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§1. Úó

�©�ÄXe��5pÖ�åþï¯K(MPEC):

min f(x, y)

s.t. gj(x, y) ≥ 0, wj = Fj(x, y), 0 ≤ w ⊥ y ≥ 0,
(1.1)

Ù¥f : Rn+m2 → R, gj : Rn+m2 → R, j = 1, · · · ,m1, Fj : Rn+m2 → R, j = 1, · · · ,m2, ��

ëY��, w ⊥ y L«�þw �yR�. T¯K3²L�., ó§�O�+�kX2��A^,

Cc5'uTa¯K�ïÄ9A^�©z[1]-[3].

w,, eòpÖ�å^�w ⊥ yÀ�wT y = 0, Kþï¯K(MPEC)(1.1)�du��1w

��55y¯K. ,, ©z©z[4]�Ñ: =¦vk�åg(x, y) ≥ 0, �¼êF (x, y)äkéÐ

�5�,éuT1w��55y¯K,�f�MFCQ^�3?¿�1:?ÑØ÷v,���5

5y�
²;��{��ØU��A^�þï¯Kþ5. 'uþï¯K�ïÄ, ©z[5]-[7]

|^�6Äëê�pÖ¼ê, ÏL¦)�X�1w6Ä¯K5¤õ%C�þï¯K�). 3

ìCfòz^�e, ùa6Ä¯K¤�)S��à:¡��¯K�½:.

�©ÏL�E#�pÖ¼ê, |^Åg%Cg�, �¯K(1.1)JÑ#�1wzE|.

´�

y ≥ 0, w ≥ 0, yTw = 0⇔ min{yj , wj} = 0, j = 1, · · · ,m2. (1.2)

X©z[2], ½Â¼êφ(yj , wj , u) = −u ln(e−
yj
u + e−

wj
u ), j = 1, · · · ,m2, k

lim
u→0

φ(yj , wj , u) = lim
u→0

[−u ln(e−
yj
u + e−

wj
u )] = min{yj , wj} = 0, j = 1, · · · ,m2. (1.3)
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d(1.3), ég,½Â

lim
u→0

φ(yj , wj , u) = φ(yj , wj , 0), j = 1, · · · ,m2. (1.4)

dφ �½Â, k

∇φ(y, w, u) =

 0

∇yφ(y, w, u)

∇wφ(y, w, u)


(n+2m2)×1

=

(
0,
∂φ(y1, w1, u)

∂y1
, · · · , ∂φ(ym2 , wm2 , u)

∂ym2

,
∂φ(y1, w1, u)

∂w1
, · · · , ∂φ(ym2 , wm2 , u)

∂wm2

)T (1.5)

/ÏupÖ¼êφ, e¡·�JÑXe��55y(NLPu):

min f(x, y)

s.t. gj(x, y) ≥ 0, j = 1, · · · ,m1,

cj(x, y, w) = 0, j = 1, · · · ,m2,

φ(yj , wj , u) = 0, j = 1, · · · ,m2,

(1.6)

Ù¥cj(x, y, w) = wj−Fj(x, y), j = 1, · · · ,m2. �u→ 0,d(1.2)9(1.3),´�¯K(NLPu)(1.6)

´¯K(MPEC)(1.1)�1wCq.

�©ÏL��1w¼êφ(yj , wj , u) = −u ln(e−
yj
u + e−

wj
u ) ∈ R, r¯K(MPEC)(1.1)=z

���ëê���`z¯K, Äu©z[8]�g�, JÑ
��#�1wQP-free�{. T�{

äkXe`::

(i) vëê�#'©z[10]{ü;

(ii) 3Ø�¦Hessian
�O�½�b�^�e, �{Eäk��5Âñ5.

§2. �{�£ã

-z = (x, y, w), p = (x, y), q = (y, w), L1 = {1, · · · ,m1}, L2 = {1, · · · ,m2}, PX�¯
K(1.6)��18, =X := {z : gj(p) ≥ 0, j ∈ L1, cj(z) = 0, j ∈ L2, φ(qj , u) = 0, j ∈ L2}.
aq©z[8], ò¯K(NLPu)(1.6) =z�S�Ø�ª�å`z¯K(NLPρ):

min fρ(x, y, w)

s.t. gj(x, y) ≥ 0, j ∈ L1,

cj(x, y, w) ≥ 0, j ∈ L2,

φ(yj , wj , u) ≥ 0, j ∈ L2,

(2.1)

Ù¥ρ = (ρ1, ρ2), fρ(x, y, w) = f(x, y) + ρ1

∑
j∈L2

cj(x, y, w) + ρ2

∑
j∈L2

φ(yj , wj , u), cj(x, y, w) =

wj − Fj(x, y), j ∈ L2.

ïÄ¯K(NLPρ)(2.1)´�, ρ¨v÷vcj(x, y, w) > 0, j ∈ L2, φ(yj , wj , u) > 0, j ∈ L2�

S�, ¯K(NLPρ)(2.1) ��15U�ycj(x, y, w) ≥ 0, j ∈ L2, φ(yj , wj , u) ≥ 0, j ∈ L2.

�ρ¿©�, U�y¯K(NLPu)(1.6)��15. ¯¢þ, �æ^°(v¼ê�, ÃIρª�Ã

¡, ÒUÂñ�¯K(NLPu)(1.6)��).

