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Abstract: In this paper, we investigate the structure identification of a given complex net-
work. By noticing the sparse structure of the network, we propose an ¢'-regularized output least
squares model. Simulations show that the whole algorithm is very efficient for larger networks with
or without noise.
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1 Introduction

There are a lot of complex networks in the real world, such as the power grids [1], the
World Wide Web [2], gene regulatory networks [3] in systems biology, just name a few. In
general, if dynamics and topological structure of a network are known, there are lots of
studies on its dynamical properties [4-8] and the control of the network [9-13]. However, in
many real applications, topological structure of a complex network is usually unknown and
one needs to reconstruct it from the observed data.

In this article, we will consider a dynamical network consisting of N nodes as follows:

N
Xz(t) :fl(Xz(t),t)—i-ZC”Xj(t), i=1,2---,N, (11)

j=1
where each x;(t) = (x;1(t), zia(t), -+ ,in(t)) T is an n-dimensional state vector corresponding

to the i-th node, and f; : R™ x R* +— R" is dynamical system of the i-th node. The coupling
matrix C = (¢;;)nxn describes the connections between nodes. If there is a connection
between node j and node ¢ (j # i), then let ¢;; # 0; otherwise ¢;; = 0. Its magnitude |c;;|
represents the strength of the connection. The coupling matrix C' is unknown and one needs
to derive it from the observed data.

There are many different techniques to reveal the topological structure of a given net-

work. For example, in [14-19], people use synchronization strategy to derive the structure
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of a given network, methods based on time series can be found in [20-24] and optimization
methods were given in [25, 26]. In addition, the perturbation method and the steady-state
control method were used in [27] and [28]. Very recently, methods based on compressive
sensing were applied to reconstruct networks of sparse structure [29-31].

If the evolution of nodes (i.e., {x;(t)}¥ ;) can be observed from experiments, to derive
the network’s structure (coupling matrix C') from evolution of the nodes is a typical param-
eter identification problem. Tikhonov regularization method was widely applied in inverse
problem community [32-34], and this method can be very efficient if the regularization term
is chosen properly. Since the real world networks often have sparse structures, we can make
the sparsity of coupling matrix C' as the priori information. Stimulated by the priori sparsity
information, we use the sparsity-promoting ¢!-regularized technique in this work. In recent
years, sparse regularization method [35, 36] attracted a lot of attention in inverse problem
community. In cases of linear problems with ¢! regularization, there are many efficient al-
gorithms, such as iterative soft shrinkage method [37], split Bregman iteration method [38],
alternative direction method of multiplier (ADMM) [39], iteratively reweighted least squares
(IRLS) method [40], semi-smooth Newton method [41, 47] and etc. In our case, estimation
of matrix C is a non-linear problem and our objective function includes two parts. The
first data fitting part is smooth but non-convex and the second ¢! regularization term is
non-smooth but convex. To overcome the non-smoothness arising from ¢! regularization
term, we will apply IRLS method [42] to change the original problem into a series of smooth
optimization subproblems. Then Newton method was applied to solve subproblems with a
warm start technique [48].

The rest of this paper is organized as follows. In Section 2, we introduce the mathe-
matical formula of the ¢!-regularized problem. The detailed algorithm is also given in this
section. Several numerical examples are given in Section 3 to show the efficiency of the
method.

2 Optimization Method of Structure Identification
2.1 (*-Regularization and IRLS Method

Recall the nodal dynamics satisfying equation (1.1). For simplicity, we rewrite the

dynamical network (1.1) in a compact form as in [26]. Let
X - (.’fll,flflg, tt 7x1n7 tet 7xN17xN27 tet 7xNTL)T S RN”

and
F=(fur, fros s fins o vt fvos oo s fvn) T € RV,

then network model can be rewritten as follows:
X=FX)+C®ILixn-X, (2.1)

where ® is a Kronecker product. Our aim is to estimate the coupling matrix C' from the

information of state vector X (t).
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Equipped with an initial data X,, we can get the state vector X (t) by equation (2.1).
Let the observation data be X, (¢). To deduce C from X (%) is a typical inverse problem and
the regularization technique is usually needed. Define a map M : RN*N s L*(R*, RN") as

M : C+— X(t). The identification of C' can be formulated as an output least squares form:

. e )
min 7€) = 5 [ 104(0) - X.JPar (2.2)
where ||.|| is the Euclidean norm and B is the set of all possible coupling matrixes,
N
B:{CGRNXN)ZQ']’:O)i:1727"'aN}' (23)
j=1

