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1 Introduction

Let φ(z) be a non-negative function on Cd, and

Dφ :=
{
(z0, z) ∈ C× Cd : Imz0 > φ(z)

}
. (1.1)

The Hardy space H2(Dφ) is defined by

H2(Dφ) :=
{

f ∈ H(Dφ) : sup
s>0

∫

R

∫

Cd

|f(z, t +
√−1φ(z) +

√−1s)|2dtdm(z) < +∞
}

,

where H(Dφ) denotes all holomorphic functions on the domain Dφ, and dm(z) is the
Lebesgue measure on Cd. The closed subspace H2(∂Dφ) of L2(∂Dφ) consisting of bound-
ary values of holomorphic functions f ∈ H2(Dφ). The Szegö projection is the orthogonal
projection

S : L2(∂Dφ) → H2(∂Dφ),

and the Szegö kernel S(z, t;u, s) is the distribution kernel on ∂Dφ × ∂Dφ give by

Sf(z, t) :=
∫

∂Dφ

S(z, t;u, s)f(u, s)dm(u)ds, (1.2)
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where the boundary ∂Dφ of Dφ be identified with Cd × R, the coordinates are (z, t).
Let d1, d2, · · · , dn be positive integers, s1, s2, · · · , sn be positive real numbers, φ(z) =

n∑
i=1

||zi||
2
si with zi = (zi1, zi2, · · · , zidi

) ∈ Cdi , where ||zi||2 :=
di∑

j=1

|zij |2. In [1], Francsics and

Hanges obtained the Szegö kernel of the unbounded domain Dφ. For special φ(z), the Szegö
kernel of Dφ, see also the references of [1].

Let Ωi be irreducible bounded symmetric domains (Cartan domains) in Cdi in its Harish-
Chandra realization, si be positive real numbers, 1 ≤ i ≤ n. The following we assume that

Dψ :=
{
(z0, z) ∈ C× Cd : Imz0 > ψ(z)

}
, (1.3)

where ψ(z) =
n∑

i=1

‖zi‖
2
si , z = (z1, z2, · · · , zn) ∈ Cd1 ×Cd2 × · · ·×Cdn , d =

n∑
j=1

dj and ‖zi‖ are

the spectral norms of zi, see (3.5). If the ranks of Ωi equal to 1 for all 1 ≤ i ≤ n, then here
ψ(z) same as the above φ(z).

For convenience, we list classical domains and corresponding the generic norms N(z, z)
and the spectral norms ‖z‖ as following (see [2, 3])

RI(m,n) = {z ∈ Cm×n : ‖z‖ < 1} (m ≤ n), N(z, z) = det(I − zz†), ‖z‖ =
√

sup
uu†=1

uzz†u†,

where z† denotes the conjugation transposition of z. If the rank m of RI(m,n) equal to 1,
then ‖z‖ =

√
zz†.

RII(n) = {z ∈ Cn×n : z = zt, ‖z‖ < 1}, N(z, z) = det(I − zz†), ‖z‖ =
√

sup
uu†=1

uzz†u†,

where zt denotes the transposition of z.

RIII(n) = {z ∈ Cn×n : z = −zt, ‖z‖ < 1}, N(z, z) =
√

det(I − zz†), ‖z‖ =
√

sup
uu†=1

uzz†u†,

RIV (n) = {z ∈ Cn : ‖z‖ < 1}, N(z, z) = 1− 2zz† + zztzzt, ‖z‖ =

√
zz† +

√
(zz†)2 − zztzzt.

In this note, by using the method of [1], we will calculate the Szegö kernel of Dψ. In the
following Section 2 and Section 3, we collect basic material about the generalized Selberg
formula, integrals of Jack polynomials time the certain weight, and integrals of Kλ over the
Cartan domain. In Section 4, we compute the Szegö kernel of Dψ.