PX̃ := {z : gj(p) ≥ 0, j ∈ L1, cj(z) ≥ 0, j ∈ L2, φ(qj , u) ≥ 0, j ∈ L2}, Ó�, PI1(p),

I2(z), I3(q, u)©OéAug, c, φ�È48, =

I1(p) = {j ∈ L1 : gj(p) = 0}; I2(z) = {j ∈ L2 : cj(z) = 0}; I3(q, u) = {j ∈ L2 : φ(qj , u) = 0}.
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�{zQã, P

∇gj(p) =
(

∂gj(p)
∂y1

, · · · , ∂gj(p)
∂ym2

,
∂gj(p)
∂w1

, · · · , ∂gj(p)
∂wm2

,0
)T

(n+2m2)×1
, j ∈ L1,

∇cj(z) =
(

∂cj(z)
∂x1

, · · · , ∂cj(z)
∂xn

,
∂cj(z)
∂y1

, · · · , ∂cj(z)
∂ym2

,
∂cj(z)
∂w1

, · · · , ∂cj(z)
∂wm2

)T
(n+2m2)×1

, j ∈ L2,

∇φ(qj , u) =
(

0,
∂φ(qj ,u)
∂y1

, · · · , ∂φ(qj ,u)
∂ym2

,
∂φ(qj ,u)
∂w1

, · · · , ∂φ(qj ,u)
∂wm2

)T
(n+2m2)×1

, j ∈ L2.

Äk, �ÑXen�Ä�b�:

H 2.1 ¯K(1.1)��1���.

H 2.2 ¼êf(p), gj(p), j ∈ L1, cj(z), j ∈ L2, φ(qj , u), j ∈ L2 ëY��.

H 2.3 é?¿�z ∈ X, (i) �þ{∇gj(p) | j ∈ I1(p)} ∪ {∇cj(z) | j ∈ I2(z)} ∪ {∇φ(qj , u) |
j ∈ I3(q, u)} �5Ã'; (ii) ez /∈ X, KØ�3~êb1 > 0, b2 > 0, Xþβ1,j ≥ 0, j ∈ I1(p),

β2,j ≥ 0, j ∈ I2(z), β3,j ≥ 0, j ∈ I3(q, u) ¦�∑
j∈L2

b1∇cj(z) +
∑
j∈L2

b2∇φ(qj , u) =
∑

j∈I1(p)

β1,j∇gj(p) +
∑

j∈I2(z)

β2,j∇cj(z)

+
∑

j∈I3(q,u)

β3,j∇φ(qj , u).
(2.2)

b�^�H 2.3 (ii) ^uy²(2.14)�§¥XêÝ
�ÛÉ.

3�{c, kïÄ¯K(NLPu)(1.6) �¯K(NLPρ)(2.1) �'X.

z ¡�¯K(NLPu)(1.6)��K-T :, e�3¦fλ1 ∈ Rm1 , λ2, λ3 ∈ Rm2÷v

h(p)−A(p)Tλ1 −B(z)Tλ2 − T (q, u)Tλ3 = 0, (2.3)

g(p) ≥ 0, c(z) = 0, φ(q, u) = 0, (2.4)

λ1,jgj(p) = 0, j ∈ L1, (2.5)

λ1 ≥ 0, (2.6)

Ù¥

h(p) =
(
∇xf(x, y),∇yf(x, y),0

)T
(n+2m2)×1

,

A(p)T =



∂g1(p)
∂x1

· · · ∂gm1 (p)

∂x1

...
...

∂g1(p)
∂xn

∂gm1
(p)

∂xn
∂g1(p)
∂y1

· · · ∂gm1
(p)

∂y1
...

...
∂g1(p)
∂ym2

· · · ∂gm1
(p)

∂ym2

0 · · · 0


, B(z)T =



∂c1(z)
∂x1

· · · ∂cm2 (z)

∂x1

...
...

∂c1(z)
∂xn

∂cm2
(z)

∂xn
∂c1(z)
∂y1

· · · ∂cm2
(z)

∂y1
...

...
∂c1(z)
∂ym2

· · · ∂cm2
(z)

∂ym2
∂c1(z)
∂w1

· · · ∂cm2
(z)

∂w1

...
...

∂c1(z)
∂wm2

· · · ∂cm2
(z)

∂wm2



,

T (q, u)T =
(

0, diag
(
∂φ(qj ,u)
∂yj

, j ∈ L2

)
, diag

(
∂φ(qj ,u)
∂wj

, j ∈ L2

) )T
(n+2m2)×m2

.

e�3¦fλ1 ∈ Rm1 , λ2, λ3 ∈ Rm2 ¦�(2.3)-(2.5)¤á,Kz¡�¯K(NLPu)(1.6)�½:.
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e¡, é�½�ρ = (ρ1, ρ1), z ∈ X̃¡�¯K(NLPρ)(2.1)��K-T :, e�3¦fλ1 ∈
Rm1 , λ2, λ3 ∈ Rm2 , ¦�

h(p) +B(z)T (ρ1e) + T (q, u)T (ρ2e)−A(p)Tλ1 −B(z)Tλ2 − T (q, u)Tλ3 = 0, (2.7)

g(p) ≥ 0, c(z) ≥ 0, φ(q, u) ≥ 0, (2.8)

λ1,jgj(p) = 0, j ∈ L1, λ2,jcj(z) = 0, j ∈ L2, λ3,jφ(qj , u) = 0, j ∈ L2, (2.9)

λ1 ≥ 0, λ2 ≥ 0, λ3 ≥ 0, (2.10)

Ù¥e = ( 1, · · ·, 1 )T ∈ Rm2 . e�3¦fλ1 ∈ Rm1 , λ2, λ3 ∈ Rm2¦�(2.7)-(2.9)¤á, Kz¡

�¯K(NLPρ)(2.1)��½:.

