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Abstract: In this paper, we present a new Darboux transformation for the derivative Man-
akov equation. By applying the Darboux transformation, we obtain new soliton solutions of the
derivative Manakov soliton equation. Finally, the figures of the soliton solution are obtained by
choosing the suitable parameters.
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1 Introduction

The soliton equation is one of the most prominent subjects in the field of nonlinear
science, like nonlinear optics, the theory of deep water waves, and plasma physics. It was
well known that there were many ways to obtain explicit solutions of soliton equations, such
as the inverse scattering transformation (IST) [1, 2], the Hirota technique [3, 4], the Darboux
transformation (DT) [5, 6], and so on [7-11]. Some interesting explicit solutions were found,
the most important ones among which are pure-soliton solutions, finite-band solutions and
polar expansion solutions. Among the various approaches, DT was known to be powerful in
finding solutions of soliton equations from a trivial seed [12-18].

In this paper, we consider the derivative Manakov soliton equation [19]

1 2
Uy = %Ulmr + z[(wavr + ugva)us ],
Uop = g’uQII =+ g[(Ulvl + UQUQ)U2]1;7
1 2
vy = —$vm - g[(um + u2v2)01e,
U2t = —g V20 — g[(“lvl + Uz02)v2]5.
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The paper is arranged as follows: we start from a coupled equation which is related to
a 3x3 spectral problem and give a basic DT [12-18]. In Section 3, we get from u; = us =
v1 = vg = 0 the soliton solutions of the couple soliton equations, then we obtain the explicit
solutions of the coupled equation. Finally, the figures of the soliton solution are obtained by

choosing the suitable parameters.

2 Darboux Transformation

In this section, we shall construct a DT of the derivative Manakov equation

( 1 2
U = ?Ulzx —+ 7[(u1v1 + UZ'UQ)U'I]:L’?
Uy = —Uopy + 7[(’&17)1 + UQUQ)U2]wa
3, 3, (2.1)
Vg = _¥Ulmw — 7[(U11)1 + UQUQ)Ul]Iv
\ Vop = —gv%x — 5[(2‘”)1 + UQUQ)UQ]a:-
This equation has a Lax pair, the spectral problem
o1
¢3

2\ (%1 V2
U= Mu; =2 0 ,

/\Ug 0 -
and the auxiliary problem
Vii. Viz Vi3
Ge=Vo, V=1 Vo Vo Vi3 (2.3)
Vai Vi Vi

with

1 1 2
Vit = =20 + = (ugvy + ugv2)\, Vig = —v1 A — 30+ §(U1U1 + Uav9)v1,

2
Viz = —v2 A — §U2aj + §(U1U1 + ugv2)va, Vo1 = —ugA* + [guu + §(U101 + ugv2)ug | A,
1 1 1 2
Vag = A2 — guﬂ)l/\a Vaz = ——ujva), Vi = —upA? + [§U2z + §(U1U1 + ugv2)us) A,
1

Vi = —§U2U1>\, Vaz = A\ — §U2U2/\a

where w1, us,v1 and vy are four potentials, and A is a spectral parameter.
In fact, a direct calculation shows that the zero-curvature equation U, —V, +[U, V] = 0,
implies the derivative Manakov equation (2.1).

We assume that there is a matrix T satisfying

¢ =T9, (2.4)
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where T is determined by
T,+TU =UT, T, +TV = VT. (2.5)

It is easy to see that the Lax pair (2.2) and (2.3) are transformed to

Oe=Ud, ¢r=Vo. (2.6)
Let
T T Tis
T= Toy T T23 ) (2-7)
T3 T35 Ti3

where T;; = DA 4 ¢© tgf)(z',j =1,2,3;k =0,1) are functions of x and t.

17 ij
From (2.6), we can get

1 0 0 0
WA W W
T = T LD W b W . R SO0 : (2.8)
T A

Let
Aj) = (el
P(A;) = (1(Ag), Ya(Ng), v3(N))T, (2.9)
Aj) = (xal

be three basic solutions of (2.2), from (2.4), we know that there exist constant 751),7;»2)

satisfy

Tiip1 + Tiaps + Tizps + ’Y]('l)(Tn?M + Tiotpe + Tha9)s) + 7](2) (Tuixa + Thaxz + Tizxs)
Toro1 + Toopa + Tosps + ’Y]('l)(Tzﬂh + Toot)po + Togths) + 7](2) (To1x1 + To2x2 + Tosxs)
)

Ts101 + Taap2 + T3303 + W§1)(T31¢1 + Tstpy + T33)3) + ’7;2) (T31x1 + Tsax2 + Ts3x3) =
(2.1

)

