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Abstract: The Szego kernel of the unbounded domain D, which was built on an arbitrary
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1 Introduction

Let ¢(z) be a non-negative function on C%, and
Dy = {(20,2) € C x C* : Imzy > ¢(2)} . (1.1)

The Hardy space H%(D,) is defined by

H*(Dy) := {f € H(D,) : su%)// |f(z,t + V=1¢(2) + vV—15)|2dtdm(z) < +oo} ,
s>0 JR JC4
where H(D,) denotes all holomorphic functions on the domain D, and dm(z) is the
Lebesgue measure on C?. The closed subspace H?(0D,) of L*(0Dy) consisting of bound-
ary values of holomorphic functions f € H?(D,). The Szegd projection is the orthogonal
projection
S : L*(dD,) — H*(0OD,),

and the Szego kernel S(z,t;u, s) is the distribution kernel on 0Dy x 9D, give by

Sf(z,t) = /aD S(z,t;u, s) f(u, s)dm(u)ds, (1.2)
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where the boundary D, of Dy be identified with C? x R, the coordinates are (z,t).

Let dy,ds, -+ ,d, be positive integers, si, 82, - , S, be positive real numbers, ¢(z) =
n d;
|2 % with z; = (2i1, 2igy ++ » 2ia,) € C%, where ||z]]? := z |z;j|%. In [1], Francsics and
i=1 j=1

Hanges obtained the Szegd kernel of the unbounded domain D,. For special ¢(z), the Szegd
kernel of Dy, see also the references of [1].
Let €; be irreducible bounded symmetric domains (Cartan domains) in C% in its Harish-

Chandra realization, s; be positive real numbers, 1 < ¢ < n. The following we assume that

Dy = {(zo,z) €CxC%: Imz > w(z)}, (1.3)

n
2= (21,22, 5 2) €ECT X C% x - x C¥, d =Y d; and ||z]| are
j=1

where 9(z) = > ||z
i=1
the spectral norms of z;, see (3.5). If the ranks of ; equal to 1 for all 1 < i < n, then here
1(z) same as the above ¢(z).
For convenience, we list classical domains and corresponding the generic norms N(z,Z)

and the spectral norms ||z|| as following (see [2, 3])

Ri(m,n) = {2 € C™" : ||z|| < 1} (m < n),N(2,2) = det(I — z2"), ||z|| = . | sup uzztuf,
uuf=1

where 2" denotes the conjugation transposition of z. If the rank m of R;(m,n) equal to 1,

then ||z]| = Vzzf.

Rir(n) ={z€C™":z=2"||z|| < 1},N(2,2) = det(d — zz"), ||z|| = . [ sup wzztuf,
uut=1

where 2! denotes the transposition of z.

Rrrr(n) = {z € C*" 2= 2" ||z]| < 1}, N(2,2) = /det(I — z21), ||z = | sup uzztuf,
wut=1

Rrv(n) ={ze€C":|z|| <1},N(2,2) = 1 — 222" + 22227, ||z|| = \/zzT + 1/ (221)2 — 2222t

In this note, by using the method of [1], we will calculate the Szeg6 kernel of D,,. In the
following Section 2 and Section 3, we collect basic material about the generalized Selberg
formula, integrals of Jack polynomials time the certain weight, and integrals of K over the

Cartan domain. In Section 4, we compute the Szego kernel of D,.

2 Integrals of Jack Polynomials

Lemma 2.1 (Generalized Selberg formula [4-6])) For give Re(x) > —1,Re(y) >
—1, > 0, let A be any partition of length ¢/(\) < n , P;a) be the symmetric Jack polynomial,

then we have
/ P\ @y w0, wa) [[2f =2 [ oy — ol [] da
[0,1]" i=1 1<j<k<n =1
n—11(@)
[z + 1+ 21§
n—11(a)
[t+y+2+ 271],\

= Pia)(ln) Sn(x,y;oz), (21)
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where ) ‘ ‘ }

T h@+1+ 90y +1+ 401+ £

Su(z,y;0) = ] pEES i (2:2)

i Tle+y+2+==)r(+3)

and
() .
(@) ._ _J=
la ._H<S @ >>\ ’