Pµ = (µ1, µ2, µ3), K(NLPρ)(2.1)�éêæN¼êXe:

β(z, u, ρ, µ) = f(p) + ρ1

∑
j∈L2

cj(z) + ρ2

∑
j∈L2

φ(qj , u)

−
∑
j∈L1

µ1,j ln(gj(p))−
∑
j∈L2

µ2,j ln(cj(z))−
∑
j∈L2

µ3,j ln(φ(qj , u)),

Ù¥µ1 > 0 ∈ Rm1 , µ2, µ3 > 0 ∈ Rm2 , ÙFÝ�:

5zβ(z, u, ρ, µ) = h(p) +B(z)T (ρ1e) + T (q, u)T (ρ2e)

−A(p)TG(p)−1µ1 −B(z)TC(z)−1µ2 − T (q, u)TΦ(q, u)−1µ3,
(2.11)

Ù¥G(p) = diag(gj(p), j ∈ L1), C(z) = diag(cj(z), j ∈ L2), Φ(q, u) = diag(φ(qj , u), j ∈ L2).

¯K(NLPρ)(2.1) UÏLmin β(z, u, ρ, µ), µ → 0¦). d(2.11), -λ = (λ1, λ2, λ3), ½

Âλ1 = G(p)−1µ1, λ2 = C(z)−1µ2, λ3 = Φ(q, u)−1µ3,UÀ��(NLPρ)(2.1)�)k'�K-T¦

f, �ª(2.11)�m>�(NLPρ)(2.1).�KF¼ê�FÝ3(z, λ1, λ2, λ3)?��.

déóS:{�g�, ¦)e�'u(z, λ)���5XÚ, λ = (λ1, λ2, λ3):

h(p)−A(p)Tλ1 −B(z)T (λ2 − ρ1e)− T (q, u)T (λ3 − ρ2e) = 0, (2.12)

µ1 −G(p)λ1 = 0, µ2 − C(z)λ2 = 0, µ3 − Φ(q, u)λ3 = 0, (2.13)

T��5XÚd[ÚîS�¦), µ = (µ1, µ2, µ3):

N(z, λ,H,u, ρ, µ)µ


−H A(p)T B(z)T T (q, u)T

Y 1A(p) G(p) 0 0

Y 2B(z) 0 C(z) 0

Y 3T (q, u) 0 0 Φ(q, u)




∆z

∆λ1

∆λ2

∆λ3



=


h(p)−A(p)Tλ1 −B(z)T (λ2 − ρ1e)− T (q, u)T (λ3 − ρ2e)

µ1 −G(p)λ1

µ2 − C(z)λ2

µ3 − Φ(q, u)λ3

 ,

(2.14)

Ù¥Y 1 = diag(λ1,j , j ∈ L1), Y 2 = diag(λ2,j , j ∈ L2), Y 3 = diag(λ3,j , j ∈ L2), H�(NLPρ)(2.1).

�KF¼êHessian
�Cq.

�{Äu©z[9]�S:{g�¦)¯K(NLPρ)(2.1), é�½�ρ > 0. '�Eâ´X

ÛN�ρ, ¦�S�ìC÷vc(z) = 0, φ(q, u) = 0, �{^
��'©z[10]��{ü��

#OK. ��ª�å���, ρ > 0AO\, ��ρ > 0ØÉ��/O\�, �U�Ø�¯

K(NLPρ)(2.1)�K-T:. ���ù«y�, �¦e�n�^�¤á(r1, r2, r3 ��ê):
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(i)
∥∥∆zk0

∥∥ ≤ r1, L²é¯K(NLPρk)(2.1)½:�%C;

(ii) λ2
k + ∆λ2

0,k � r2e, λ
3
k + ∆λ3

0,k � r2e, =34�:?,¿Ø´¤k�cj(z), φ(qj , u)Ñ¤

�È4�å;

(iii) λ1
k + ∆λ1

0,k ≥ r3e, λ
2
k + ∆λ2

0,k ≥ r3e , λ3
k + ∆λ3

0,k ≥ r3e,=�ρkO\��~¯�, λ1
k,

λ2
k ½λ

3
kvk©þª�u−∞.

�{2.1

Ú½0 Ð©z:

�½z0 ∈ X̃0, u0 > 0, ρ0 > 0, λ1,j
0 ∈ (0, tmax], j ∈ L1, λ2,j

0 , λ3,j
0 ∈ (0, tmax], j ∈ L2,

H0 ∈ R(n+2m2)×(n+2m2)��é¡�½
. À�ëêξ ∈ (0, 1
2 ), η1 ∈ (0, 1], η2 ∈ (0, 1], η3 ∈ (0, 1],

r1 > 0, r2 > 0, r3 > 0, ν > 2, θ ∈ (0, 1), δ > 1, % ∈ (0, 1), τ ∈ (2, 3) κ ∈ (0, 1), l ∈ (0, 1),

tmax > 0. -k = 0.

Ú½1 ÏL¦)N(zk, λk, Hk, uk, ρk, 0)O�(∆zk0 ,∆λ
1
0,k,∆λ

2
0,k,∆λ

3
0,k).

e∆zk0 = 0, uk < ε, �{Ê�! ÄK-uk = 1
2uk, =ÚÚ½2.

