppose F, € Py[u, v] (otherwise,
it is easy to discuss), let edges zF,, F,y € Py[u,v], then H(z,y) = 2. In Q%! |, fi = 0, by
Lemma 2, we have Q° | — E. = Q,,_;. Then using Lemma 3, there exists a fault-free path
Pi[z',y'] € Qi | of length 2"~! — 2. Therefore, the desired path P[u,v] can be constructed

as (Polu,v] — zy) U zx; U Pi[z’, y'] U y'y connecting u,v which is of length at least
@t —2(fo—1)—1)—2+24+ (2" —2)=2"-2f — 1.

Case 2.2 Q= QP ,UQ,.

Since fy = f <n—1<2n—4 for n > 3, by Lemma 4, there exists a fault-free path
Polu,v] € Q0 with length of at least 2"~ — 2f; — 1. Select an edge zy € P[u,v] such that
z' y' € Qi are fault-free vertices. Since H(z,y) = 1, we have H(z',y") = 1. By Lemma
3, there is a faut-free path P;[z",y‘] € Q'L of length of at least 2"~! — 1. Then the desired
path Plu,v] can be constructed as (Pylu,v] — zy) Uxz’ U Pz, y'| U y'y, which is of length
at least

2"t —2fp—1)—1+2+ 2" =1)=2"-2f — 1.

The proof of the theorem is completed.

Lemma 6 Let u,v be two fault-free vertices of @, with f < 2 fault vertices and
H(u,v) = 2. There exists a fault-free path P[u,v] of length at least 2" — 2f — 2 connecting
u and v.

Proof We can partite @, along some dimension ¢ = 1,2,--- ,n into two (n — 1)-
dimensional subcubes, that is Q, = Q© ; U Q! ;. We proof the lemma by introduction
on n. By induction. The lemma holds for n > 3. Suppose it is true for integer n — 1,

30
n—1-

the situation of n can be discussed as follows. Without loss of generality, let u,v €

Considering the distribution of faulty vertices, we have the following cases:
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Case 1 f = 0. By Lemma 3, the lemma is true obviously.
Case 2 f=1.

The faulty vertex is in Q¥

n—1-

By introduction hypothesis,there is a fault-free path
Polu,v] € Q¥ _, of length 2"~! — 2f — 1 connecting u,v. Select an edge xy € Pylu,v] such
that o', y’ € Qi1 | are both fault-free vertices. Lemma 3 indicates there exists a fault-free
path Pz, y'] € QL | between z' and y* of length at least 2"~! — 1. Therefore, the desired

fault-free path from u to v can be constructed as (Py[u, v]/zy)Uzz'U P [z?, y']Uy'y of length

2 t—2f-2)—1+24 2" —1)=2"—2f -2

30
n—1

The faulty vertex is in Q! ,. By Lemma 3, there is a fault-free path Pyu,v] €
of length at least 2"~! — 2. Choose an edge zy € Py[u,v], using Lemma 5, there exists a
fault-free path Pi[z',y'] € Q'L between a* and y* of length at least 2"~! — 2f — 1. Then
the desired path P[u,v] can be constructed as (Polu,v]/zy) Uxz' U P [2*, y"] Uy'y, which is
a path of joining x,y of length at least

2t —2) 1424+ (2" —2f-1)=2"-2f - 2.

Caes 3 f=2.

Case 3.1.1 fy = 2. By hypothesis and Lemma 3, we can easily construct the desired
path. We omit it here.

Case 3.1.2 f; = 2. The desired path P[u,v] can be obtained using Lemma 3 and
Lemma 5. We omit it here.

Case 3.1.3 fy = 1, fi = 1. The induction assumption and Lemma 5 guarantee the
required path Plu,v]. We omit it here.

By considering the above cases, the proof is competed.

Theorem 2 Let u,v be two fault-free vertices of @, , with f < 2 fault vertices and
H(u,v) = 2. There exists a fault-free path P[u,v] of length at least 2" — 2f — 2 connecting
u and v.