=1 j

Pia)(ln) denotes the value of the function Pia) (x1, @9, ,x,) at (x1, @, ,x,) = (1,1, 1).
The following we compute the integral of Jack polynomial times the certain weight using
the generalized Selberg formula, to this end, we first give the following results.
Lemma 2.2 Let p(z1,22, - ,2,) and f(x1, 22, -+ ,x,) be continuous real functions
such that
(1) Vo; > 0,1 <i<n, p(x) >0. ¢(x) =0 if and only if z = 0.
(2) Yo € R, p(ax) = |afp(z).
(3) Vt e R, f(tx) =tif(x). Vo; > 0,1 <i<n, f(x)>0.
Then for all positive real numbers s, s, so, we have

(1)

I(s; +1)I(s2(d+n)+1)
L(s1 + sa(d+n)+1) 220

(@) (1 - gp(x)é)Sl dz = fo)de,  (2.3)

x>0

p(z)<1 e(z)<1
where x = (r1, 22, -+ ,Zp), dx := dx1drs - - - dxy, and x > 0 mean Vi, 1 <i < n,z; > 0.
(2)
f(z) exp{—gp(a:)%}da; =T(s(d+n)+ 1)/ f(z)dz. (2.4)
>0 21
Proof (1) Let
I / L f () dud. (2.5)
ute(z) °2 <1

On the one hand,

1 1
I = / usl_ldu/ f(x)dx:/ usl_l(lu)”(“”)du/ f(x)dx
0 <2 0 p(a)<1

_ F(Sl)r(sz(d -+ n) + 1) >0
- F(Sl + 52(d + Tl) + 1) /go(:ggl (l‘)dm (2,6)

On the other hand,

1
] = / f(.fl’,‘)d$/ ) us1—1du —/ f(ﬂ?)(l _ (P<$)912)91dx/ Usl_ldu
5 0<u<l—p(z) 2 e o

_ L F@)(1 = p(z) %) da. (2.7)

S1 e(z)<1
z>0

By (2.6) and (2.7), we obtain (2.3).
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(2) In (2.3), we set s; = m*, sy = s, by the change of variables z = £ m >0, we have

[

L\ g D A D(s(d 4 n) + 1) .
/«,szssm ) <1 mi“p(y)> w [(m* +s(d+n)+1) /xszl s
(2.8)

When m — +o0, limit of L.H.S. of (2.8) is / f(y)exp{—gp(y)%}dy, and limit of R.H.S. of
0
(2.8) is

I'(s(d+n)+1) N f(z)dx.
>0
Ap(m_)<1
I'(z+a) ~
T'(z+b)

Here we use 197%(2z — 400). So we obtain (2.4). The proof is completed.

n
For s > 0,2 = (@1, 20, ,x,), setting ||z, := (3 |a]®)%. It is easy to see ||z|; :=
n
> |zi| and [[z]|oc = max {|z;|}. Let
im1 1<i<n

n

P(/\,a,b,n,x)::Pia)(xl,ngn,xn)fo H |z; — x5

i=1  1<j<k<n

Since homogeneous the function P(\, o, b,n,x) of degree d = |\ + nb + @ satisfies
Lemma 2.2. By Lemma 2.2, we have the following Corollary 2.3.

Corollary 2.3 For all positive real numbers s, t, we have

/ P\ by, @) exp{— ||} }de
x>0

= D(t(A +nb+ @ +n)+1) P\, a,b,n, z)dz. (2.9)

x>0
llells <1

As a consequence of Lemma 2.1, we have

P\ a,b,n,x)
x>0
llolloo <1
n—11(a) n— 1 i ]
_ PO )[b+1+ n=1ye) H L(b+1+L)ra+4)ra +”1)_ (2.10)
P42 42t 1<a> T(b+2+ =011+ 1)

From Corollary 2.3 and (2.10) we get

Corollary 2.4 For all positive real numbers s, we have
/ P\, b,n, z) exp{—|z/|% }do
x>0

n(n — 1) [b+ 1+ 22
o

[b+ 2+ 22=1)(

= T(s(|A| +nb+ +n)+1)P(1,) Sn(b,0; ). (2.11)

3 Integrals of K, over the Cartan Domain
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Let Q C C? be Cartan domain, we denote by r,a,b, d,p and N(z,w) the rank, the char-
acteristic multiplicities, the dimension, the genus, and the generic norm of €2, respectively.
Let G stand for the identity connected component of the group of biholomorphic self-maps
of 2, and K for the stabilizer of the origin in G.