Ú½2 �	þ¡J��n�^�:

en�^�Ó�¤á, K-ρk+1 = δρk, zk+1 = zk, λ1
k+1 = λ1

k, λ2
k+1 = λ2

k, λ3
k+1 = λ3

k,

Hk+1 = Hk, �k = k + 1, =Ú½1. ÄK, =Ú½3.

Ú½3 ÏL¦)N(zk, λk, Hk, uk, ρk, µk)O�(∆zk1 ,∆λ
1
1,k,∆λ

2
1,k,∆λ

3
1,k),Ù¥µk = (µ1

k, µ
2
k, µ

3
k) =

(
∥∥∆zk0

∥∥ν λ1
k,
∥∥∆zk0

∥∥ν λ2
k,
∥∥∆zk0

∥∥ν λ3
k).

Ú½4 -

∆zk = (1− ϕk)∆zk0 + ϕk∆zk1 ,∆λ
1
k = (1− ϕk)∆λ1

0,k + ϕk∆λ1
1,k,

∆λ2
k = (1− ϕk)∆λ2

0,k + ϕk∆λ2
1,k,∆λ

3
k = (1− ϕk)∆λ3

0,k + ϕk∆λ3
1,k,

(2.15)

ϕk =


1, e ∇fρk(zk)T∆zk1 ≤ θ∇fρk(zk)T∆zk0 ,

(1− θ) ∇fρk(zk)T∆zk0
∇fρk(zk)T (∆zk0 −∆zk1 )

, ÄK.
(2.16)

Ú½5 -

I1
k = {j ∈ L1 : gj(p

k) ≤ λ1,j
k + ∆λ1,j

k }, I2
k = {j ∈ L2 : cj(z

k) ≤ λ2,j
k + ∆λ2,j

k },
I3
k = {j ∈ L2 : φ(qkj , uk) ≤ λ3,j

k + ∆λ3,j
k },

(2.17)

J1
k = {j ∈ L1 : λ1,j

k + ∆λ1,j
k ≤ −gj(pk)}, J2

k = {j ∈ L2 : λ2,j
k + ∆λ2,j

k ≤ −cj(zk)},
J3
k = {j ∈ L2 : λ3,j

k + ∆λ3,j
k ≤ −φ(qkj , uk)}.

(2.18)

eJ1
k ∪ J2

k ∪ J3
k = ∅, ÏL¦)e����¦¯KO�?���∆z̃k:

min 1
2∆z̃kTHk∆z̃k

s.t. gj(p
k + ∆pk) +∇gj(pk)T∆p̃k = ψk, ∀j ∈ I1

k ,

cj(z
k + ∆zk) +5cj(zk)T∆z̃k = ψk, ∀j ∈ I2

k ,

φ(qkj + ∆qkj , uk) +∇φ(qkj , uk)T∆q̃kj = ψk, ∀j ∈ I3
k ,

(2.19)

Ù¥

pk = (xk, yk),∆pk = (∆xk,∆yk),∆p̃k = (∆x̃k,∆ỹk),

qkj = (ykj , w
k
j ),∆qkj = (∆ykj ,∆w

k
j ),∆q̃kj = (∆ỹkj ,∆w̃

k
j ),

zk = (xk, yk, wk),∆zk = (∆xk,∆yk,∆wk),∆z̃k = (∆x̃k,∆ỹk,∆w̃k),
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ψk = max

{∥∥4zk∥∥τ ,max
j∈I1

k

∣∣∣ λ1,j
k

λ1,j
k +∆λ1,j

k

− 1
∣∣∣κ ∥∥∆zk

∥∥2
,max

j∈I2
k

∣∣∣ λ2,j
k

λ2,j
k +4λ2,j

k

− 1
∣∣∣κ ∥∥4zk∥∥2

,

max
j∈I3

k

∣∣∣ λ3,j
k

λ3,j
k +4λ3,j

k

− 1
∣∣∣κ ∥∥4zk∥∥2

}
,

(2.20)

eJ1
k ∪ J2

k ∪ J3
k 6= ∅ ½(2.19) Ø�1½Ã.½

∥∥∆z̃k
∥∥ > ∥∥∆zk

∥∥, �∆z̃k = 0.

Ú½6 �|¢. O�
{

1, %, %2, . . .
}
¥÷v±eØ�ª

fρk(zk + α∆zk + α2∆z̃k) ≤ fρk(zk) + ξα∇fρk(zk)T∆zk, (2.21)

gj(p
k + α∆pk + α2∆p̃k) ≥ η1gj(p

k), ∀j ∈ J1
k , (2.22)

cj(z
k + α∆zk + α2∆z̃k) ≥ η2cj(z

k), ∀j ∈ J2
k , (2.23)

φ(qkj + α∆qkj + α2∆q̃kj , uk) ≥ η3φ(qkj , uk), ∀j ∈ J3
k , (2.24)

gj(p
k + α∆pk + α2∆p̃k) > 0, ∀j ∈ L1, (2.25)

cj(z
k + α∆zk + α2∆z̃k) > 0, ∀j ∈ L2, (2.26)

φ(qkj + α∆qkj + α2∆q̃kj , uk) > 0, ∀j ∈ L2. (2.27)

����αk.