=0
= ()7
0,

0)
further, (2.10) can be written as a linear algebraic system

T11 + a;l)Tlg + a§-2)T13 = O,
TQl + a;l)TQQ + a§2)T23 = O, (211)
T31 + a§-1)T32 + a§-2)T33 = O,

where W -
e P2(Aj) + v Pa(Aj) + 5 x2(Aj)
o) e () + P xa ) 193 919
(1) (2) j=123. (2.12)
o = w3(Aj) + v Ps(A;) + Y x3(Aj)
T e ) + 9 xa ()

Then we have
det T(A) = (A — M)A = Aa) (A — A3). (2.13)
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By using above fact, we can prove the following proposition:
Proposition 1 The matrix U determined by (2.6) has the same form as U, that is

2\ U Dy
U=| xaa -x 0 |, (2.14)
Mz 0 =)

where the transformations between w1, us, v1,v2 and 4y, U, U1, U2 are given by

Uy = o) (3t(11) +utly + usthy),

1
]1 (1)

Uy = o (3t8) 4+ uytsy) + uatly),

 (n t§11> — 3t — (0t — 3¢ DyelY (2.15)
= (), (1) _ (1) 6 ;
o tf’% 0y, (1)
. (v 8t 3t12 )t — 3ty )ty
2 = .

1 1 1
Proof Let T = T*/detT and

fiu(A) fiz(A) - fis(A)
(To + TU)T" = | far(N)  f22(A) faz(N) |- (2.16)
fa1(A) fa2(A) fas(A)
It is easy to see that fs(M)(s,l = 1,2,3) are third-order or fourth-order polynomial in
A. From (2.2) and (2.11), we find that

ol =y — vy = uy oz(l)oz 2 3A; a(l)

oz;i) = — 2(&52)) —v a(l)a§2 +3); oz

T = —aﬁl)le - O5542)7113, J=123. (2.17)
Ty = —Oégl)Tm - 052)T23,

T5 = —a§1)T32 - OZE'Q)T33,

By using (2.13) and (2.17), we can prove that all A;(1 < j < 3) are roots of fy(s,l =
1,2,3). Again noting (2.11), then we can conclude that

detT | for, s,1=1,2,3, (2.18)
which together with (2.16) gives
(T, + TU)T* = (det T)P()) (2.19)
with
pn A+ p1 P P
P()) = p21 A+p Sy A+ ply) ng)Aer :

0
p31 A + p ngQ))\ + pgz) p33))‘ +p
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where p (k j =1,2,3;1 = 0,1.) are undetermined functions independent of A\. Now eq.

(2.19) can be written in the form
T, + TU = P(\)T. (2.20)

By comparing the coefficients of A? in (2.20), we obtain

1 1 1 1 1
p§1) =2, pgz) = pg:s) -1, (3) = Pg:s) =0,
(1) _

1
Por = (1) (3tg11) + ult(l) + ’LLQt( )) = ﬂl,

(2.21)
]11
sy = o) 3ty + withy +ustly)) = 1.
On the other hand, equating the coefficients A', \° in (2.21) leads to
0 0 0 0 0 0
py =% =y =l =pf) =py) =p =0,
1),(0 1 0 1),(0 1 1
PHY =15y, + ity pi s = 1) + vitdy,
1 0 1 1 1 0 1 0
P =15y, +uatly, pVHY =157, + untly),
1 1 1 1 1 1
PV =ty oty pl ) =t + vatly,
Pyt = t& +uit), pigty =t + vatﬁ), (2.22)
o (ot =3t )t(l) (0at$) — 3625y
P12 = (0 40,0 v
i~y
o7, i T 0)
(0) _ (Ult t( 2 )tss : — (vatyy _3t( )t22 -
b1z = (1> <1> M, (1) -
ta — gty

From (2.5) and (2.20), we see that U = P()). The proof is completed.
Proposition 2 Under DT (2.4), the matrix V in (2.5) has the same form as V, that is

Vit Via Vig
Vi=| Va Vo Vag (2.23)
Va1 Vag Vi

in which

_ 1
Vi1 = =207 + = (U10; + Ua0a) A,

_ 2

Vig = =01\ — =01, + — (U101 + o)1,

Viz = —UgA — 3020 + 5(11161 + Uz02) 0o,

_ 1 2

Vor = —u A2 + [gﬂu + §(a1171 + UgDa) g A,

_ 1 _ 1
Vag = A% — §ﬁ1171>\7 Vag = —gﬂli_&)\,

_ 1 2
Vap = —tig\® + [§a2z + 6(0151 + UsU2) U A,
Vo = —gﬂzﬁl/\, Vaz = A? — 552172)\~
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The old potentials uq, us, v; and vs are mapped into new ones 41, U2, 1 and 5 according
to the same DT (2.4) and (2.15).