2 Integrals of Jack Polynomials

Lemma 2.1 (Generalized Selberg formula [4–6])) For give Re(x) > −1,Re(y) >

−1, α > 0, let λ be any partition of length `(λ) ≤ n , P
(α)
λ be the symmetric Jack polynomial,

then we have
∫

[0,1]n
P

(α)
λ (x1, x2, · · · , xn)

n∏
i=1

xx
i (1− xi)y

∏
1≤j<k≤n

|xj − xk| 2α
n∏

j=1

dxj

= P
(α)
λ (1n)

[x + 1 + n−1
α

](α)
λ

[x + y + 2 + 2n−1
α

](α)
λ

Sn(x, y;α), (2.1)
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where

Sn(x, y;α) =
n−1∏
j=0

Γ(x + 1 + j
α
)Γ(y + 1 + j

α
)Γ(1 + j+1

α
)

Γ(x + y + 2 + n+j−1
α

)Γ(1 + 1
α
)

(2.2)

and

[s](α)
λ :=

`(λ)∏
j=1

(
s− j − 1

α

)

λj

,

P
(α)
λ (1n) denotes the value of the function P

(α)
λ (x1, x2, · · · , xn) at (x1, x2, · · · , xn) = (1, 1, · · · , 1).

The following we compute the integral of Jack polynomial times the certain weight using
the generalized Selberg formula, to this end, we first give the following results.

Lemma 2.2 Let ϕ(x1, x2, · · · , xn) and f(x1, x2, · · · , xn) be continuous real functions
such that

(1) ∀xi ≥ 0, 1 ≤ i ≤ n, ϕ(x) ≥ 0. ϕ(x) = 0 if and only if x = 0.
(2) ∀α ∈ R, ϕ(αx) = |α|ϕ(x).
(3) ∀t ∈ R, f(tx) = tdf(x). ∀xi ≥ 0, 1 ≤ i ≤ n, f(x) ≥ 0.

Then for all positive real numbers s, s1, s2, we have
(1)
∫

x≥0
ϕ(x)<1

f(x)
(
1− ϕ(x)

1
s2

)s1

dx =
Γ(s1 + 1)Γ(s2(d + n) + 1)

Γ(s1 + s2(d + n) + 1)

∫
x≥0

ϕ(x)<1

f(x)dx, (2.3)

where x = (x1, x2, · · · , xn), dx := dx1dx2 · · · dxn, and x ≥ 0 mean ∀i, 1 ≤ i ≤ n, xi ≥ 0.
(2) ∫

x≥0

f(x) exp{−ϕ(x)
1
s }dx = Γ(s(d + n) + 1)

∫
x≥0

ϕ(x)<1

f(x)dx. (2.4)

Proof (1) Let

I =
∫

u+ϕ(x)
1

s2 <1
u≥0,x≥0

us1−1f(x)dudx. (2.5)

On the one hand,

I =
∫ 1

0

us1−1du

∫
ϕ(x)<(1−u)s2

x≥0

f(x)dx =
∫ 1

0

us1−1(1− u)s2(d+n)du

∫
ϕ(x)<1

x≥0

f(x)dx

=
Γ(s1)Γ(s2(d + n) + 1)
Γ(s1 + s2(d + n) + 1)

∫
ϕ(x)<1

x≥0

f(x)dx. (2.6)

On the other hand,

I =
∫

ϕ(x)<1
x≥0

f(x)dx

∫

0≤u<1−ϕ(x)
1

s2

us1−1du =
∫

ϕ(x)<1
x≥0

f(x)(1− ϕ(x)
1

s2 )s1dx

∫ 1

0

us1−1du

=
1
s1

∫
ϕ(x)<1

x≥0

f(x)(1− ϕ(x)
1

s2 )s1dx. (2.7)

By (2.6) and (2.7), we obtain (2.3).
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(2) In (2.3), we set s1 = m
1
s , s2 = s, by the change of variables x = y

m
,m > 0, we have

∫
y≥0

ϕ(y)<m

f(y)
(

1− 1
m

1
s

ϕ(y)
1
s

)m
1
s

dy = md+n Γ(m
1
s + 1)Γ(s(d + n) + 1)

Γ(m 1
s + s(d + n) + 1)

∫
x≥0

ϕ(x)<1

f(x)dx.