Ú½7 �#. -zk+1 = zk + α∆zk + α2∆z̃k. eJ1
k ∪ J2

k ∪ J3
k = ∅, �

λ1,j
k+1 = min{max{

∥∥∆zk
∥∥2
, λ1,j
k + ∆λ1,j

k }, tmax}, j ∈ L1, (2.28)

λ2,j
k+1 = min{max{

∥∥∆zk
∥∥2
, λ2,j
k + ∆λ2,j

k }, tmax}, j ∈ L2, (2.29)

λ3,j
k+1 = min{max{

∥∥∆zk
∥∥2
, λ3,j
k + ∆λ3,j

k }, tmax}, j ∈ L2; (2.30)

ÄK, �λ1,j
k+1 = λ1,j

0 , j ∈ L1, λ2,j
k+1 = λ2,j

0 , j ∈ L2, λ3,j
k+1 = λ3,j

0 , j ∈ L2. -ρk+1 = ρk, �

#Hk�é¡�½
. �k = k + 1, =Ú½1.

§3. Âñ5©Û

�!Äk?Ø�{��ÛÂñ5, k�ÑXe��fb�^�.

H 3.1 �½?¿�I8K ¦�S�{zk}k., ��3~êσ1, σ2 > 0 , é?¿k ∈ K÷
v: ‖Hk‖ ≤ σ2,

vT
(
Hk +

∑
j∈L1

λ1,j
k

gj(pk)
∇gj(pk)∇gj(pk)T +

∑
j∈L2

λ2,j
k

cj(zk)
∇cj(zk)∇cj(zk)T

+
∑
j∈L2

λ3,j
k

φ(qkj ,uk)
∇φ(qkj , uk)∇φ(qkj , uk)T

)
v ≥ σ1 ‖v‖2 , ∀v ∈ Rn.

Ún 3.1 |¢��∆zk÷v

∇fρk(zk)T∆zk ≤ θ∇fρk(zk)T∆zk0 ≤ −σ1θ
∥∥∆zk0

∥∥2
, (3.1)

�

∇gj(pk)T∆zk > 0,∀j ∈ J1
k ,∇cj(zk)T∆zk > 0,∀j ∈ J2

k ,∇φ(qkj , uk)T∆zk > 0,∀j ∈ J3
k . (3.2)
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y² dÚ½1, k

−Hk∆zk0 +A(pk)T∆λ1
0,k +B(zk)T∆λ2

0,k + T (qk, uk)T∆λ3
0,k = h(pk)−A(pk)Tλ1

k

−B(zk)T (λ2
k − ρ1,ke)− T (qk, uk)T (λ3

k − ρ2,ke),
(3.3)

Y 1
k A(pk)∆zk0 +G(pk)∆λ1

0,k = −G(pk)λ1
k, (3.4)

Y 2
k B(zk)∆zk0 + C(zk)∆λ2

0,k = −C(zk)λ2
k, (3.5)

Y 3
k T (qk, uk)∆zk0 + Φ(qk, uk)∆λ3

0,k = −Φ(qk, uk)λ3
k, (3.6)

-Sk := Hk +A(pk)TG(pk)−1Y 1
k A(pk) +B(zk)TC(zk)−1Y 2

k B(zk) + T (qk, uk)TΦ(qk, uk)−1

Y 3
k T (qk, uk), �k

∇fρk(zk) = −Sk∆zk0 .

db�H 3.1, k∇fρk(zk)T∆zk0 = −(∆zk0 )TSk∆zk0 ≤ −σ1

∥∥∆zk0
∥∥2
.

�â(2.16), e∇fρk(zk)T∆zk1 ≤ θ∇fρk(zk)T∆zk0 , ϕk = 1, �

∆zk = ∆zk1 , ∇fρk(zk)T∆zk ≤ θ∇fρk(zk)T∆zk0 .

e∇fρk(zk)T∆zk1 > θ∇fρk(zk)T∆zk0 , k

∇fρk(zk)T∆zk = (1− ϕk)∇fρk(zk)T∆zk0 + ϕk∇fρk(zk)T∆zk1 = θ∇fρk(zk)T∆zk0 ,

�(3.1)ª¤á. dÚ½3, k

−Hk∆zk1 +A(pk)T∆λ1
1,k +B(zk)T∆λ2

1,k + T (qk, uk)T∆λ3
1,k = h(pk)−A(pk)Tλ1

k

−B(zk)T (λ2
k − ρ1,ke)− T (qk, uk)T (λ3

k − ρ2,ke),
(3.7)

Y 1
k A(pk)∆zk1 +G(pk)∆λ1

1,k =
∥∥∆zk0

∥∥ν λ1
k −G(pk)λ1

k, (3.8)

Y 2
k B(zk)∆zk1 + C(zk)∆λ2

1,k =
∥∥∆zk0

∥∥ν λ2
k − C(zk)λ2

k, (3.9)

Y 3
k T (qk, uk)∆zk1 + Φ(qk, uk)∆λ3

1,k =
∥∥∆zk0

∥∥ν λ3
k − Φ(qk, uk)λ3

k, (3.10)

qd(2.18), ∀j ∈ J1
k , λ1,j

k + ∆λ1,j
k ≤ −gj(pk), Kk

∇gj(pk)T∆zk = − (∆λ1,j
k +λ1,j

k )gj(pk)

λ1,j
k

+
∥∥∆zk0

∥∥ν ϕk ≥ g2j (pk)

λ1,j
k

+
∥∥∆zk0

∥∥ν ϕk > 0.

aqXþ©Û, k∇cj(zk)T∆zk > 0,∀j ∈ J2
k , ∇φ(qkj , uk)T∆zk > 0,∀j ∈ J3

k , �(3.2) ª¤á.