Proof In a way similar to Proposition 1, we denote T-! = T*/det T and
gii(A)  g12(A)  gus(N)
(T +TV)T" = | ga1(A) g22(A) g23(N) |- (2.24)
g31(A)  gs2(A)  gs3(N)

Direct calculation shows that gs(M\)(s,l = 1,2, 3) are fourth-order or fifth-order polyno-
mial in A, respectively, with the help of (2.3) and (2.11), we find that

2 1
ﬁ) = —ul/\ + [gulm + = (u1v1 + ’LLQ’UQ)U;[}/\J‘ + 3/\?0[51) - gulvgx\ja§-2)
1 1
_5(211,1’01 + ’U,Q'Ug))\jOéj [vl)\j + g’l}lx — §(U101 + U2U2>’U1](a})2
2
—|—[’02)\j + —Vop — (ulvl + UQUQ)’UQ} CVEQ),
1
Oéﬁ? = —’l,LQ)\? + [gUgI + §(U11)1 + ’U/Q/UQ)UQ})\J' + 3)\?0&§2) — §u201)\ja§-1)
1 @) 1 2 po I = 12,3
—g(uﬂh + 2ugug) Ajar;” + [va ) + V20 — §(u1v1 + upv2) ] (a5)
1 2
+v A\ + 31z — —(urv1 + UQ’UQ)'Ul}O[g-l)O[;Q),
T = —Oé(t)T - Oég-l)let - Oé(t)T13 - agz)T13t,
To1; = —a( )T - Oé( )T 2t — Oé( )T23 - Oégz)Tzst,
Ts = —04( )T - 045 )Ts 2t — Oé( )T33 - Oégz)ngt

(2.25)
We can verify by (2.13) and (2.25) that \;(1 < j < 3) are also roots of gy (s,l = 1,2, 3).
Therefore, we have

detT | ga, s,1=1,2,3, (2.26)
and thus
(T, + TV)T* = (det T)Q(\) (2.27)
with
Qi Q12 Qi3
Q()\> = QQl sz Q23 )
Q31 Q32 @33
where

2
Qu = Q§1)/\2 + Q11))\ + Q11)a Q12 = Q12 /\ + Q12)7 Q13 = (hg))‘ =+ ql
Q21 = (I21))‘2 + (J2 A+ qél), Q22 = Q22)/\2 + QQ?)\ + qu)y Q23 = q23)/\2 + qzé))‘ + qég),
Q31 = Q31 *+ Q31))\ + 43 ) Q32 = Q32 ’+ Q32))\ + Q32)» Q33 = Q33 *+ (I33))\ + Q33 ,

that is

T, + TV = Q\)T. (2.28)
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Comparing the coefficients of \? in (2.28), leads to

2 2 2 2 2
a7 = —21 a5 =4y =0, ¢&) =q53 =0,
2 1 1 1 _

]11
¢ = _ﬁ(%(l) gty + ustl)) = —i,.

On the other hand, equating the coefficients A*, \', A\ in (2.27) and (2.11), we can obtain

1
¢V = < (10, + ads),

m _ _(ot) =365t — (vt — 3t53)16y)

h2 = (D300 4,00 =~
G-
(1) (Ult 3t12 ) ’Ugt - 3t ) . _
Gz =~ ) <1> @, BGE
1 Pag oz = Fa g 1 1 (2.30)
qél) = —U1; + = (1101 + U2’02)U1, qg) = —-uit, qé? = — U2,
(1 _ %7 877 - 1 _ % (1 _ %77
q3) = Zlog + —(U101 + UoU2)U2, (39 = — U1, (33 = — U2,
0) _ (0) __ (0) (0) (0) 0) _ (0) _ 3
Q1 =91 =G29 = o3 = Q31 = G35 = @33 =0,
o _ 1 2 __ . ©_ 1_ 2
Q9 = 3U1:,: + 9(U1U1 + Usl2)V1, @5 = 3UQz + g(ulvl + U V) Us.

Then the proof is completed.

According to Propositions 1 and 2, transformation (2.4) and (2.15) transform the Lax
pairs (2.2) and (2.3) into another Lax pairs of the same type (2.6). Therefore both of the
Lax pairs lead to the same eq. (2.1) Then we call the transformation (uq,us,vy,vs,) —
(ty,Ug,v1,02,) a DT of eq. (2.1).We get the following assertion.

Theorem The solution (uy, us, vy, ve, ) of the Derivative manakov equation are mapped
into their new solutions (@, s, 1,0,) under the DT (2.4) and (2.15), where t;(i,j =
1,2,3,k =0, 1.) are given by the linear algebraic system (2.11).