Proof By induction. The theorem holds for n < 3. It is easy to clarify the theorem
holds under the given conditions. Now we just give a simple example in (3, with two
faulty vertices. Without loss of generality, we assume the two faulty vertices are 000 and
001, and » = 100, v = 111, H(100,111) = 2, we can easily find a fault-free path Plu,v] =
(100,110, 111), which is of length 2. Suppose it is true for integer n — 1, the situation of n
can be discussed as follows. Without loss of generality, let u,v € Q¥ , or u,v € Qi ;.

According to the distribution of faulty vertices, we have the following cases:

Case 1 f = 0. Lemma 2 indicates Q, x — E. = @,,. Then the theorem holds because
of Lemma 3.

Caes 2 f=1.

Case 2.1 Qui = Q)1 UQ ;-

Case 2.1.1 The faulty vertex is in Q) , ;. By the assumption, there is a fault-free
path Polu,v] € Qi of length at least 2"~" — 2f — 2. Choose an edge zy € Pplu,v],
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i0 i i0 i i0 i
Q; 1.k Q;iuc Q:lv —Lk Q;l—l,k Q:v —Lk Q;l—l,k

(a) I =

(b) (©

Figure 2: An illustration of Case 3.1.1, Case 3.1.2 and Case 3.1.3 in the proof of Theorem 2.

using Lemma 2 and Lemma 3, there exists a fault-free path Pi[z’,y’] € Q' , between
x' and 9’ of length at least 2"~ — 1. Then the desired path P[u,v] can be constructed as
(Polu,v]/zy) Uzt U P [x?, y'] Uyly, which is a path of joining z,y of length at least

@ t—2f-2)—1+24 2" —1)=2"—-2f -2

Case 2.1.2 The faulty vertex is in Q' , ;. Lemma 2 and Lemma 3 guarantee a fault-free
path Pylu,v] € Q) of length 2"~' — 2 connecting u,v. Select an edge 2y € Py[u, v] such
that 2*,y" € Q!'_, ; are both fault-free vertices. Theorem 1 indicates there exists a fault-free
path Pi[z',y'] € Q' , between z' and y’ of length at least 2"~' — 2f — 1. Therefore, the
desired fault-free path from u to v can be constructed as (Pylu,v]/zy) Uzz' U Pz’ y' ]| Uy'y
of length

2t —2) 1424+ (2" —2f-1)=2"-2f —2.

Case 2.2 Q,r = QP ,UQ .

Case 2.2.1 The faulty vertex is in Q¥ ;. Lemma 6 indicates that there is a fault-free
path Pylu,v] € Q¥ , of length at least 271 — 2f — 2. Select an edge zy € Py|u,v], using
Lemma 3, there exists a fault-free path P;[z*,y’] € Q' | between z* and y’ of length at
least 2"~! — 1. Therefore the desired path P[u,v] can be constructed as (Py[u,v]/zy) Uzx’ U

Py[z%,y'] U y'y, which is a path of joining z,y of length at least
2 t—2f-2)—1+24+ (2" —1)=2"—-2f —2.

Case 2.2.2 The faulty vertex isin Q%' ;. Lemma 3 guarantees a fault-free path Py[u, v] €
Q™ | of length 2"~! —2 connecting u, v. Choose an edge zy € Py[u,v] such that %y’ € Q! |
are both fault-free vertices. Lemma 5 indicates there exists a fault-free path Py [z¢, y'] € Q' |
between z¢ and ¥’ of length at least 2"~! — 2f — 1. So the desired fault-free path from u to
v can be constructed as (Pylu, v]/zy) U zx’ U Pi[z*, y'] U y'y of length

2t —2) 1424+ (2" —2f 1) =2"-2f — 2.

Caes 3 [ =2.
Case 3.1 Q= Qi) |, UQL ;.
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Case 3.1.1 f; = 2. By introduction hypothesis, there exists a fault-free path Pylu,v] €
w1 of length 2”1 —2f — 2. Select an edge zy € Py[u, v], then there is a path Py[z’,y’] €
ot 1y of length of 27! — 1, by Lemma 2 and Lemma 3. Hence, (Polu,v] — zy) U zz* U

Pzt y' ] Uyy’, of length at least

(2t —2f-2)—1+24+ (2" —1)=2"-2f -2

is the desired fault-free path joining u,v (see Figure 2 (a)).