(2.8)

When m → +∞, limit of L.H.S. of (2.8) is
∫

y≥0

f(y) exp{−ϕ(y)
1
s }dy, and limit of R.H.S. of

(2.8) is

Γ(s(d + n) + 1)
∫

x≥0
ϕ(x)<1

f(x)dx.

Here we use Γ(x+a)
Γ(x+b)

∼ xa−b(x → +∞). So we obtain (2.4). The proof is completed.

For s > 0, x = (x1, x2, · · · , xn), setting ‖x‖s := (
n∑

i=1

|xi|s) 1
s . It is easy to see ‖x‖1 :=

n∑
i=1

|xi| and ‖x‖∞ = max
1≤i≤n

{|xi|}. Let

P (λ, α, b, n, x) := P
(α)
λ (x1, x2, · · · , xn)

n∏
i=1

xb
i

∏
1≤j<k≤n

|xj − xk| 2α .

Since homogeneous the function P (λ, α, b, n, x) of degree d = |λ| + nb + n(n−1)
α

satisfies
Lemma 2.2. By Lemma 2.2, we have the following Corollary 2.3.

Corollary 2.3 For all positive real numbers s, t, we have
∫

x≥0

P (λ, α, b, n, x) exp{−‖x‖ 1
t
s }dx

= Γ(t(|λ|+ nb +
n(n− 1)

α
+ n) + 1)

∫
x≥0

‖x‖s<1

P (λ, α, b, n, x)dx. (2.9)

As a consequence of Lemma 2.1, we have
∫

x≥0
‖x‖∞≤1

P (λ, α, b, n, x)

= P
(α)
λ (1n)

[b + 1 + n−1
α

](α)
λ

[b + 2 + 2n−1
α

](α)
λ

n−1∏
j=0

Γ(b + 1 + j
α
)Γ(1 + j

α
)Γ(1 + j+1

α
)

Γ(b + 2 + n+j−1
α

)Γ(1 + 1
α
)

. (2.10)

From Corollary 2.3 and (2.10) we get
Corollary 2.4 For all positive real numbers s, we have

∫

x≥0

P (λ, α, b, n, x) exp{−‖x‖ 1
s∞}dx

= Γ(s(|λ|+ nb +
n(n− 1)

α
+ n) + 1)P (α)

λ (1n)
[b + 1 + n−1

α
](α)
λ

[b + 2 + 2n−1
α

](α)
λ

Sn(b, 0;α). (2.11)

3 Integrals of Kλ over the Cartan Domain
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Let Ω ⊂ Cd be Cartan domain, we denote by r, a, b, d, p and N(z, w) the rank, the char-
acteristic multiplicities, the dimension, the genus, and the generic norm of Ω, respectively.
Let G stand for the identity connected component of the group of biholomorphic self-maps
of Ω, and K for the stabilizer of the origin in G.

Under the action f 7→ f ◦ k(k ∈ K) of K, the space P of holomorphic polynomials on
Cd admits the Peter-Weyl decomposition

P =
⊕

λ

Pλ,

where the spaces Pλ are K-invariant and irreducible.
Let

〈f, g〉F :=
1
πd

∫

Cd

f(z)g(z)e−|z|
2
dm(z), (3.1)

where dm(z) denotes the Lebesgue measure on Cd.
For every partition λ, let Kλ(z1, z2) be the reproducing kernel of Pλ with respect to

(3.1). The kernels Kλ(z1, z2) are related to the generic norm N(z1, z2) by the Faraut- Korányi
formula

N(z1, z2)−s =
∑

λ

(s)λKλ(z1, z2), (3.2)

where (s)λ denotes the generalized Pochhammer symbol

(s)λ :=
r∏

j=1

(
s− j − 1

2
a

)

λj

. (3.3)

Here (s)m denotes the raising factorial

(s)m :=
Γ(s + m)

Γ(s)
= s(s + 1) · · · (s + m− 1).