H 3.2 S�{zk} ��à:z∗ �¯K(NLPρ)(2.1)���áK-T :, �3z∗?:

(i)î�pÖ^�¤á; (ii)¦fλ1
∗, λ

2
∗, λ

3
∗ ÷vλ

1,j
∗ ≤ tmax, j ∈ L1, λ

2,j
∗ , λ3,j

∗ ≤ tmax, j ∈ L2.

·K 3.1 eb�H 2.1- H 3.2 ¤á, d�{�)�Ã¡S�{zk}k., K{zk}Âñ�¯
K(NLPρ)(2.1)��K-T :z∗. �ék →∞, k

(i) {∆zk} → 0, {λ1
k + ∆λ1

k} → λ1
∗, {λ2

k + ∆λ2
k} → λ2

∗, {λ3
k + ∆λ3

k} → λ3
∗;

(ii) J1
k = J2

k = J3
k = ∅, I1

k = I1(p∗), I2
k = I2(z∗), I3

k = I3(q∗, 0);

(iii) {λ1
k} → λ1

∗, {λ2
k} → λ2

∗, {λ3
k} → λ3

∗.

y² y²aq©z[9]¥·K4.2 �y².
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½n 3.1 eb�H 2.1- H 3.2¤á, �{�)�Ã¡S�{zk}, 3{zk}�?�à:z∗?�
òz^�¤á: (y∗j , w

∗
j ) 6= (0, 0), j ∈ L2, Kz∗ �¯K(MPEC)(1.1)��½:.

y² d·K3.19(1.3), k

h(p∗)−A(p∗)Tλ1
∗ −B(z∗)T (λ2

∗ − ρ1e)− T (q∗j , 0)T (λ3
∗ − ρ2e) = 0,

λ1,j
∗ gj(p

∗) = 0, j ∈ L1, φ(q∗j , 0) = min{y∗j , w∗j } = 0, j ∈ L2.
(3.11)

PIy∗(z∗) = {j ∈ L2|w∗j > 0 = y∗j }, Iw∗(z∗) = {j ∈ L2|y∗j > 0 = w∗j }, -

π∗ =


λ3
∗ − ρ2e

w∗j
, j ∈ Iy∗(z∗),

λ3
∗ − ρ2e

y∗j
, j ∈ Iw∗(z∗).

�â(3.11) 9(1.2), k

h(p∗)−A(p∗)Tλ1
∗ −B(z∗)T s∗ − V (q∗)Tπ∗ = 0,

λ1,j
∗ gj(p

∗) = 0, j ∈ L1, 0 ≤ y∗j ⊥ w∗j ≥ 0, j ∈ L2,

Ù¥V (q∗) = (0, diag(w∗j ), diag(y∗j )), j ∈ L2, w∗j = Fj(x
∗, y∗), j ∈ L2, ùL²z∗ ´¯

K(MPEC)(1.1)��½:.

Pλ1
∗, s
∗, π∗´�z∗k'�¯K(NLPu)(1.6)�K-T¦f,Ù¥s∗ = λ2

∗−ρ1e, π
∗ = λ3

∗−ρ2e.

(NLPu)(1.6) �.�KF¼êXe:

L(z, λ1, s, π) = f(x, y)− λ1T g(p)− sT c(z)− πTφ(q, u),

éA�¦f�λ1, s = λ2 − ρ1e, π = λ3 − ρ2e, �(NLPρ)(2.1)�.�KF¼ê�Ó, =,

Lρ(z, λ
1, λ2, λ3) = f(x, y) + ρ1

∑
j∈L2

cj(z) + ρ2

∑
j∈L2

φ(qj , u)− λ1T g(p)− λ2T c(z)− λ3Tφ(q, u).

�y²�{���5Âñ5, ,�Xeb�:

H 3.3 ¼êf(p), gj(p), j ∈ L1, cj(z), φ(qj , u), j ∈ L2, n�ëY��; 3z∗ ?��¿©

5^�¤á, =∇2
zzL(z∗, λ1

∗, s
∗, π∗) 3Xe�mþ�½:

{v ∈ Rn+2m2 |∇gj(p∗)T v = 0, j ∈ L1,∇cj(z∗)T v = 0, j ∈ L2,∇φ(q∗j , 0)T v = 0, j ∈ L2}.

H 3.4 Ý
S�{Hk} ÷v∥∥Pk(Hk −∇2
zzL(z∗, λ1

∗, s
∗, π∗))∆zk

∥∥ = o(
∥∥∆zk

∥∥),

Ù¥Pk = In+2m2
−Rk(RTkRk)−1RTk , Rk = [∇gj(pk), j ∈ I1(p∗),∇cj(zk), j ∈ I2(z∗),∇φ(qkj , uk), j ∈

I3(q∗, 0)] ∈ R(n+2m2)×(|I1(p∗)|+|I2(z∗)|+|I3(q∗,0)|).

Ún 3.2 �k ¿©��, zk+1 = zk + ∆zk + ∆z̃k, =Ú�αk ≡ 1.

y² �k ¿©��, d·K3.1(ii)�, J1
k = J2

k = J3
k = ∅, =�Iy

(i) fρk(zk + ∆zk + ∆z̃k) ≤ fρk(zk) + ξ∇fρk(zk)T∆zk,

(ii) gj(p
k + ∆pk + ∆p̃k) > 0,∀j ∈ L1, cj(z

k + ∆zk + ∆z̃k) > 0,∀j ∈ L2,
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φ(qkj + ∆qkj + ∆q̃kj , uk) > 0,∀j ∈ L2.