Case 3.1.2 f; = 2. Lemma 2 and Lemma 3 indicate there is a path Pylu,v] € Q) ,
with length of 2"~' — 2. Select zy € Py[u,v] such that z’,y" € Qi , are fault-free ver-
tices. By Theorem 1, there exists path Py[z,3'] € Q! , of length 2"~ —2f — 1. Then
(Polu,v]/zy) Uxz® U P2t y'] Uy'y of length at least

@t —2) 1424 (2" —2f - 1)=2"—-2f -2

is the required path(see Figure 2 (b)).

Case 3.1.3 fo = 1, fi = 1. With assumption, there is a fault-free path Py[u,v] € Q) ,
of length 2"~' — 2fy — 2. Let x,y € Py[u,v] and z*,y" € Qi_, , are both fault-free vertices.
Theorem 1 guarantees a fault-free path Pi[z’,y] € Qi , of length 2"~' —2f; — 1. So the
desired path can be constructed as (Py[u,v]/zy) Uzz? U Pi[z?, y'] Uy'y which is of length at
least

(2"t —2fp—2)—1+24+ (2" —2fi —1)=2"—2f -2

joins u, v (see Figure 2 (c)).

Case 3.2 Q,r = QP ,UQ,.

Case 3.2.1 fy; = 2. According to Lemma 6 and Lemma 3, we can easily construct the
desired path P[u,v] of length at least 2™ — 2f — 2 similarly as Case 3.1.1 above. We omit it
here.

Case 3.2.2 f; = 2. Using the similar methods as Case 3.1.2 above, by Lemma 3 and
Lemma 5, the desired path connecting u, v can be constructed. We omit it here.

Case 3.2.3 fy =1, fi = 1. By Lemma 6 and Lemma 5, similarly as Case 3.1.3 above,
there exists a fault-free path Pu,v] of length at least 2" — 2f — 2. We omit it here.

By considering the above cases, the proof is competed.

Lemma 7 Let u,v € Q, with f < 2 fault vertices and H(u,v) = 3. There exists a
fault-free path Plu,v] of length at least 2" — 2f — 1 between u and v.

Proof We use introduction on n to proof this lemma similarly as the proof of Lemma
6, and the desired path P[u,v] can be obtained, we omit it here.

Theorem 3 Let u,v € @, with f < 2 fault vertices and H(u,v) = 3. There exists a
fault-free path Plu,v] of length at least 2" — 2f — 1 between u and v.

Proof We proof the theorem by introduction on n.

Case 1 f =0. Lemma 2 and Lemma 3 guarantee the theorem true.

Case 2 f=1.
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By induction, it is true for n = 3. Assumption it holds for n — 1 for n > 4, we consider
n as follows. Without loss of generality, let u,v € Q}_, ; or u,v € Qi) .

Case 2.1 Q= Q0 , UQI_,,.

Case 2.1.1 Qflo_l)k contains the faulty vertex. By the introduction hypothesis, there is
a fault-free path Polu,v] € Q) of length 2"~! —2f — 1. Let xy € Pyu,v], with Lemma
2 and Lemma 3, there is a path Py[z",y] € Qi ; of length 2"~" — 1. Furthermore a path
between u and v can be constructed as (P[u, v]/xzy) Uzz U Py [2%, y'] Uy'y, which is of length
at least

2 t—2f-1)—1+24+ 2" ' -1)=2"-2f -1

Case 2.1.2 Qi ,, contains the faulty vertex. By Lemma 2 and Lemma 3, there
exists a fault-free path Py[u,v] in Q% , of length 2"~' — 1. Select an edge zy € Pylu,v]
such that «',y* € Qi' ,, are both fault-free vertices. With Theorem 1, there is a path
Pi[z',y'] € Qi) which is of length 2"~' — 2f — 1 joining z*,3’. Then the desired path
Plu,v] can be constructed as (Py[u,v] —zy) Uzz' U Py[z%, y'] Uy'y which is of length at least

-1 —1424+ 2" =-2f-1)=2"-2f - 1.