Under the action f — fok(k € K) of I, the space P of holomorphic polynomials on
C? admits the Peter-Weyl decomposition

P=EPP,
A

where the spaces P, are K-invariant and irreducible.
Let

(o)== [ e (), (.)

where dm(z) denotes the Lebesgue measure on C.
For every partition A, let K)(z1,%2) be the reproducing kernel of P, with respect to
(3.1). The kernels K, (z1, z3) are related to the generic norm N(z1, z3) by the Faraut- Kordnyi

formula

N(z1,%) 7" = ) (s)aKa(21, %), (3.2)

where (s)) denotes the generalized Pochhammer symbol

() ::ﬁ(s—j;1a>>\ . (3.3)

7j=1 J

Here (s),, denotes the raising factorial

r
(8)m = (;?—S)m =s(s+1)---(s+m-—1).
Let e1,es,-- -, e, € C?be a Jordan frame. Then each z € C? has the polar decomposition
Z:k(t1€1+t262++trer), kEIC,tlthZEtTZO (34)
The numbers tq,ts, - - - , t,. are called the singular values of z. the spectral norm of z is defined
by
lIz]| :== max{ti,ta, - , .} (3.5)
It is known that .
Ki(2,7) = KA()_t3e;,2), (3.6)
j=1

For the proofs of above facts and additional details, we refer e.g. to [7].

Lemma 3.1 For give a positive real number s, we have

dim P,
(P)a

£Ydm(z) = T(s(A| +d) + 1)

/Cd Ky(z,z) exp{—||z V (), (3.7)
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where V() is the volume with respect to the Euclidean measure of (2.

Proof We recall the formula for integration in polar coordinates (see [7])
/ f(2)dm(z) = c/ ki Ht2b+1 1 ©#-%®- Hdtj/ Fe tie;)dk, (3.8)
cd [0,400) 1<j<k<r j=1 K j=1
where ¢ is a constant. By using (3.8), (3.5) and (3.6), we have

L.H.S. of (3.7):0/ Zte], eXp{thHoo}th T it -l ][ dt. 3.9
[0,400)" j=1

j=1 1<j<k<r
For each partition A, since the polynomial K ( Z j€j,€) in ty,ts, -+ ,t, is proportional to

the Jack polynomial P/i%)(tl, ta, -+ ,t.), by (2.11) for (3.9), we get

Kx(e,e)(4)x

L.H.S. of (3.7) =T'(s(|]A\| + d) + 1)cS,(b,0;2/a) O , (3.10)
where we have used d =rb+ $r(r —1) +r,p=(r —1L)a+b+2,(s)\ = [s](j).
It is well known that (see [8])
dim Py = K,\(e,é)(g)A. (3.11)
Applying (3.8) we obtain
V(Q) = / dm(z) = ¢S, (b,0;2/a). (3.12)
Q

Substituting (3.11), (3.12) into (3.10), we have (3.7). The proof is completed.