3 The Soliton Solutions

In this section, we apply the DT of the Derivative manakov equation and give its soliton
solution.
Substituting u; = us = v; = v = 0 into the Lax pairs (2.2) and (2.3), then get three

basic solutions

e 2
62)\]1’ 2)\_7.t 0 0
_ _ —Ajz+ATt _
SD(AJ) - 0 ) w()‘J) - e T ) X()\j) - 0 (31)
0 0 7)\j:c+)\2
with N
1 sT—X\ .
(1) _ 2 e g eanZe Y
Q= o233t € / )
(62) )\j:c—/\,zt (2) (32)
(2) ;e T =33t
o = L—>5—=c¢ J J
J e2/\J:46—2/\jt ’
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where

’Y;l) = 65;1)77;2) = eﬁﬁz)aj =123

By the linear algebraic system (2.11), using Cramer Rule to solve to get

£ Arp 0 A W An

12 A] ’ 13 A] 9 11 A] )

1) Do 1) A 1) _ Ao

t21 - ’ 22 ’ 23 — ’ (33>
Ao As As

e Agy 1) Aso 1) Ass

5T A, 2 = A 8 = A

where

Ay = K\ e 3(A2+As)z+3(A3+A3)t + Kydge™ 3(A1+A3)z+3(AT+A3)t + Kshse 3(A1+,\2)I+3(A2+/\2)

0 _ 2 2 2 2 2
A = —t( )[K e 3(Az+A3)z+3(A; +23) by Kye —3(A1H+Xa)z+H3(ATHAE Kse —3(A14A2)z+3(A2+A2)¢ ]7
(0) —3A1 24323t —3Xax+32%¢t —3A3z+3\2
Arg = —t]y [ye” PHTTINT g 3Rm IR 4SRN,
0 _ 2 _ 2 _ 2
Az = —t( )[ 3\ z+3M3t oge 3Xaz+3A3t ose 3>\39:+3)\3t]

A2 — )\1/\2/\3[K e —3(A2+A3)z+3(A3+A3)t + K e—3(>\1+>\3)x+3(>\2+>\ )t + K 673(>\1+)\2)I+3(>\2+>\ )t]’

Agy = e 3O A)THOTNED R Ny et - Fpdidge™ + Ky dae ]

Agy = —t(g) [7716*3(A2+A3)r+3(A§+A§)t + e~ 3(A1+As)z+3(AT+A3)t + n3673(>\1+)\2)x+3()\f+)\§)t]’

Agy = 7t(2(;) [516—3()\2+/\3)w+3()\§+kg)t + 526—3(>\1+/\3)w+3()\f+/\§)t + 536—3(>\1+>\2)w+3()\f+/\§)t]7
: () (2) 2

A31 = —t(o) 73()\1+)\2+)\3)m+3()€+>\§+)\§)t[Kl/\2>\3€ﬁ12 + K2/\1>\3€522 + K3/\1>\2€632 ],

Asy = 7t(0)[p e 3(N2F+A3)z+3(A3+A5) +p26—3(A1+,\3)x+3(,\§+A§)t +pge—s(xl+A2)ac+3(A§+A§)t]7

Asy = —té%) [T1€73()\2+)\3)z+3()\§+/\§)t + T2673()\1+)\3)z+3()\f+/\§)t + T3673()\1+)\2)1+3()\f+)\§)t]7

K, = A8 AP pe SO | e g e | s
)
(2)

(2) (2)
1= = A3)e” v = (A3 —A)e T, = (A= Ag)es

(1) (1) (1)
_()\3—)\2)ﬁl7 02:0\1—)\3)527 ‘_()\2—)\)653
5(1)+B(2) (1)+6(2> . ﬁ(1)+ﬁ(2) (1) (2)
m = /\1(/\36 2 )\26 3 ) )\2(/\16 3 )\ et ),
(1) (2) (1) (2) (1) (2) (1) (2)
N3 = /\3 )\26 R R )\ e 2 0 ), )\1()\26 PR )\3663 5 ),

(
W CIPONS e <1>+[3<2>)7 = Ma(he W4 e ;nwm)_
M 50 MW g1 (1) 5
=M(A2 = Ag)e® s g = Ng(Ag — Ap)e®t s G = Ag(A — M)t TP
(

(2) (2)

(2) (2) (2) (2)
p1=A(As — Ag)e s , P2 = XA — Ag)e 5 ;o p3=A3(A2 — Aq)e”

Thus, we use Darboux transformation (2.15), from a trivial solution of eq. (2.1) to get
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a non-trivial solution of eq. (2.1)

anll] = 3t 3A A,
' t(ll) AVYANTIN
aall] = 3th) _ 3A1A4
? tgll) AsAqy ’
0),(1) _ ,(0),(1) B (3.4)
1 - - ’
tél)tél) tél)tgl) A1 (A2Az3 — Ag3Az0)
- 300D — t90)  380(A2Aa — A
’U2 = = .
té?télg) — t%)tglg) A1(A2Aszz — As3Aszr)

When parameters is suitable chosen, we can obtain the plots of @1 [1], us[1], D1[1], D2[1]
(see Figs. 1, 2, 3, 4).
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