Äky(i) ¤á. �âb�H 3.3, k

fρk(zk + ∆zk + ∆z̃k) = fρk(zk) +∇fρk(zk)T (∆zk + ∆z̃k) + 1
2∆zkT∇2

zzfρk(zk)∆zk

+o(
∥∥∆zk

∥∥2
).

(3.12)

½Âλ′1,jk = λ1,j
k + ∆λ1,j

k , j ∈ L1, λ
′2,j
k = λ2,j

k + ∆λ2,j
k , j ∈ L2, λ

′3,j
k = λ3,j

k + ∆λ3,j
k , j ∈ L2,

∇fρk(zk)T∆zk = −∆zkTHk∆zk +
∑
j∈L1

λ′1,jk ∇gj(pk)T∆pk +
∑
j∈L2

λ′2,jk ∇cj(zk)T∆zk

+
∑
j∈L2

λ′3,jk ∇φ(qkj , uk)T∆qkj ,
(3.13)

∇fρk(zk)T∆z̃k =
∑
j∈L1

λ′1,jk ∇gj(pk)T∆p̃k +
∑
j∈L2

λ′2,jk ∇cj(zk)T∆z̃k +
∑
j∈L2

λ′3,jk ∇φ(qkj , uk)T∆q̃kj .

(3.14)

d(3.13) 9(3.14), (3.12) ���:

fρk(zk + ∆zk + ∆z̃k) = fρk(zk)− 1
2∆zkTHk∆zk + 1

2

∑
j∈L1

λ′1,jk ∇gj(pk)T∆pk

+ 1
2

∑
j∈L2

λ′2,jk ∇cj(zk)T∆zk + 1
2

∑
j∈L2

λ′3,jk ∇φ(qkj , uk)T∆qkj

+ 1
2∆zkT (∇2

zzfρk(zk)−Hk)∆zk + o(
∥∥∆zk

∥∥2
) + E1

k + E2
k + E3

k,

(3.15)

Ù¥E1
k = 1

2

∑
j∈L1

λ′1,jk ∇gj(pk)T∆pk +
∑
j∈L1

λ′1,jk ∇gj(pk)T∆p̃k, E2
k = 1

2

∑
j∈L2

λ′2,jk ∇cj(zk)T∆zk +∑
j∈L2

λ′2,jk ∇cj(zk)T∆z̃k, E3
k = 1

2

∑
j∈L2

λ′3,jk ∇φ(qkj , uk)T∆qkj +
∑
j∈L2

λ′3,jk ∇φ(qkj , uk)T∆q̃kj .

E1
k =

∑
j∈I1(p∗)

[
1
2 (λ′1,jk )2

λ1,j
k

− λ′1,jk ]gj(p
k)− 1

2

∑
j /∈I1(p∗)

(λ′1,jk )2

λ1,j
k

gj(p
k)

− 1
2

∑
j∈L1

λ′1,jk ∆pkT∇2
zzgj(p

k)∆pk + o(
∥∥∆zk

∥∥2
).

(3.16)

E2
k, E

3
k/ªaqE

1
k.

qdub�H 3.4, k

fρk(zk + ∆zk + ∆z̃k) ≤ fρk(zk) +
1

2
∇fρk(zk)T∆zk + o(

∥∥∆zk
∥∥2

).

q∇fρk(zk)T∆zk ≤ −σ1θ
∥∥∆zk0

∥∥2
+ o(

∥∥∆zk
∥∥2

), Ï0 < ξ < 1
2 , �(i) ¤á.

ey(ii) ¤á. éj /∈ I1(p∗), Ï{∆zk}, {∆z̃k}ÑÂñ�0, �gj(pk + ∆pk + ∆p̃k) > 0. �

Äj ∈ I1(p∗), k

gj(p
k + ∆pk + ∆p̃k) = gj(p

k + ∆pk) +∇gj(pk + ∆pk)T∆p̃k +O(
∥∥∆zk

∥∥2
)

= gj(p
k + ∆pk) +∇gj(pk)T∆p̃k +O(

∥∥∆zk
∥∥∥∥∆z̃k

∥∥),

�

gj(p
k + ∆pk + ∆p̃k) = ψk +O

(
max

{∥∥∆zk
∥∥3
, max

j∈I1(p∗)

∣∣∣ λ1,j
k

λ1,j
k +∆λ1,j

k

− 1
∣∣∣ ∥∥∆zk

∥∥2
,

max
j∈I2(z∗)

∣∣∣ λ2,j
k

λ2,j
k +∆λ2,j

k

− 1
∣∣∣ ∥∥∆zk

∥∥2
, max

j∈I3(q∗,0)

∣∣∣ λ3,j
k

λ3,j
k +∆λ3,j

k

− 1
∣∣∣ ∥∥∆zk

∥∥2
})

.
(3.17)

Ï2 < τ < 3, 0 < κ < 1, d( 3.17)9( 2.20) kgj(pk + ∆pk + ∆p̃k) > 0. aq�©Û,

kcj(zk + ∆zk + ∆z̃k) > 0, φ(qkj + ∆qkj + ∆q̃kj , uk) > 0, ∀j ∈ L2. (ii) �y.
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½n 3.2 3þãb�^�e,euk = o(
∥∥∆zk

∥∥),KÃ¡S�{zk}��5Âñ�(MPEC)

(1.1)�½:z∗, = ∥∥zk+1 − z∗
∥∥ = o(

∥∥zk − z∗∥∥).

y² y²aq©z[9]¥½n4.6 �y².