Case 2.2 Q,r, = QY ,UQ! .

Case 2.2.1 QY , contains the faulty vertex. Lemma 7 indicates there exists a fault-
free path Pylu,v] of length at least 2"~! — 2f — 1. Choose an edge zy € Pylu,v] such
that z%,y' € Q' | are both fault-free vertices. Using Lemma 3, there is a fault-free path
Pi[z",y'] of length 2"~! — 1. Therefore, the desired path P[u,v] can be constructed as

(Pylu,v] — zy) Uzx' U Pi[a’, y'] U y'y which is of length at least
@' —2f—1) —1+2+ (2" ' -1)=2"-2f 1.

Case 2.2.2 Q! ; contains the faulty vertex. Lemma 3 guarantees a path Py[u,v] in
9 | of length 2"=! — 1. Let 2y € Pylu,v], with Lemma 5, there is a path P;[a’,y'] €

Q! | of length 2"~! — 2f — 1. Furthermore a path between u and v can be constructed as
(Pylu,v]/zy) Uza' U P2’ y"] U y'y, which is of length at least

@t 1) —1424+@2"—2f-1)=2"-2f — 1.

Case 3 f=2.

Case 3.1 Q= Q0 , UQI_,,.

Case 3.1.1 f; = 2. By induction hypothesis, there exists a fault-free path Pylu,v] in
Q;Ofl,k of length at least 2"~ —2f — 1. Set edge xy € Py[u, v], Lemma 2 and Lemma 3 imply
a fault-free path Pi[z*,y'] € Q;' ,, of length 2"~! — 1. So the path (Py[u,v]/zy) U zz" U
Pi[z%, y'] U y'y of length at least

@t —2f-1)—14+24+ 2" -1)=2"-2f -1

is the desired path.
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Case 3.1.2 fo = 1 and f; = 1. We can find a fault-free path Pylu,v] € QIY_, , with
length of 2"~! — 2f, — 1 by introduction hypothesis. Choose an edge xy € Py[u,v] such
that z’,y" € Qi_, , are both fault-free vertices. Then Theorem 1 means a fault-free path
Pi[z',y'] € Qi  of length at least 2"~' —2f, — 1. Hence (Po[u, v] —zy)Uzz' U Pi[y, '] Uy'y
is a fault-free path of length at least

2"t —2fp—1)—1+24+ 2" —2fi —1)=2"-2f -1

connecting the vertices u, v.

Case 3.1.3 f; = 2. Lemma 2 and Lemma 3 proposed a fault-free path Py[u,v] € Q) ,
of length 2"~! — 1. Choose an edge xy € Py[u,v] such that z’,y" € Q! ; are both fault-free
vertices. Using Theorem 1, a fault-free path Pi[z*,y'] € Q}'_;  of length 2"~' —2f — 1 can
be found. Then (Pylu,v]/xy) U zx® U Pi[z¢, y'] U y'y is required, which is of length at least

@t -1 —142+ @2 —2f-1)=2"—-2f - 1.

Case 3.2 Q. = QP ,UQ,.

Case 3.2.1 fy = 2. Using the similar methods as Case 3.1.1 above, by Lemma 7 and
Lemma 3, the desired path connecting u, v can be constructed. We omit it here.

Case 3.2.2 fy =1 and f; = 1. By Lemma 7 and Lemma 5, similarly as Case 3.1.2
aobve, there exists a fault-free path Plu,v] of length at least 2" — 2f — 1. We omit it here.

Case 3.2.3 f; = 2. According to Lemma 3 and Lemma 5, we can easily construct the
desired path P[u,v] of length at least 2™ — 2f — 1 similarly as Case 3.1.3 above. We omit it
here.

By considering the above cases, the proof is competed.

Corollary There exists a fault-free cycle of length at least 2" —2f in @, ,, (n > 4) with
f fault vertices for 1 < f < 2n — 4.

Proof We proof the theorem by induction on n. When n = 4, the theorem is true.
Suppose theorem holds for integer n — 1, Now we consider the situation of n.