Let e1, e2, · · · , er ∈ Cd be a Jordan frame. Then each z ∈ Cd has the polar decomposition

z = k · (t1e1 + t2e2 + · · ·+ trer), k ∈ K, t1 ≥ t2 ≥ · · · ≥ tr ≥ 0. (3.4)

The numbers t1, t2, · · · , tr are called the singular values of z. the spectral norm of z is defined
by

‖z‖ := max{t1, t2, · · · , tr}. (3.5)

It is known that

Kλ(z, z) = Kλ(
r∑

j=1

t2jej , e), (3.6)

For the proofs of above facts and additional details, we refer e.g. to [7].
Lemma 3.1 For give a positive real number s, we have

∫

Cd

Kλ(z, z) exp{−‖z‖ 2
s }dm(z) = Γ(s(|λ|+ d) + 1)

dimPλ

(p)λ

V (Ω), (3.7)
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where V (Ω) is the volume with respect to the Euclidean measure of Ω.
Proof We recall the formula for integration in polar coordinates (see [7])

∫

Cd

f(z)dm(z) = c

∫

[0,+∞)r

2r

r∏
j=1

t2b+1
j

∏
1≤j<k≤r

|t2j − t2k|a
r∏

j=1

dtj

∫

K
f(k ·

r∑
j=1

tjej)dk, (3.8)

where c is a constant. By using (3.8), (3.5) and (3.6), we have

L.H.S. of (3.7) = c

∫

[0,+∞)r

Kλ(
r∑

j=1

tjej , e) exp{−‖t‖ 1
s∞}

r∏
j=1

tb
j

∏
1≤j<k≤r

|tj − tk|a
r∏

j=1

dtj . (3.9)

For each partition λ, since the polynomial Kλ(
r∑

j=1

tjej , e) in t1, t2, · · · , tr is proportional to

the Jack polynomial P
( 2

a )

λ (t1, t2, · · · , tr), by (2.11) for (3.9), we get

L.H.S. of (3.7) = Γ(s(|λ|+ d) + 1)cSr(b, 0; 2/a)
Kλ(e, e)(d

r
)λ

(p)λ

, (3.10)

where we have used d = rb + a
2
r(r − 1) + r, p = (r − 1)a + b + 2, (s)λ = [s](

2
a )

λ .
It is well known that (see [8])

dimPλ = Kλ(e, e)(
d

r
)λ. (3.11)

Applying (3.8) we obtain

V (Ω) :=
∫

Ω

dm(z) = cSr(b, 0; 2/a). (3.12)

Substituting (3.11), (3.12) into (3.10), we have (3.7). The proof is completed.

4 The Szegö Kernel of Dψ

Let ‖zi‖ be the spectral norms of Carta domains Ωi(1 ≤ i ≤ n), in this section, we will
calculate the Szegö kernel of a domain Dψ

Dψ :=
{
(z0, z) ∈ C× Cd : Imz0 > ψ(z)

}
,

where

ψ(z) :=
n∑

i=1

‖zi‖
2
si , z = (z1, z2, · · · , zn), d =

n∑
j=1

dimΩj .

Theorem 4.1 Let ri, ai, bi, di, pi, (s)
(i)
λ , V (Ωi) and Ni be ranks, characteristic multi-

plicities, dimensions , genuses, generalized Pochhammer symbols, volumes and generic norms
of Cartan domains Ωi, 1 ≤ i ≤ n, respectively. The Szegö kernel of Dψ is

S(z0, t1z1, · · · , tnzn;u0, u1, · · · , un)

=
1
4π

n∏
i=1

1
V (Ωi)

1

A
1+

n∑
i=1

sidi

ϕ(t1
d

dt1
, · · · , tn

d

dtn

)
n∏

i=1

{
1

Ni( tizi

Asi
, ui)

}pi

, (4.1)
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where ∀1 ≤ i ≤ n, ti ∈ [0, 1], the function ϕ(t1, · · · , tn) is given