In order to identify different kinds of coupling matrixes, choosing a proper regularization
term is very important and it plays a crucial role for the successful identification. In this
work, we focus on the sparse networks. Compared ¢!-regularized term with ¢?-regularized
term, in terms of promoting the sparsity of solution, £*-regularized technique should be better
than ¢?-regularized technique [43]. Inspired by this information, we apply the ¢!-regularized
technique as follows:

. e , a
ain 1,(0) = 5 [ 1M(©) = x| oy e (2.4)
Z,J:

Unlike the standard Tikhonov ¢?-regularization, J,(C) is a non-smooth function and

this causes a lot of difficulties to find the optimal solution. It is observed that the objective

1
function J,(C) includes two parts: the first term 3 fOT |M(C) — X,||*dt is smooth but
N
non-convex and the second term a ) |¢;;| is convex but non-smooth. To overcome the
ij=1
non-smoothness of the second term, we will apply IRLS algorithm. Firstly, the non-smooth

term is approximated by

2. 2.
‘Cij‘ = x ) . (25)

el Ve + €

Then we apply a fixed point iteration to solve a series of subproblems as follows:

min J*(C) = +az

ceB /
i,j=1 |2+€k

is the solution from the (k — 1) iteration, and ¢, is the cutting weight factor.

(2.6)

k-1
where ¢;;

To solve subproblem (2.6), one needs to find its first order optimality system. By
applying the similar derivation as in [26], we can easily get the first order necessary optimality
(KKT) system of problem (2.6) as follows:
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Theorem 2.1 The first-order optimality system (KKT condition) of problem (2.6)
primal equation X = F(X)+C® I, X, X(0) =X,
adjoint equation —P = (diag(Vfy,--- ,Viy) + CT @ Lixn)P — (X — X,)), P(T) =0,

cs .

T
DJ_/ pz'X]dt—FAz:O’ i;j:1’27"'7N7
0

optimality condition «

N
admissible condition )
=1

Cij :0, Z:1,2, ,N,
(2.7)

where Dyj is y/|cf | + €7

Because optimality condition and admissible condition are not ordinary differential
equations, we couldn’t solve the KKT system above using ordinary differential solver di-
rectly. Here, we discretize the primal equation and the adjoint equation firstly. Then we
solve the KKT system from the perspective of nonlinear equations. We will apply the Newton
iteration method, since it has the locally quadratical convergence property.

For simplicity, we discretize optimality condition and adjoint equation by forward Euler
scheme. Let h be the time step, T be the total time and M = % With the time grids t; = ih
(i=0,1,2,--- , M), the discrete KKT system reads as follows (m =0,1,2,--- ;M — 1):

XmHtl — XM — h(F(X™) 4+ C @ Ixn - X™) =0, X=X,

P — Pt — p((diag(VE (277), -, VEN(27) + CT @ Lysn) P™

_ m o__ m\) M __
(X MXu ) =0, P¥=0, (2.8)
2 =!

apy = L PP xhtA=0,65=12 N,
=

\ Zj‘vz1cij:0, 1=1,2,---,N.

Since the coupling matrix C' is a sparse matrix, only a little information from X (¢) is
needed to recover C', i.e., M is not necessary to be large. On the other hand, in order to
apply Newton method, a good initial guess is needed. We have a nature choice for the initial
guess, i.e., the solution of the (k — 1)** subproblem is a fairly good initial guess for the k"

subproblem.
2.2 The Optimization Algorithm

In this subsection, we give a complete algorithm to estimate the coupling matrix. The
details of the algorithm can be found in Algorithm 1.

Since the regularization parameter « is important for the estimation, we choose a con-
tinuation technique for regularization parameter, and a discrepancy principle is applied to
choose a proper a. Then an iteratively reweighted least squares method is proposed to solve

(2.4) with a given parameter .
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Algorithm 1 Iteratively Reweighted Least Squares Algorithm

1: Give the initial regularization parameter oy, decreasing factor p € (0,1), a number
series {€x}, maximum iteration number R and the discrepancy tolerance 7 > 4,

where 0 is the noise level. Give the iteration’s initial guess (X («ag), P(av), C(ag), AMa))-
In order to describe the algorithm below clearly, let (Xoia, Poas Cotds Aotd) =
(X(aw), P(ao), Clan), Aao))-

for k=1,2,--- do

Let oy, = pFtay.

forr=1,2,---, Rdo

Apply Newton method to solve the nonlinear equations (2.8) with initial guess

(Xotd, Potd, Cotd, Aora)- Then, we can get the nonlinear equations’ solution
(X, P-,C,, \.). In order to perform the next iteration of Newton mathod, let
(Xold7 Pold7 Cold7 )\old) = (X’I“7 P’I“? C’I“? >\r)

6: Let (Doia)ij = \/|(Cota)ij|* + €1

7: end for

8: Check stop condition || X g — X < 7.
9: end for

10: Output the solution C,4.