4 The Szego6 Kernel of D,

Let ||z;]| be the spectral norms of Carta domains ;(1 <14 < n), in this section, we will

calculate the Szego kernel of a domain D,
Dw —{ 20, % E(CX(Cd IHIZO>¢(Z)}

where

n
ZHZ’LH ) 217'227 7zn); d:ZdlmQj
j=1

Theorem 4.1 Let r;, a4, b;, d;, p;, (S)E\z), V(€;) and N; be ranks, characteristic multi-
plicities, dimensions , genuses, generalized Pochhammer symbols, volumes and generic norms

of Cartan domains €2;, 1 <7 < n, respectively. The Szego kernel of D, is

S(Zo,t121,--- t zn;tTo,iTl,--~ )

= 47rHV “ld(i' ddH{ e >}pi’ 1

1+Z sid; =1 Asi , W
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where V1 <i < n,t; € [0, 1], the function ¢(t,- - ,t,) is given

Adi + ) +1)

oty 7tn): 0 7 (4.2)
H i(di +t;) +1)

H'M:

<.

go(tlﬁ, e ,tnﬁ) is defined by
d d | i i . NS i
Plt s tag W ot = iy i), (43)
here i1,--- ,i, € N, and
V=1 1 [« > >
A= (0 -T) = 3 (; (||zi [ *) — V=1Re(z — uo)) . (44
In particular for n = 1, the Szeg6 kernel of D, is
(20, 20:75,7) : LU (45)
20, 21; Ug, Uy ) = . .
OO TV T 4n v (Qu) AT | Ny (5, )

Proof By [1], the Szegd kernel of D, is written as
+oo
S(z0, 2; Ug, ) :/ exp{—4ntA}K,(z,u)dt, (4.6)
0

where K;(z,) is the reproducing kernels of the Hilbert spaces L2(C¢, p;), here

Ly(CY po) = {f € H(CY|(f, ) < +oo},  pu(2) := exp{—4mtd(2)},

where H(C?) denotes the space of holomorphic functions on C%, and the inner product (-, -)
is defined by

(1.9 = | IC)GIp2)m(z)

Let G; stand for the identity connected components of groups of biholomorphic self-
maps of ; C C%, and K; for stabilizers of the origin in G;, 1 < i < n, respectively. For any
k=(ki, - ,k,) € K:=Ky x--- x K,, we define the action

ﬂ_(k)f(zl) 7Zn)5fok(zlv"' 7zn) ::f(klozly"' 7knozn)

of K, then the space P of holomorphic polynomials on C% x - -- x C% admits the decompo-
sition
P= P PVe P,

LAY <r;
1<i<n

where spaces Pi? are IC;-invariant and irreducible subspaces of spaces of holomorphic poly-
nomials on C% (1 < i < n).
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Since C? = C% x - - - x C4 invariant under the action of Ky x - - - x K,,, L2(C%, p;) admits
an irreducible decomposition (see ref. [9])

L(Chp) = P P o0 Pl,
ey <y
1<i<n
where @ denotes the orthogonal direct sum.
For every partition \? of length less than or equal to r;, let K /(\Z) (2, ;) be the reproducing
kernels of P;) with respect to (3.1). By Schur’s lemma, there exist positive constants cyi...\n
such that cyi..an ] Kf\z)(z“uﬁ) is reproducing kernels of 73)(\11) ® - ® 77/(\2) with respect to

i=1
the above inner product (-,-). According to the definition of reproducing kernel, we have

n

/ Cal..an HKS) (zi,Z0)pe(21, - 5 2n) Hdm(zi) = Hdimp/(\?.
cd i=1 i=1

i=1

Therefore, the reproducing kernels of L2(C?, p;) can be written as

HdimPiﬁ-) n
Kt(zla"'azn;uilv"'auin): Z HK( Zuuz ) (47)

iy < H KL (2i,%;) > i=1

1<i<n

where < f > denotes integral
f(Zla e ,Zn)Pt(Zla e 7Zn) H dm(zz)
cd ,

From (3.7), we have

n

/ HK(Z) 2, %) pe(21, - ,zn)Hdm(zi)
Cd

=1
; , dim P
H 4t~ NI (5, (V] 4 ) + 1) T AV (). (4.8)
i=1 (pi)y:
It follows from (4.7) and (4.8) that
Kt(zla"' 7Zn;u717"' 7u7n)
_ A\ si (I +ds) VIKD (2,,7m). (4.9
Z(w) H sz|A|+d TV H (2, ). (4.9)
LA <ry =1
1<i<n