ϕ(t1, · · · , tn) =
Γ(

n∑
i=1

si(di + ti) + 1)

n∏
i=1

Γ(si(di + ti) + 1)
, (4.2)

ϕ(t1 d
dt1

, · · · , tn
d

dtn
) is defined by

ϕ(t1
d

dt1
, · · · , tn

d

dtn

)ti1
1 · · · tin

n := ϕ(i1, · · · , in)ti1
1 · · · tin

n , (4.3)

here i1, · · · , in ∈ N, and

A = −
√−1

2
(z0 − u0) =

1
2

(
n∑

i=1

(
‖zi‖

2
si + ‖ui‖

2
si

)
−√−1Re(z0 − u0)

)
. (4.4)

In particular for n = 1, the Szegö kernel of Dψ is

S(z0, z1;u0, u1) =
1

4πV (Ω1)A1+s1d1

{
1

N1( z1
As1 , u1)

}p1

. (4.5)

Proof By [1], the Szegö kernel of Dψ is written as

S(z0, z;uo, u) =
∫ +∞

0

exp{−4πtA}Kt(z, u)dt, (4.6)

where Kt(z, u) is the reproducing kernels of the Hilbert spaces L2
a(Cd, ρt), here

L2
a(Cd, ρt) := {f ∈ H(Cd)|(f, f) < +∞}, ρt(z) := exp{−4πtφ(z)},

where H(Cd) denotes the space of holomorphic functions on Cd, and the inner product (·, ·)
is defined by

(f, g) :=
∫

Cd

f(z)g(z)ρt(z)dm(z).

Let Gi stand for the identity connected components of groups of biholomorphic self-
maps of Ωi ⊂ Cdi , and Ki for stabilizers of the origin in Gi, 1 ≤ i ≤ n, respectively. For any
k = (k1, · · · , kn) ∈ K := K1 × · · · × Kn, we define the action

π(k)f(z1, · · · , zn) ≡ f ◦ k(z1, · · · , zn) := f(k1 ◦ z1, · · · , kn ◦ zn)

of K, then the space P of holomorphic polynomials on Cd1 × · · · ×Cdn admits the decompo-
sition

P =
⊕

`(λi)≤ri
1≤i≤n

P(1)
λ1 ⊗ · · · ⊗ P(n)

λn ,

where spaces P(i)

λi are Ki-invariant and irreducible subspaces of spaces of holomorphic poly-
nomials on Cdi(1 ≤ i ≤ n).
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Since Cd = Cd1×· · ·×Cdn invariant under the action of K1×· · ·×Kn, L2
a(Cd, ρt) admits

an irreducible decomposition (see ref. [9])

L2
a(Cd, ρt) =

⊕̂
`(λi)≤ri
1≤i≤n

P(1)
λ1 ⊗ · · · ⊗ P(n)

λn ,

where
⊕̂

denotes the orthogonal direct sum.
For every partition λi of length less than or equal to ri, let K

(i)

λi (zi, ui) be the reproducing
kernels of P(i)

λi with respect to (3.1). By Schur’s lemma, there exist positive constants cλ1···λn

such that cλ1···λn

n∏
i=1

K
(i)

λi (zi, ui) is reproducing kernels of P(1)
λ1 ⊗ · · · ⊗ P(n)

λn with respect to

the above inner product (·, ·). According to the definition of reproducing kernel, we have

∫

Cd

cλ1···λn

n∏
i=1

K
(i)

λi (zi, zi)ρt(z1, · · · , zn)
n∏

i=1

dm(zi) =
n∏

i=1

dimP(i)

λi .

Therefore, the reproducing kernels of L2
a(Cd, ρt) can be written as

Kt(z1, · · · , zn;u1, · · · , un) =
∑

`(λi)≤ri
1≤i≤n

n∏
i=1

dimP(i)

λi

<
n∏

i=1

K
(i)

λi (zi, zi) >

n∏
i=1

K
(i)
λ (zi, ui), (4.7)

where < f > denotes integral
∫

Cd

f(z1, · · · , zn)ρt(z1, · · · , zn)
n∏

i=1

dm(zi).