The choices of a and ¢, are not sensitive. We can choose any oy = O(1) and ¢, = O(1).
Since Newton method has a locally quadratic convergence, it is very efficient when a good
initial guess is equipped. The inner loop in line 5 just requires a few Newton steps (typically
two or three). In general, larger p and larger R can obtain more accurate and stable solutions.
But, this will cost more CPU time. The IRLS algorithm is a fixed point type algorithm and
has slow convergence, but we don’t need to find the very accurate solution for ag-subproblem.
A few IRLS steps will give a fairly good initial guess to the next cyyi-subproblem. In the
numerical test, we choose p = 0.7 and R = 5.

In each IRLS step, we need to solve the discrete non-linear equations (2.8). If we choose
a small time step h, i.e., more observed information, one needs to solve a non-linear system
of large size. Newton method will cost much due to a large number of the unknown variables.
However, because of the sparse structure of the coupling matrix C, the degree of freedom
of coupling matrix C' is not large, then a few observed information can produce a good
estimation effect. The choice of M depends on the degree of freedom of the sparse coupling

matrix which we will inverse.
3 Numerical Experiments

In this section we present several numerical examples. Assume the nodal dynamics to
be Lorenz system [44] which is described by f;(z;) = [—axi1 +axie; cxin — Tio — 2412435 —bxiz+
Z41%42] with parameters a = 10,0 = 8/3,¢ = 28 and i = 1,2,--- , N. During the numerical
experiments, let "= 0.1 and M = 10.

Example 1 In this experiment we estimate a small-world symmetric network [45] with
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30 nodes. Figure 2 displays the network’s topological structure with weighted connections
and Figure 1 displays the colormap corresponding to the coupling matrix whose true structure
is C'T. Firstly, let the observed data be free of noise. Figure 3 shows the estimated structure
C and Figure 4 shows error of C' and Ct. Then, add 1% noise. The estimated coupling
matrix and the error one are displayed in Figure 5 and Figure 6. The reconstruction is quite

good.

Figure 1: The coupling Figure 2: A 30-nodes Figure 3: The estimated
matrix C' small-world network coupling matrix C without
noise

Example 2 In the second example we consider a BA scale-free symmetric network
[46] with 30 nodes. Figure 8 and Figure 7 respectively show its topological connections with
different weights and the colormap of the corresponding matrix whose true structure is C.
Figure 9 and Figure 10 show the noise free case. Figure 11 and Figure 12 show the noisy

case.
. 0.06 L |
0.04]
0.03] : 0| el L-‘ - n
0.02 L l ™
1 [] [ ] . 0.02 B .ﬂ -
o | | | L
0| 10 m
- - .
=0.01
-0.02 n Em
=0.02| -15
-0.03 <004 - =
-20 -
Figure 4: Error C' — Cf Figure 5: The estimated Figure 6: Error C' — Cf

coupling matrix C' with 1%

noise

Example 3 The last example is a 80-nodes small-world network. In coupling matrix
CT, if there is a connection from node i to node j(i # j), then let C’;rj = 1; otherwise C’;rj =0.
The topological structure and the coupling matrix with the true structure C' are showed in

Figure 13 and Figure 14. The noise free case is shown in Figure 15 and Figure 16.

4 Conclusions
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Figure 7: The coupling Figure 8: A 30-nodes BA Figure 9: The estimated
matrix C' network coupling matrix C without
noise

Figure 10: Error C' — Cf Figure 11: The estimated Figure 12: Error C' — Cf
coupling matrix C' with 1%

noise

Figure 13: A 80-nodes small-world network
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Figure 14: The coupling Figure 15: The estimated Figure 16: Error C — CT
matrix C' coupling matrix C without
noise

In this paper we propose a sparsity-promoting /!-regularized output least squares method

to identify the large-scale sparse complex networks. The optimization problem is solved by

the iteratively reweighted least squares (IRLS) method. The Newton algorithm with contin-

uation strategy is given to solve each subproblem of the inner loop of IRLS. For the sparsity

of coupling matrix, a satisfactory estimation can be obtained by only a few observed data.

Several numerical examples are presented to verify the efficiency of the method.