When 1 < f<n-—2.

Casel fo=n—-2f =0.

Case 1.1 Qux = QY ,,UQL |,

All faulty vertices are in Q) ; ;, select an edge uv € Q) ,, using Theorem 1, there
exists a fault-free path Py[u,v] € Q) ;, of length 2"~" —2f, — 1. Since f; = 0, by Lemma 2,

Sk~ Ec = Qn_1, then by Lemma 3, there is a path Pi[u’,v'] € Qil_, ; of length 2" "' —1.
Therefore, the desired cycle can be constructed as Py[u,v] U vv' U Py [v?, u'] U u'u, which is
of length
2t —2fp—1)+2+ (2" —1)=2"—2f.

Case 1.2 Q,,, = Q% , UQ! .
Since fo =n —2 < 2n — 4 for n > 3, by Lemma 4, there exists a fault-free cycle Cy of
length at least 27! — 2f; in Q¥ ;. We can select an edge uv on cycle Cy such that the
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Figure 3: An illustration of Case 3.1.1 and Case 3.1.2 in the proof of Corollary.

vertices u’, v’ are all fault-free vertices. Then in Q! ; by Lemma 3, there exists a fault-free
path P;[u®,v'] of length at least 2"~ — 1. Therefore, the desired cycle can be constructed as
(Colu, v] — uv) Uwvv' U Py[v*, u'] Uu'u, which is of length

2"t —2fp—1)+2+ (2" —1)=2"—2f.

Case 2 1§f0§n—3 fi>1

Case 2.1 Q, = MUink

Select an edge uv € QX ;, such that u, v, u’,v" are all fault-free vertices. With Theorem
1, there exist fault-free paths Pylu,v] € QX and Pi(u',v') € Q}'_, , of length at least
2"l —2fy—1and 2"t —2f — 1 respectlvely. Then the desired cycle can be constructed
as Py[u,v] Uvv® U P [vf,u’] Uu'u, which is of length

2"t =2fo—-1)+2+ (2" =21 — 1) =2" - 2f.

Case 2.2 Q,, =Q" | U
Since fo < n —3 <2n —4 for n > 4, by Lemma 4, there exists a fault-free cycle Cy of
length at least 2"~ — 2f; in Q¥ ;. We can select an edge uv € Cj such that the vertices

i1 | are both fault-free vertices. In Q! |, by Lemma 5, there exists a fault-free path

ul, vt €
Pi[ut, v of length at least 2"~ ! — 2f; — 1. Therefore, the desired cycle can be constructed

as (Colu,v] —uv) Uvv® U Py [vh, u'] U ulu, which is of length
2"t —2fp —1)+2+ (2" —2f — 1) =2" - 2f.

When n — 1 < f < 2n — 4. Without loss of generality, let Q,, = Q) ; UQ;,_; or
Qni = Qn1x UQy_y ; such that fo > 1,1 > 1.

Case 3 fy =2n—5, f1 = 1. As the partition of @), x, we consider the following subcases:

Case 3.1 Qnr=Q; ;U Qi 1Lk

Let F, € Q) , bea faulty vertex. We can suppose F), as a fault-free vertex temporarily,
the fo = (2n—5)—1 = 2n—6. By introduction hypothesis, there exists a cycle Cy € Q% "y of
length at least 271 —2(fy — 1) that contains no any other fy — 1 faulty vertices. Considering
whether the cycle Cy contains the faulty vertex F), or not, we have the following subcases:

Case 3.1.1 F, ¢ Cy. Select a section of Cy, say L(u,v) = uwv € Cp, such that u, v’
are fault-free and H(u’,v') = 2. Then Theorem 2 guarantees a fault-free path Pj[u’,v'] €
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oLy of length at least 2"~ — 2f; — 2. Therefore, the desired cycle can be constructed as

(Co — L(u,v)) Uvv® U Py [vf, u'] U ulu, which is of length
@' =2(fo—1)) — 242+ (2"7 = 2f1 = 2) = 2" - 2f,

see Figure 3 (a).