From (3.7), we have

∫

Cd

n∏
i=1

K
(i)

λi (zi, zi)ρt(z1, · · · , zn)
n∏

i=1

dm(zi)

=
n∏

i=1

(4πt)−si(|λi|+di)Γ(si(|λi|+ di) + 1)
dimP(i)

λi

(pi)
(i)

λi

V (Ωi). (4.8)

It follows from (4.7) and (4.8) that

Kt(z1, · · · , zn;u1, · · · , un)

=
∑

`(λi)≤ri
1≤i≤n

(4πt)
∑n

i=1 si(|λi|+di)

n∏
i=1

1
Γ(si(|λi|+ di) + 1)V (Ωi)

n∏
i=1

(pi)
(i)

λi K
(i)
λ (zi, ui). (4.9)

Now substituting (4.9) into (4.6), by

∫ +∞

0

exp{−4πtA}(4πt)
n∑

i=1
si(|λi|+di)

dt =
1
4π

A
−

n∑
i=1

si(|λi|+di)−1
Γ(

n∑
i=1

si(|λi|+ di) + 1), (4.10)
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and (3.2), we get

S(z0, t1z1, · · · , tnzn;uo, u1, · · · , un)

=
1
4π

n∏
i=1

1
V (Ωi)

1

A
1+

n∑
i=1

sidi

∑
`(λi)≤ri
1≤i≤n

ϕ(|λ1|, · · · , |λn|)
n∏

i=1

(pi)
(i)

λi t
|λi|
i K

(i)
λ (

zi

Asi
, ui)

=
1
4π

n∏
i=1

1
V (Ωi)

1

A
1+

n∑
i=1

sidi

∑
`(λi)≤ri
1≤i≤n

ϕ(t1
d

dt1
, · · · , tn

d

dtn

)
n∏

i=1

(pi)
(i)

λi t
|λi|
i K

(i)
λ (

zi

Asi
, ui)

=
1
4π

n∏
i=1

1
V (Ωi)

1

A
1+

n∑
i=1

sidi

ϕ(t1
d

dt1
, · · · , tn

d

dtn

)
n∏

i=1

{
1

Ni( tizi

Asi
, ui)

}pi

,

where 0 ≤ ti ≤ 1, this proves Theorem 4.1.
To provide a concrete expression of (4.1), we need Lemma 4.2 below.
Lemma 4.2 If n > 1, si ∈ N+ and Ni(zi, ui) = 1− ziu

†
i for 1 ≤ i ≤ n− 1, ϕ same as

(4.2), let ∂x = 1
n−1∏
i=1

sidi!

∂d1+···+dn−1

∂x
d1
1 ···∂x

dn−1
n

, then we have

ϕ(t1
d

dt1
, · · · , tn

d

dtn

)

{
n∏

i=1

1
Ni(tizi, ui)pi

}∣∣∣∣∣
t1=···=tn=1

= ∂x

s1−1∑
j1=0

· · ·
sn−1−1∑
jn−1=0

1(
1−

n−1∑
i=1

ωji

i x
1/si

i

)sndn+1





1

Nn


 zn(

1−
n−1∑
i=1

ω
ji
i x

1/si
i

)sn , un








pn

,

where xi = ziu
†
i , ωi = exp{ 2π

√−1
si

} and symbols u†i denote the conjugation transposition of
the row vectors ui.