1]
2]

References

Mei S W, Cao M, Zhang X M. Power grid complexity[M]. Springer, 2011.

Berners-Lee T. The world-wide web[J]. Computer Networks and ISDN Systems, 1992, 25(4): 454—
459.

Davidson E, Levin M. Gene regulatory networks[J]. Proceedings of the National Academy of Sciences
of the United States of America, 2005, 102(14): 4935-4935.

Brown K S, Hill C C, Calero G A, Myers C R, Lee K H, Sethna J P, Cerione R A. The statistical
mechanics of complex signaling networks: nerve growth factor signaling[J]. Physical Biology, 2004,
1(3): 184.

Barabdsi A L, Albert R. Emergence of scaling in random networks[J]. Science, 1999, 286(5439):
509-512.

Newman M E J. The structure and function of complex networks[J]. SIAM Review, 2003, 45(2):
167-256.

Boccaletti S, Latora V, Moreno Y, Chavez M, Hwang D U. Complex networks: Structure and
dynamics[J]. Physics Reports, 2006, 424(4): 175-308.
Strogatz S H. Exploring complex networks[J]. Nature, 2001, 410(6825): 268-276.

Motter A E. Cascade control and defense in complex networks[J]. Physical Review Letters, 2004,
93(9): 09870L.

Wang X F, Chen G R. Pinning control of scale-free dynamical networks[J]. Physica A: Statistical
Mechanics and its Applications, 2002, 310(3): 521-531.

Liu Y'Y, Slotine J J, Barabdsi A L. Controllability of complex networks[J]. Nature, 2011, 473(7346):
167-173.



No.

4 Structure identification of a sparse complex network 771

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

20]

(21]

22]

Narendra K S, Parthasarathy K. Identification and control of dynamical systems using neural net-
works[J]. IEEE Transactions on Neural Networks, 1990, 1(1): 4-27.

Holme P, Kim B J, Yoon C N, Han S K. Attack vulnerability of complex networks[J]. Physical
Review E, 2002, 65(5): 056109.

Yu D, Righero M, Kocarev L. Estimating topology of networks[J]. Physical Review Letters, 2006,
97(18): 188701.

Zhou J, Lu J A, Lu J H. Adaptive synchronization of an uncertain complex dynamical network[J].
IEEE Transactions on Automatic Control, 2005, 51(4): 652-656.

Zhou J, Lu J A. Topology identification of weighted complex dynamical networks[J]. Physica A:
Statistical Mechanics and Its Applications, 2007, 386(1): 481-491.

Wu X Q. Synchronization-based topology identification of weighted general complex dynamical
networks with time-varying coupling delay[J]. Physica A: Statistical Mechanics and its Applications,
2008, 387(4): 997-1008.

Chen L, Lu J A, Tse C K. Synchronization: an obstacle to identification of network topology[J].
IEEE Transactions on Circuits and Systems II: Express Briefs, 2009, 56(4): 310-314.

Zhao J, Li Q, Lu J A, Jiang Z P. Topology identification of complex dynamical networks[J]. Chaos:
An Interdisciplinary Journal of Nonlinear Science, 2010, 20(2): 023119.

Wu X Q, Zhou C S, Chen G R, Lu J A. Detecting the topologies of complex networks with stochastic
perturbations[J]. Chaos: An Interdisciplinary Journal of Nonlinear Science, 2011, 21(4): 043129.
Vilela M, Vinga S, Maia M A G M, Voit E O, Almeida J S. Identification of neutral biochemical
network models from time series data[J]. BMC Systems Biology, 2009, 3(1): 47.

Hempel S, Koseska A, Kurths J, Nikoloski Z. Inner composition alignment for inferring directed
networks from short time series[J]. Physical Review Letters, 2011, 107(5): 054101.

Yu W W, Chen G R, Cao J D, Lu J H, Parlitz U. Parameter identification of dynamical systems
from time series[J]. Physical Review E, 2007, 75(6): 067201.

Yu D C, Liu F. Dynamical parameter identification from a scalar time series[J]. Chaos: An Inter-
disciplinary Journal of Nonlinear Science, 2008, 18(4): 043108.

Tang S X, Chen L, He Y G. Optimization-based topology identification of complex networks|J].
Chinese Physics B, 2011, 20(11): 110502.

He T, Lu X L, Wu X Q, Lu J A, Zheng W X. Optimization-based structure identification of
dynamical networks[J]. Physica A: Statistical Mechanics and its Applications, 2013, 392(4): 1038-
1049.