Now substituting (4.9) into (4.6), by

oo s (N |+d; 1 =3 si(IN|+ds)
/ expldrt A} (dty = " )dt:4—A &, Z (N +ds) + 1), (4.10)
0 I8
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and (3.2), we get

S(Zo,tlzl,--- t zn;%,ﬂ,~-~  Un)

_ )\1 )\n tl)\lK i
4WHV(Q o DG LR | O (™)
L& 1 1 d d 1, \0) N ) _

= — tim— et VMK ,
47THV(Q¢) 3, Z Pl g dtn)H(p)A ‘ (As w)

R A =
_ H (t i ¢ i)ﬁ ; "
T i V e P, YN G [

where 0 < ¢; < 1, this proves Theorem 4.1.
To provide a concrete expression of (4.1), we need Lemma 4.2 below.
Lemma4.2 Ifn>1,s; € Ny and N;(z,u;) =1 — zluzT for 1 <i<n-—1, psame as

dit+-+dpy 1
(4.2), let 0, = —1—-2——" then we have
I sids! Oxy - Oxy,

i=1

d
(tldtl ”’n {HN (tizi, ;)P }

ti==t,=1
Pn

; 1 1
- ax Z o Z n—1 Spdn+1 )
Jj1=0 Jn—1=0 ( Z wmxl/&) N .

P —— sy Uy
1- % wite,’™"
i=1

where z; = zul, w; = exp{%si V=11 and symbols u| denote the conjugation transposition of
the row vectors u;.

Proof For Cartan domains ;(1 < i <mn—1),its ranks r; = 1, genuses p; = d; + 1,

(zlu

and the reproducing kernels K, (@) of 73 with respect to (3.1), we have

d d H 1
t . tni Ny 7. —
SO( 1dt17 ’ dtn) { X Ni<tizi7ui)pi }
1= t1=-=t,=1

= D D el R |A) H(kﬂd G (o) VK (20, 73)

n—1 “+o0 n—1
= s X o > ek kn M) [T b 0a) VK (2 )
i=1  ¢N)<ry (a0 i=1
n—1
roe DOE siki+su(dn+ A) +1)

n—1
_ s > o [T =5 ) K ),

i=1 ()Sra | kim0 H [(sik; + 1)0(sp(dy + [A]) +1) =1
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where z; = ziuj .

Let
21y —1
w; 1= eXp{L}(l <i<n-1),

%

using (3.2), we obtain

d d . 1 1
t1—, = ~ . —
# Va7 dtn>{H Ni(tiz;, ug )P )
i=1 t1=--=t,=1
n—1
s1—1 Sp_1—1 F(Z ki+3n(dn+|/\|)+1)

= awz Z Z Z — =1

70 Guma=0eZra | 50 ] T(k; + D(80(dn + [A]) + 1)

1<i<n—1
i=1

X H (Wl )k ()" K™ (2, 70)

s1—1 Sp—1—1 1

DI DD P—— ()3 KV (2 )

71=0  Jr-1=0£N)<rn (1= ) w{fx,}/si)sn<dn+|xw>+1

=1
s1—1 Sp—1—1
= oy Y : ( : p
z n—1 N, ( Zn 1T)
H=0 gnma=0 (1= 30wt/ sdntt T (ST e

=1 i=1

It completes the proof of Lemma 4.2.

By Lemma 4.2, we give the Szego kernel of D, in explicit form.

Corollary 4.3 For s;,n € N, n > 1, and ranks of Cartan domains €; equal to 1
(1 <i<n-—1), the Szegd kernel of D, may be written as

S(ZOaZh"' 7ZTL;,U’70’U71)“' )Tn)

1 nTlog gditetdas

H Sidi! 81’?1 . axzn71

n
A1+i2::1 sidi i=1

"MHV@)

s1—1 Sp—1—1
Z Z 1 1
n—1 {N Zn u—) }pn’
i 1/s; n —1 y Un
0 a0 (1= Y i/ yeantt D TR
i=1 i=

.
ziu,

where A = —@(zo —p), T = i, Wi = exp{%;i_g} and symbols uj denote the conjuga-

tion transposition of the row vectors u,.
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