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Abstract: In this paper, we investigate the structure identification of a given complex net-

work. By noticing the sparse structure of the network, we propose an `1-regularized output least

squares model. Simulations show that the whole algorithm is very efficient for larger networks with

or without noise.
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1 Introduction

There are a lot of complex networks in the real world, such as the power grids [1], the
World Wide Web [2], gene regulatory networks [3] in systems biology, just name a few. In
general, if dynamics and topological structure of a network are known, there are lots of
studies on its dynamical properties [4–8] and the control of the network [9–13]. However, in
many real applications, topological structure of a complex network is usually unknown and
one needs to reconstruct it from the observed data.

In this article, we will consider a dynamical network consisting of N nodes as follows:

ẋi(t) = fi(xi(t), t) +
N∑

j=1

cijxj(t), i = 1, 2, · · · , N, (1.1)

where each xi(t) = (xi1(t), xi2(t), · · · , xin(t))> is an n-dimensional state vector corresponding
to the i-th node, and fi : Rn×R+ 7→ Rn is dynamical system of the i-th node. The coupling
matrix C = (cij)N×N describes the connections between nodes. If there is a connection
between node j and node i (j 6= i), then let cij 6= 0; otherwise cij = 0. Its magnitude |cij |
represents the strength of the connection. The coupling matrix C is unknown and one needs
to derive it from the observed data.

There are many different techniques to reveal the topological structure of a given net-
work. For example, in [14–19], people use synchronization strategy to derive the structure
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of a given network, methods based on time series can be found in [20–24] and optimization
methods were given in [25, 26]. In addition, the perturbation method and the steady-state
control method were used in [27] and [28]. Very recently, methods based on compressive
sensing were applied to reconstruct networks of sparse structure [29–31].

If the evolution of nodes (i.e., {xi(t)}N
i=1) can be observed from experiments, to derive

the network’s structure (coupling matrix C) from evolution of the nodes is a typical param-
eter identification problem. Tikhonov regularization method was widely applied in inverse
problem community [32–34], and this method can be very efficient if the regularization term
is chosen properly. Since the real world networks often have sparse structures, we can make
the sparsity of coupling matrix C as the priori information. Stimulated by the priori sparsity
information, we use the sparsity-promoting `1-regularized technique in this work. In recent
years, sparse regularization method [35, 36] attracted a lot of attention in inverse problem
community. In cases of linear problems with `1 regularization, there are many efficient al-
gorithms, such as iterative soft shrinkage method [37], split Bregman iteration method [38],
alternative direction method of multiplier (ADMM) [39], iteratively reweighted least squares
(IRLS) method [40], semi-smooth Newton method [41, 47] and etc. In our case, estimation
of matrix C is a non-linear problem and our objective function includes two parts. The
first data fitting part is smooth but non-convex and the second `1 regularization term is
non-smooth but convex. To overcome the non-smoothness arising from `1 regularization
term, we will apply IRLS method [42] to change the original problem into a series of smooth
optimization subproblems. Then Newton method was applied to solve subproblems with a
warm start technique [48].

The rest of this paper is organized as follows. In Section 2, we introduce the mathe-
matical formula of the `1-regularized problem. The detailed algorithm is also given in this
section. Several numerical examples are given in Section 3 to show the efficiency of the
method.

2 Optimization Method of Structure Identification

2.1 `1-Regularization and IRLS Method

Recall the nodal dynamics satisfying equation (1.1). For simplicity, we rewrite the
dynamical network (1.1) in a compact form as in [26]. Let

X = (x11, x12, · · · , x1n, · · · , xN1, xN2, · · · , xNn)> ∈ RNn

and
F = (f11, f12, · · · , f1n, · · · , fN1, fN2, · · · , fNn)> ∈ RNn,

then network model can be rewritten as follows:

Ẋ = F (X) + C ⊗ In×n ·X, (2.1)

where ⊗ is a Kronecker product. Our aim is to estimate the coupling matrix C from the
information of state vector X(t).
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Equipped with an initial data X0, we can get the state vector X(t) by equation (2.1).
Let the observation data be Xu(t). To deduce C from X(t) is a typical inverse problem and
the regularization technique is usually needed. Define a map M : RN×N 7→ L2(R+, RNn) as
M : C 7→ X(t). The identification of C can be formulated as an output least squares form:

min
C∈B

J0(C) =
1
2

∫ T

0

‖M(C)−Xu‖2dt, (2.2)

where ‖.‖ is the Euclidean norm and B is the set of all possible coupling matrixes,

B =
{

C ∈ RN×N
∣∣∣

N∑
j=1

cij = 0, i = 1, 2, · · · , N
}

. (2.3)