Proof For Cartan domains Ωi(1 ≤ i ≤ n − 1), its ranks ri = 1, genuses pi = d1 + 1,
and the reproducing kernels K

(i)
k = (ziu

†
i )k

k!
of P(i)

k with respect to (3.1), we have

ϕ(t1
d

dt1
, · · · , tn

d

dtn

)

{
n∏

i=1

1
Ni(tizi, ui)pi

}∣∣∣∣∣
t1=···=tn=1

=
∑

`(λ)≤rn

+∞∑
ki=0

1≤i≤n−1

ϕ(k1, · · · , kn−1, |λ|)
n−1∏
i=1

(ki + 1)di
(ziu

†
i )

ki

di!
(pn)(n)

λ K
(n)
λ (zn, un)

=
n−1∏
i=1

si

∑

`(λ)≤rn

∂x

+∞∑
ki=0

1≤i≤n−1

ϕ(k1, · · · , kn−1, |λ|)
n−1∏
i=1

xki+di

i (pn)(n)
λ K

(n)
λ (zn, un)

=
n−1∏
i=1

si∂x

∑

`(λ)≤rn

+∞∑
ki=0

1≤i≤n−1

Γ(
n−1∑
i=1

siki + sn(dn + |λ|) + 1)

n−1∏
i=1

Γ(siki + 1)Γ(sn(dn + |λ|) + 1)

n−1∏
i=1

xki

i (pn)(n)
λ K

(n)
λ (zn, un),
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where xi = ziu
†
i .

Let

ωi := exp{2π
√−1
si

}(1 ≤ i ≤ n− 1),

using (3.2), we obtain

ϕ(t1
d

dt1
, · · · , tn

d

dtn

){
n∏

i=1

1
Ni(tizi, ui)pi

}
∣∣∣∣∣
t1=···=tn=1

= ∂x

s1−1∑
j1=0

· · ·
sn−1−1∑
jn−1=0

∑

`(λ)≤rn

+∞∑
ki=0

1≤i≤n−1

Γ(
n−1∑
i=1

ki + sn(dn + |λ|) + 1)

n−1∏
i=1

Γ(ki + 1)Γ(sn(dn + |λ|) + 1)

×
n−1∏
i=1

(ωji

i x
1
si

i )ki(pn)(n)
λ K

(n)
λ (zn, un)

= ∂x

s1−1∑
j1=0

· · ·
sn−1−1∑
jn−1=0

∑

`(λ)≤rn

1

(1−
n−1∑
i=1

ωji

i x
1/si

i )sn(dn+|λ|)+1

(pn)(n)
λ K

(n)
λ (zn, un)

= ∂x

s1−1∑
j1=0

· · ·
sn−1−1∑
jn−1=0

1

(1−
n−1∑
i=1

ωji

i x
1/si

i )sndn+1

{ 1
Nn( zn

(1−
n−1∑
i=1

ω
ji
i x

1/si
i )sn

, un)
}pn .

It completes the proof of Lemma 4.2.
By Lemma 4.2, we give the Szegö kernel of Dψ in explicit form.
Corollary 4.3 For si, n ∈ N+, n > 1, and ranks of Cartan domains Ωi equal to 1

(1 ≤ i ≤ n− 1), the Szegö kernel of Dψ may be written as

S(z0, z1, · · · , zn;u0, u1, · · · , un)

=
1
4π

n∏
i=1

1
V (Ωi)

1

A
1+

n∑
i=1

sidi

n−1∏
i=1

1
sidi!

∂d1+···+dn−1

∂xd1
1 · · · ∂x

dn−1
n

s1−1∑
j1=0

· · ·
sn−1−1∑
jn−1=0

1

(1−
n−1∑
i=1

ωji

i x
1/si

i )sndn+1

{ 1
Nn( zn

Asn (1−
n−1∑
i=1

ω
ji
i x

1/si
i )sn

, un)
}pn ,

where A = −
√−1

2
(z0 − u0), xi = ziu

†
i

Asi
, ωi = exp{ 2π

√−1
si

} and symbols u†i denote the conjuga-
tion transposition of the row vectors ui.
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一类无界域的Szegö核
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摘要: 本文研究了由任意不可约有界齐次圆域构造的一类无界域Dψ的Szegö核. 利用Cartan域上一类

积分的明显表达式, 获得了无界域Dψ的Szegö核的明显公式.
关键词: Szegö 核; Cartan 域; 对称Jack 多项式; 广义Selberg 积分
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