Timme M. Revealing network connectivity from response dynamics[J]. Physical Review Letters,
2007, 98(22): 224101.

Yu D, Parlitz U. Driving a network to steady states reveals its cooperative architecture[J]. EPL
(Europhysics Letters), 2008, 81(4): 48007.

Materassi D, Innocenti G, Giarre L, Salapaka M. Model identification of a network as compressing
sensing[J]. Systems Control Letters, 2013, 62(8): 664-672.

Meng J, Li H S, Han Z. Sparse event detection in wireless sensor networks using compressive
sensing[C]. 43rd Annual Conference on Information Sciences and Systems, 2009: 181-185.

Wang W X, Yang R, Lai Y C, Kovanis V, Harrison M A F. Time-series-based prediction of complex
oscillator networks via compressive sensing[J]. EPL, 2011, 94(4): 48006.

Honerkamp J, Weese J. Tikhonovs regularization method for ill-posed problems[J]. Continuum Me-
chanics and Thermodynamics, 1990, 2(1): 17-30.



772 Journal of Mathematics Vol. 35

[33] Tikhonov A. Solution of incorrectly formulated problems and the regularization method[C]. Soviet-
Math 1963, Dokl, 5: 1035-1038.

[34] Golub G H, Hansen P C, O’Leary D P. Tikhonov regularization and total least squares[J]. SIAM
Journal on Matrix Analysis and Applications, 1999, 21(1): 185-194.

[35] Grasmair M, Haltmeier M, Scherzer O. Sparse regularization with 1q penalty term[J]. Inverse Prob-
lems, 2008, 24(5): 055020.

[36] Zhang T. Analysis of multi-stage convex relaxation for sparse regularization[J]. The Journal of
Machine Learning Research, 2010, 11: 1081-1107.

[37] Beck A, Teboulle M. A fast iterative shrinkage-thresholding algorithm for linear inverse problems|[J].
SIAM Journal on Imaging Sciences, 2009, 2(1): 183-202.

[38] Goldstein T, Osher S. The split Bregman method for L1-regularized problems[J]. STAM Journal on
Imaging Sciences, 2009, 2(2): 323-343.

[39] Boyd S, Parikh N, Chu E, Peleato B, Eckstein J. Distributed optimization and statistical learning
via the alternating direction method of multipliers[J]. Foundations and Trends in Machine Learning,
2011, 3(1): 1-122.

[40] Daubechies I, DeVore R, Fornasier M, Gunturk C S. Iteratively reweighted least squares minimiza-
tion for sparse recovery[J]. Communications on Pure and Applied Mathematics, 2010, 63(1): 1-38.

[41] Hintermuller M, Ito K, Kunisch K. The primal-dual active set strategy as a semismooth Newton
method[J]. STAM Journal on Optimization, 2002, 13(3): 865-888.

[42] Sun Z Y, Jiao Y L, Jin B T, Lu X L. Numerical identification of a sparse Robin coefficient[J].
Advances in Computational Mathematics, 2014: 1-18.

[43] Elad M. Sparse and redundant representations: from theory to applications in signal and image
processing[M]. Springer, 2010.

[44] Grigorenko I, Grigorenko E. Chaotic dynamics of the fractional Lorenz system[J]. Physical Review
Letters, 2003, 91(3): 034101.

[45] Watts D J, Strogatz S H. Collective dynamics of small-world networks[J]. Nature, 1998, 393(6684):
440-442.

[46] Wang X F, Chen G R. Complex networks: small-world, scale-free and beyond[J]. Circuits and
Systems Magazine, IEEE, 2003, 3(1): 6-20.

[47] Fan Q B, Jiao Y L, Lu X L. A primal dual active set algorithm with continuation for compressed
sensing[J]. Signal processing, IEEE Transection, 2013: 1-9

[48] Jiao Y L, Jin B T, Lu X L. A primal dual active set with continuation algorithm for the £°-regularized

optimization problem [J]. Appl. Comput. Harmonic Analysis, 2014: 1-18.

I E 2 M4 R IR A

g 4
(RBURZER 550020, 19k X 430072)

FE: ARSCWETT T — Fhas 58 (K52 2% W0 2% 5 A R 1) . ) P O 2% 5 M) O M P D, 2 it T — A

0 TENIPC IR /N — e B 07 3R WIAZ S ol e 75 AN A R R TS 2R o 2% 8 ) PO U R A A L

KR B, SRR CIENILE; InBUEARE /N 3, ARy vk
MR(2010)F f 4> £ S: 93C15 hE 4SS 0193; 0224; 0231.5; 0241.81