In order to identify different kinds of coupling matrixes, choosing a proper regularization
term is very important and it plays a crucial role for the successful identification. In this
work, we focus on the sparse networks. Compared `1-regularized term with `2-regularized
term, in terms of promoting the sparsity of solution, `1-regularized technique should be better
than `2-regularized technique [43]. Inspired by this information, we apply the `1-regularized
technique as follows:

min
C∈B

Jα(C) =
1
2

∫ T

0

‖M(C)−Xu‖2dt + α

N∑
i,j=1

|cij |. (2.4)

Unlike the standard Tikhonov `2-regularization, Jα(C) is a non-smooth function and
this causes a lot of difficulties to find the optimal solution. It is observed that the objective

function Jα(C) includes two parts: the first term
1
2

∫ T

0
‖M(C) − Xu‖2dt is smooth but

non-convex and the second term α
N∑

i,j=1

|cij | is convex but non-smooth. To overcome the

non-smoothness of the second term, we will apply IRLS algorithm. Firstly, the non-smooth
term is approximated by

|cij| =
c2
ij

|cij| ≈
c2
ij√|cij|2 + ε2

. (2.5)

Then we apply a fixed point iteration to solve a series of subproblems as follows:

min
C∈B

Jk
α(C) = J0(C) + α

N∑
i,j=1

c2
ij√

|ck−1
ij |2 + ε2

k

, (2.6)

where ck−1
ij is the solution from the (k − 1)th iteration, and εk is the cutting weight factor.

To solve subproblem (2.6), one needs to find its first order optimality system. By
applying the similar derivation as in [26], we can easily get the first order necessary optimality
(KKT) system of problem (2.6) as follows:
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Theorem 2.1 The first-order optimality system (KKT condition) of problem (2.6)




primal equation Ẋ = F (X) + C ⊗ In×n ·X, X(0) = X0,

adjoint equation −Ṗ = (diag(∇f1, · · · ,∇fN ) + C> ⊗ In×n)P − (X −Xu), P (T ) = 0,

optimality condition α
c2

ij

Dij
−

∫ T

0

pi · xjdt + λi = 0, i, j = 1, 2, · · · , N,

admissible condition
N∑

j=1

cij = 0, i = 1, 2, · · · , N,

(2.7)

where Dij is
√
|ck−1

ij |2 + ε2
k.

Because optimality condition and admissible condition are not ordinary differential
equations, we couldn’t solve the KKT system above using ordinary differential solver di-
rectly. Here, we discretize the primal equation and the adjoint equation firstly. Then we
solve the KKT system from the perspective of nonlinear equations. We will apply the Newton
iteration method, since it has the locally quadratical convergence property.

For simplicity, we discretize optimality condition and adjoint equation by forward Euler
scheme. Let h be the time step, T be the total time and M = T

h
. With the time grids ti = ih

(i = 0, 1, 2, · · · ,M), the discrete KKT system reads as follows (m = 0, 1, 2, · · · ,M − 1):





Xm+1 −Xm − h(F (Xm) + C ⊗ In×n ·Xm) = 0, X0 = X0,

P m − P m+1 − h((diag(∇f1(xm
1 ), · · · ,∇fN (xm

N )) + C> ⊗ In×n)P m

−(Xm −Xm
u )) = 0, P M = 0,

α
c2

ij

Dij
−

M−1∑
m=0

pm
i · xm

j h + λi = 0, i, j = 1, 2, · · · , N,
∑N

j=1 cij = 0, i = 1, 2, · · · , N.

(2.8)

Since the coupling matrix C is a sparse matrix, only a little information from X(t) is
needed to recover C, i.e., M is not necessary to be large. On the other hand, in order to
apply Newton method, a good initial guess is needed. We have a nature choice for the initial
guess, i.e., the solution of the (k − 1)th subproblem is a fairly good initial guess for the kth

subproblem.

2.2 The Optimization Algorithm

In this subsection, we give a complete algorithm to estimate the coupling matrix. The
details of the algorithm can be found in Algorithm 1.

Since the regularization parameter α is important for the estimation, we choose a con-
tinuation technique for regularization parameter, and a discrepancy principle is applied to
choose a proper α. Then an iteratively reweighted least squares method is proposed to solve
(2.4) with a given parameter α.
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Algorithm 1 Iteratively Reweighted Least Squares Algorithm
1: Give the initial regularization parameter α0, decreasing factor ρ ∈ (0, 1), a number

series {εk}, maximum iteration number R and the discrepancy tolerance τ > δ,
where δ is the noise level. Give the iteration’s initial guess (X(α0), P (α0), C(α0), λ(α0)).
In order to describe the algorithm below clearly, let (Xold, Pold, Cold, λold) =
(X(α0), P (α0), C(α0), λ(α0)).