Case 3.1.2 F, € Cy. Suppose that L(s,v) = suF,v is a section of Cy. When u’, v’
are fault-free vertices, the discussion is similar to above. However, if u’ € Q' is fault
vertex, select another neighbor s of u on cycle Cp, this implies s® is a fault-free vertex
in Qi then H(s',v') = 1 or 3. Theorem 1 and Theorem 3 indicate a fault-free path
Pi[s',v'] € @}, of length 2"~ —2f; — 1. Then the desired cycle can be constructed as
(Co — L(s,v)) Uvv' U Pi[v', s'] U s's which is of length

@2 =2(fo—1)=3+2+ 2" —2fi —1) =2" - 2f,

see Figure 3 (b).

Case 3.2 Q= Q) ,UQI",

Let F, € QY | be a faulty vertex. We can suppose F, as a fault-free vertex simultane-
ously, the fo = (2n—5)—1 = 2n—6. By Lemma 4, there exists a fault-free cycle Cy € Q¥ , of
length at least 2"~ 1 —2(fy — 1) that contains no any other fy — 1 faulty vertices. Considering
whether the cycle Cy contains the faulty vertex F), or not, we have the following subcases:

Case 3.2.1 F, ¢ C).

Using Lemma 6, with the similar methods of Case 3.1.1 above, we can construct the
desired fault-free cycle of length 2™ — 2f. We omit it here.

Case 3.2.2 F, € (.

Using Lemma 5 and Lemma 7, with the similar methods of Case 3.1.2 above, we can
construct the desired fault-free cycle of length 2" — 2f. We omit it here.

Cased n< fy<2n—-6,1< fi<n-—-2

Case 4.1 Qny = ;0_1,1@ U szl_l,k

By assumption, there exists a fault-free cycle Cy € Q}_, , of length at least 2"~ —2f;.
Select an edge uv € Cy such that u’,v* are both fault-free vertices in Q;' , ,. With Theorem
1, there exists a fault-free path Py[u’,v'] € Qi , of length 2"~" — 2f; — 1. So the desired

cycle can be constructed as (Co — uv) U uu® U Py [u?, v] U viv which is of length
2m 1t —2f)) —1+2+ (2" —2f; — 1) =2" —2f,

see Figure 4 (a).

Case 4.2 Q,r, = QP ,UQ! ;.

Using Lemma 4, there is a fault-free cycle Cy of length at least 2"~ — 2f, in Q¥ ;.
Select an edge uv such that u’, v* are both fault-free vertices in Q' ;. Lemma 5 indicates a
fault-free path P;[u’,v'] of length at least 2"t —2f; — 1 in Q% ;. So the desired cycle can
be constructed as (Cy — uv) Uuu’ U Pi[u’, v'] Uv'v which is of length

(2"t —2f)) —1+2+ (2"t —2f — 1) =2" - 2f.
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Figure 4: An illustration of Case 4.1, Case 5.1.1 and Case 5.1.2 in the proof of Corollary.

Case 5 1< f<n—-21<fi<n-1.

Case 5.1 Q= Q) |, UQL ;.

Let F, € Q;{L . be a faulty vertex. We can suppose F), as a fault-free vertex temporarily,
the fi = (n—1)—1=n—2. Using Theorem 1, there exists a cycle C; € ;171,1@ of length at
least 2"~ — 2(f; — 1) that contains no any other f; — 1 faulty vertices. Considering whether
the cycle C contains the faulty vertex F), or not, we have the following subcases:

Case 5.1.1 F, ¢ (. Select a section of Cy, say L(u,v) = uwv € C, such that u, v’
are fault-free and H(u’,v*) = 2. Then Theorem 2 guarantees a fault-free path Py[u’, v'] €

;071,1@ of length at least 2"~ ! — 2f, — 2. Therefore, the desired cycle can be constructed as
(Cy — L(u,v)) Uvv® U Py[v, u'] U ulu, which is of length

@7 =2(fi- 1)) - 2+2+ (277 = 2fo - 2) =2" - 2,

see Figure 4 (b).