§4. ê�¢�

|^Lingo ^�ïá�.¦��{éA¯K�S:, �{¥�ëêÀ��ξ = 0.1, η1 =

0.8, η2 = 0.8, η3 = 0.8, r1 = 1, r2 = 1, r3 = 1, ν = 3, δ = 2, τ = 2.5, κ = 0.5, H0�(n+ 2m2)×
(n+ 2m2) �ü 
. ê�¢�¯K5u©[5], ©[6], ©[11]9©[12].

¯K1 (�[5] ¯K2).

min f(x, y) =
1

2
((x1 + x2 + y1 − 15)2 + (x1 + x2 + y2 − 15)2)

s.t. 0 ≤ x ≤ 10, w = NTx+MT y + q, 0 ≤ y ⊥ w ≥ 0,

q =

(
−36

−25

)
, N =

(
8/3 2

2 5/4

)
, M =

(
2 5/4

8/3 2

)
.

¯K2 (�[6]).

min f(x, y) = 1
2x

2 + 1
2y

2 + x− y
s.t. 0 ≤ (y − x) ⊥ y ≥ 0.

¯K3 (�[11] ¯K4 ).

min f(x, y) = x4 + 8y

s.t. g1(x, y) = x+ y − 50 ≤ 0, g2(x, y) = x2 + y2 − 100 ≤ 0,

F (x, y) = 1
2x

2 + 1
2y

2 + xy + 10, 0 ≤ F (x, y) ⊥ y ≥ 0.

¯K4 (�[12] outrata33 ).

min f(x, y) = 1
2 ((y1 − 3)2 + (y2 − 4)2 + 10y2

4)

s.t. 0 ≤ x ≤ 10,

0 ≤ [(1 + 0.2x)y1 − (3 + 1.333x)− 0.333y3 + 2y1y4] ⊥ y1 ≥ 0,

0 ≤ [(1 + 0.1x)y2 − x+ y3 + 2y2y4] ⊥ y2 ≥ 0,

0 ≤ (0.333y1 − y2 + 1− 0.1x) ⊥ y3 ≥ 0,

0 ≤ (9 + 0.1x− y2
1 − y2

2) ⊥ y4 ≥ 0.

¯K5 (�[12] qpec2 ).

min f(x, y) =
∑10
i=1(xi − 1)2 +

∑20
j=1(yj − 2)2

s.t. 0 ≤ (y1 − x1) ⊥ y1 ≥ 0,
...

0 ≤ (y10 − x10) ⊥ y10 ≥ 0,

0 ≤ y11 ⊥ y11 ≥ 0,
...

0 ≤ y20 ⊥ y20 ≥ 0.
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L1 �{�ê�¢�(J

¯K (x0, y0) k (x∗, y∗) f(x∗, y∗)
∥∥dzk∥∥

1

(5,

2,

5,

5)

39

(9.13002012259,

5.86999325127,

0.00000042824,

0.00000006214)

0.00000000018 7.461607899988e− 006

2
(0,

1)
43

(−0.99999632970,

0.00000000000)
−0.49999999999 9.387893085805e− 007

3
(1,

10)
54

(1.02094641227,

9.99734915712)
8.10652483728 8.303011633663e− 006

4

(2,

2,

1,

1,

1)

18

(1.65735513638,

2.92333348007,

0.78660125922,

0.01031229962,

0.46430322506)

6.24379203527 4.9956466412e− 006

5

(0,
...

0,

1,
...

1,

1,
...

1)

27

(1.54128255550,
...

1.54128255550,

3.34185228257,
...

3.34185228257,

0.54090639949,
...

0.54090639949)

42.22508488179

45.00000[12]
3.5764151842e− 006

ÏLL1�±wÑ�©JÑ��{´�1�.

§5. (Ø

é��5pÖ�åþï¯K, ÏLÚ\v¼êg�, ò��5pÖ�åþï¯K=z�

�¹Ø�ª�å�ëê5y¯K, ��ëê¿©��, =z¯K��¯K�d, l~�


¯KïÄ�E,5. ÄuS:{�g�,JÑ
��1wQP-free�{¦)=z��1w��

55y¯K. TQP-free�{äkXe`::

£1¤vëê�#'©z[10]�{ü¶

£2¤~f
Hessian
�O�½�b�^�, �{Eäk��5Âñ�Ý.

�ê�¢�(JL²�©JÑ��{´�1�©

ë�©z
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A new QP-free algorithm for mathematical programs

with nonlinear complementarity constraints
Fenghua Chen 1 Shuangan Li2

(1 Wanfang Institute of Science and Technology, Henan Polytechnic University, Zhengzhou, 450026)

(2 College of Mathematics and Computing Science, Guilin University of Electronic Technology, Guilin,

541004, China)

Abstract: Against the shortcomings that many existing algorithms for solving the standard smoothing

nonlinear programming would fail if they were used directly to solve the mathematical programs with

equilibrium constraints (MPEC). By using a complementarity function and the idea of smoothing

approximation method, the mathematical program with equilibrium constraints (MPEC) problem was

transformed into a nonlinear programming, and a QP-free algorithm is proposed for the solution of

(MPEC) problem. In particular, without the positive definiteness assumption on the Hessian estimate,

the proposed algorithm is still global convergent. And superlinear convergence is obtained under some

suitable assumptions©Numerical experiment results show that the proposed algorithm is feasible.

Keywords: Program with equilibrium constraints, Nonlinear complementarity, QP-free algorithm,

global convergence, superlinear convergence
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