2: for k = 1, 2, · · · do
3: Let αk = ρk−1α0.
4: for r = 1, 2, · · · , R do
5: Apply Newton method to solve the nonlinear equations (2.8) with initial guess

(Xold, Pold, Cold, λold). Then, we can get the nonlinear equations’ solution
(Xr, Pr, Cr, λr). In order to perform the next iteration of Newton mathod, let
(Xold, Pold, Cold, λold) = (Xr, Pr, Cr, λr).

6: Let (Dold)ij =
√
|(Cold)ij |2 + ε2

k.
7: end for
8: Check stop condition ‖Xold −Xu‖ ≤ τ .
9: end for
10: Output the solution Cold.

The choices of α0 and εk are not sensitive. We can choose any α0 = O(1) and εk = O(1).
Since Newton method has a locally quadratic convergence, it is very efficient when a good
initial guess is equipped. The inner loop in line 5 just requires a few Newton steps (typically
two or three). In general, larger ρ and larger R can obtain more accurate and stable solutions.
But, this will cost more CPU time. The IRLS algorithm is a fixed point type algorithm and
has slow convergence, but we don’t need to find the very accurate solution for αk-subproblem.
A few IRLS steps will give a fairly good initial guess to the next αk+1-subproblem. In the
numerical test, we choose ρ = 0.7 and R = 5.

In each IRLS step, we need to solve the discrete non-linear equations (2.8). If we choose
a small time step h, i.e., more observed information, one needs to solve a non-linear system
of large size. Newton method will cost much due to a large number of the unknown variables.
However, because of the sparse structure of the coupling matrix C, the degree of freedom
of coupling matrix C is not large, then a few observed information can produce a good
estimation effect. The choice of M depends on the degree of freedom of the sparse coupling
matrix which we will inverse.

3 Numerical Experiments

In this section we present several numerical examples. Assume the nodal dynamics to
be Lorenz system [44] which is described by fi(xi) = [−axi1+axi2; cxi1−xi2−xi1xi3;−bxi3+
xi1xi2] with parameters a = 10, b = 8/3, c = 28 and i = 1, 2, · · · , N . During the numerical
experiments, let T = 0.1 and M = 10.

Example 1 In this experiment we estimate a small-world symmetric network [45] with
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30 nodes. Figure 2 displays the network’s topological structure with weighted connections
and Figure 1 displays the colormap corresponding to the coupling matrix whose true structure
is C†. Firstly, let the observed data be free of noise. Figure 3 shows the estimated structure
C and Figure 4 shows error of C and C†. Then, add 1% noise. The estimated coupling
matrix and the error one are displayed in Figure 5 and Figure 6. The reconstruction is quite
good.

Figure 1: The coupling
matrix C†

Figure 2: A 30-nodes
small-world network

Figure 3: The estimated
coupling matrix C without

noise

Example 2 In the second example we consider a BA scale-free symmetric network
[46] with 30 nodes. Figure 8 and Figure 7 respectively show its topological connections with
different weights and the colormap of the corresponding matrix whose true structure is C†.
Figure 9 and Figure 10 show the noise free case. Figure 11 and Figure 12 show the noisy
case.

Figure 4: Error C − C† Figure 5: The estimated
coupling matrix C with 1%

noise

Figure 6: Error C − C†

Example 3 The last example is a 80-nodes small-world network. In coupling matrix
C†, if there is a connection from node i to node j(i 6= j), then let C†

ij = 1; otherwise C†
ij = 0.

The topological structure and the coupling matrix with the true structure C† are showed in
Figure 13 and Figure 14. The noise free case is shown in Figure 15 and Figure 16.

4 Conclusions
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Figure 7: The coupling
matrix C†

Figure 8: A 30-nodes BA
network

Figure 9: The estimated
coupling matrix C without

noise

Figure 10: Error C − C† Figure 11: The estimated
coupling matrix C with 1%

noise

Figure 12: Error C − C†

Figure 13: A 80-nodes small-world network
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Figure 14: The coupling
matrix C†

Figure 15: The estimated
coupling matrix C without

noise

Figure 16: Error C − C†

In this paper we propose a sparsity-promoting `1-regularized output least squares method
to identify the large-scale sparse complex networks. The optimization problem is solved by
the iteratively reweighted least squares (IRLS) method. The Newton algorithm with contin-
uation strategy is given to solve each subproblem of the inner loop of IRLS. For the sparsity
of coupling matrix, a satisfactory estimation can be obtained by only a few observed data.
Several numerical examples are presented to verify the efficiency of the method.
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稀疏复杂网络的识别

柯婷婷

(武汉大学数学与统计学院,湖北武汉 430072)

摘要: 本文研究了一种给定的复杂网络结构识别问题. 利用网络结构的稀疏性质, 提出了一个带

有`1正则化的最小二乘模型. 数值仿真表明该算法对带噪声或不带噪声的较大型网络结构的识别是非常有效

的.
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