Case 5.1.2 F, € (. Suppose that L(s,v) = suF,v is a section of C;. When u’, v’
are fault-free vertices, the discussion is similar to above. However, if u’ € Q;O_Lk is fault
vertex, select another neighbor s of u on cycle C, this implies s* is a fault-free vertex
in @y, then H(s',v") = 1 or 3. Theorem 1 and Theorem 3 indicate a fault-free path
Pyls',v'] € QP , of length 2"~! — 2f; — 1. Then the desired cycle can be constructed as

n—1,

(Cy — L(s,v)) Uvv' U Py[v', s'] U s's which is of length
(@1 2(f— 1) =342+ (27 26y~ 1) = 2" —2F,

see Figure 4 (c).

Case 5.2 Q= QP ,UQ .

Let F, € Q! | be a faulty vertex. We can suppose F, as a fault-free vertex temporarily,
the fi = (n—1)—1 =n—2. Lemma 4 indicates that there exists a fault-free cycle C; € Q¢! ,
of length at least 2"~ —2( f; —1) that contains no any other f; —1 faulty vertices. Considering
whether the cycle C; contains the faulty vertex F), or not, we have the following subcases:

Case 5.2.1 F, ¢ (4

Using Lemma 6, with the similar methods of Case 5.1.1 above, we can construct the
desired fault-free cycle of length 2™ — 2f. We omit it here.

Case 5.2.2 F, € C;
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According to Lemma 5 and Lemma 7, we can easily construct the desired cycle of length
at least 2" — 2f similarly as Case 5.1.2 above. We omit it here.

By considering the above cases, the proof is competed.

4 Remark

Network topology is an important issue in the design of computer networks since it is
crucial to many key properties such as the efficiency and fault tolerance. When investigat-
ing a network, every component in the network may have the different reliability, so it is
important to consider the properties of networks with vertex-faults and edge-faults. In this
article, we focus on the fault-tolerant paths and cycles embedding on the n-dimensional en-
hanced hypercube @, x (1 < k <mn—1), which is an important network topology for parallel
processing computer systems. Based on the investigated properties of vertex-fault-tolerant
properties, in the hypercube and the folded hypercube, we further concentrate on the paths
and cycles embedding on the enhanced hypercube @, . (1 < k < n—1) with the faulty vertex
set F, and faulty edges set F,. We showed that a fault-free cycle of length at least 2" — 2f
can be embedded in n-dimensional enhanced hypercube with |F,| = f vertices, where n > 3
and 1 < f <2n —4.

When investigating the embedding problem, we modeled it as a guest graph (7 into a
host graph G5, which is a one-to-one mapping from the vertex set of GG; into the vertex set
of G3. The embedding structure, such as linear arrays and rings, are suitable for designing
simple algorithms with low communication costs. A large amount of efficient algorithms
designed on the two fundamental networks for parallel and distributed computation to solve
algebraic problems and graph problems can be found in previous works [20, 22]. These appli-
cations motivate us to study the cycle embedding on networks. Based on the construction in
the proof, it’s not difficult to design an efficient recursive algorithm to construct as large as
possible cycles on the vertex-fault-tolerant enhanced hypercube. And we can conclude that
our algorithms design executed on vertex-fault-tolerant enhanced hypercube are extremely
efficient and robust.

Routing (path) is a process of transmitting messages among processors, and it is suitable
for designing simple algorithms with low communication costs. The efficiency and reliability
are based on the path, because they can be used to accelerate the transmission rate, avoid
congestion, and provide alternative communication routs. In addition, the routing (path)
also plays great importance on parallel and distributed computing. Based on these applica-
tions, we can conclude that our algorithms design executed on edge-fault-tolerant enhanced
hypercube are extremely efficient and robust.

Edge and vertex failures may occur simultaneously when investigating the networks,
which motivate us to research on the fault-free cycle embedding on enhanced hypercube @,
with both edge and vertex failures. Consequently, the next step of our investigation can be
concentrated on how many faulty edges and faulty vertices can be tolerant simultaneously

such that @, is fault-free bipancyclic or has as many as possible fault-free odd cycles.
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