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ON CERTAIN SUBCLASS OF MEROMORPHIC
MULTIVALENT STARLIKE FUNCTIONS
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(School of Mathematics and Statistics, Anyang Normal University, Anyang 455002, Chma)

Abstract: In this paper, we study a subclass Hp(3, A) of meromorphic multivalent starlike
functions. By using the analytical methods and techniques, we obtain the coefficient estimates,
neighborhoods, partial sums and inclusion relationships of the class H,(3, A), which generalize the
related works of some authors.
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1 Introduction

Let ¥, denote the class of function f of the form:

which are analytic in the punctured open unit disk
U':={z:2z€Cand 0 < |z] <1} =:U\ {0}

A function f € ¥, is said to be in the class MS) («) of meromorphic p-valent starlike function

of order « if it satisfies the inequality (Z;éi‘;)) <—a (z€U; 0= a<p).

Let P denote the class of functions p given by

p(z) =1+ Zpkzk (z € ), (1.2)

k=1

which are analytic in U and satisfy the condition %(p(z)) >0 (ze).
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Given two functions f, g € ¥,, where f is given by (1.1) and ¢ is given by

1 (oo}
SR
k=1
the Hadamard product f x g is defined by
(f*9)(z +Zakbk2 * f)(2).

A functions f € ¥, is said to be in the class H, (5, A) if it satisfies the condition

() L2 f() N,
§R<f(z) +0 o) ><,8)\</\+2>+2p,3 A (z€D), (1.3)

where (and throughout this paper unless otherwise mentioned) the parameters 5 and A are

constrained as follows:

1
620 and p—§f)\<p (1.4)

Clearly, we have H,(0,\) = MS(A).
2 Preliminary Results

In order to prove our main results, we need the following lemmas.

Lemma 2.1 (see [2]) If the function p € P is given by (1.2), then |px| £ 2 (k € N).

The following lemma shows that the class 1, (3, A) is a subclass of the class MS; () of
meromorphic p-valent starlike functions of order A.

Lemma 2.2 (see [1]) If f € H,(B,A), then f € MS ()).

Lemma 2.3 Let 8§ > 0 and p — Op(p + 1) — v > 0. Suppose also that the sequence
{A,}72, is defined by
2[p — Bp(p+1) — ]

A= ) 11 @1)
and
_ 2[p — Bp(p +1) — 1]
Ak+1_p—ﬁp(p+1)+(ﬂk—l—1 Y <1+Z\Al> (k € N). (2.2)
Then

2(p — Ap(p+1) =) 77 32— 36p(p+ 1) — 2y + (Bj + 1 - B)j
Ay = .
a1 U o mprnr@engrn FEND
(2.3)
Proof By virtue of (2.1), we easily get

[p—Bpp+1) + (Bk +1)(k + 1) A1 = 2(p — Bp(p + 1) (1 + Z | Ayl ) ;o (24)
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and
[p—Bpp+1) + (Bk + 1 — B)k] A, = 2(p — Bp(p + 1) <1+Z|Az>. (2.5)

Combining (2.4) and (2.5), we obtain

Ay 3p—38p(p+1)—2v+ (BE+1 - B)k

= . 2.6
Ay p—PBp(p+1)+ (Bk+1)(k+1) &0
Thus, for k = 2, we deduce from (2.6) that
Ay Az Ay
=g A
_2(p=Pplp+1) =) kﬁ 3p—30p(p+1) =2y + (Bi+ 1 )j
p—PBplp+1)+1 p=PBplp+1)+(Bj+1)(j+1)
3 Properties of the Function Class H,(3, \)
Theorem 3.1 Let
1 1
pﬁp(p+1)+ﬁ)\<>\+2>+2pﬂ)\>0. (3.1)
Suppose also that f € ¥, is given by (1.1) . If
D [k + Bk(k —1) +]lax| S p—Bpp+1) — (3:2)
k=1

where (and throughout this paper unless otherwise mentioned) the parameter v is con-

strained as follows:

1 1
v i= A= BA (/\ + 2) - 51957 (3.3)

then f € H,(8,\).
Proof To prove f € H, (53, A), it suffices to show that

Z“;(z)+/82f (z)+1

@) )
7 <1 (z € ). (3.4)
@) | g2l ()
e TP T2l
Combining (3.1), (3.2) and (3.3), we know that
p—Bp(p+1) =2y + 1= [k+ Bk(k — 1)+ 2y — 1]]a] (3.5)
k=1

>1—p+Bpp+1)+ Y [k+1+Bk(k— 1)]lax| > 0.
k=1
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Now, by the maximum modulus principle, we deduce from (1.1) and (3.5) that

2f (2) 21" (2)
i TP et

G, A2z -
e PO T2 -l

1—p+Bpp+1)+> 0 [k+ 14 Bk(k —1)]agz*r
—p+Bp(p+1)+2y -1+ 1" [k+ Bk(k—1)+ 2y — 1ayzh+r
L—p+Bpp+1) + 37 [k + 1+ Bk(k — 1)]]ax]
p—Bp(p+1)—2v+1-> 7 [k+ Bk(k —1) + 2y — 1]|a]|

<1.
Theorem 3.2 Let vy be defined by (3.3). If f € H,(8,\) with 0 < 8 < p(p+1 then
NS p—Bpp+ 1)+ 1
and
2p— Bplp+1) =) Ty 30— 30p(p +1) =2y + (Bj + 1 - B)j
< ke N\{1}).
lax] 2 p—Ppp+1)+1 11 p—Ppp+ 1)+ (Bi+ 1) +1) (k€ NALLY
Proof Suppose that
2f () 2f"(2) 1, 1
— _ A+ )+ =pB— A 3.6
o) = =L =T D a4 s (3.5

Then, ¢ is analytic in U and R (¢(z)) > 0 (2 € U) with ¢(0) =p—0Bp(p+1) —~v > 0. It
follows from (3.3) and (3.6) that

4(2)f(2) = =2 (2) = B2°f" (2) = 7 (2). (3.7)

By noting that
q(z)

h(z):p—ﬁp(erl)—v

eP,
if we put

g2) =co+ Y a2 (co=p—PBplp+1)—7).
e

by Lemma 2.1, we know that |cx| < 2[p — Bp(p+ 1) — 7] (k € N). It follows from (3.7) that

(3.8)
pELT

+1 1 =
(p +ﬁZk 1ak217<y]+zakzk>.
k=1

k=1
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In view of (3.8), we get
Coa1 + Cpr1 = —a1 — Yaq, (3.9)
and
k
CoQk+1 + Cp+k+1 + Z AQIC41—-] = —(k + 1)ak+1 — Bk(k} + 1)ak+1 — YQg+1- (310)
1=1
From (3.9), we obtain
2lp — 1) —
p—PBpp+1)+1
and
k
2[p — Bp(p+1) — 1]
a < 14 A ke N). 3.12
Next, we define the sequence {A;}2, as follows
2lp — 1) —
p—Bpp+1)+1
and .
2[p — Bp(p+ 1) — 7]
Api = 1+ A k € N). 3.14
T D+ GG (LT M) (e (319
In order to prove that
lax| = [Ax] (kK E€N),
we make use of the principle of mathematical induction. By noting that
2lp — +1)—
ag] < Ay = = Bpp +1) —1]
p—PBplp+1)+1
Therefore, assuming that
la;| < A (1=1,2,3,--- ,k; keN).
Combining (3.12) and (3.13), we get
k
2[p — Bp(p+1) — 1]
a < 1+ a
ol S T e |
k
2[p — 1) —
p—0Bpp+1)+ (Bk+1)(k+1) —
= Ay (k € N).
Hence, by the principle of mathematical induction, we have
|ak| = |Ax] (k €N) (3.15)
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as desired.

By means of Lemma 2.3 and (3.13), we know that (2.3) holds true. Combining (3.15) and
(2.3), we readily get the coefficient estimates asserted by Theorem 3.2. Assuming that ~ is
given by (3.3) and that the condition (3.1) holds true, we here introduce the §-neighborhood
of a function f € ¥, of the form (1.1) by means of the following definition:

k k(k
Ns(f) = {QEEp g(z *+Zbkz and Zp+gpp+l) 3|ak—bkéé},

(3.16)

where § 2 0.
Theorem 3.3 Let the condition (3.1) hold true. If f € ¥, satisfies the condition

f(ziizz EH(B,N) (€T || <8 5> 0), (3.17)

then
Ns(f) € Hp(B,A). (3.18)

Proof By noting that the condition (1.3) is equivalent to (3.4), we easily find from
(3.4) that a function g € H,(8, A) if and only if

29 (2) + 829" (2) + 9(2)
()+529 (2) + (27 = )g(2)

which is equivalent to

#0 (z€U; 0€C; |o] =1),

(9272(2)7&0 (= €U), (3.19)
where
LS o, R BR(—1) +1 = [kt Bk(h— 1)+ (29— D)o
f)(z)—zzﬂL,f1 F <k- _p+ﬁp(p+1)+1+[p_gp(p+1)_(27_1)](7). (3.20)

It follows from (3.20) that

o |:’k+ﬁk(l~c—1)+l—[k:+ﬁk(kz—1)—1—(27—1)}0
M+ B+ D)+ 1+ - Bp(p+ 1) — (27 — Do

ke Bh(k—1)+1 (o= 1)

“p—PBplp+1)—v

If f € ¥, given by (1.1) satisfies the condition (3.17) , we deduce from (3.19) that

(f +h)(2)

z—P

#—c (el <65 6>0),

or equivalently,

‘(fzhz(z) ) (z€U;0 >0). (3.21)
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We now suppose that
1 oo
q(z) = s + dezk e Ns(f).
k=1
It follows from (3.16) that
= bho) < kot Bk(k— 1)+
— a)Crz dp, —ag| < 6. (3.22
] ¢ — o) H}jp D - ol <6 (322
Combining (3.21) and (3.22) , we easily find that
0| _ |+ = D)5 (06| |la=Die)
2P = z=P 2P ’
which implies that
(gxh)(2) L0 (seU)
z—Pp

Therefore, we have

q(z) € N5(f) C Hp(B, ).

Next, we derive the partial sums of the class H,(53,\). For some recent investigations

involving the partial sums in analytic function theory, one can refer to [3-7].

Theorem 3.4 Let f € ¥, be given by (1.1) and define the partial sums f,(z) of f by

n

1
fn(Z) = ;4‘ akz’“(neN).
k=1

If

akl § 17

ik+ﬁk(/~c—1)+7|
~p-0Oplp+1) -~
where 7 given by (3.3) and the condition (3.1) holds true, then
(i) f € Hp(B,N);
(ii)

f(z)\ s ntpnn+1)+Bpp+1)—p+1+2y .
%(fn(z)>z n+Bn(n+ 1)+ 1+~ (neN;zel),
and
fa(2) ) s ntBnn+1)+Bpp+1)—p+2+7—28 .
%<f(z)>2 n+ﬂn(n+1)+2_2ﬂ (nEN,ZGU).

The bounds in (3.25) and (3.26) are sharp.
Proof First of all, we suppose that fi(z) = zip We know that
f(z)+ez? 1

e

(3.23)

(3.24)

(3.25)

(3.26)
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From (3.24), we easily find that

—p=Pplp+1) =~

which implies that f € N;(27?). By virtue of Theorem 3.3, we deduce that
fEeEN(27P) CHL(B,AN).

Next, it is easy to see that

n+l+0nn+1)+~y _ n+pnn+1)+y

>1 n € N).
p—Bpp+1)—~ p—Bpp+1) -~ ( )
Therefore, we have
" n+1+ﬁn(n+1 +’y k+ Bk(k —
anl + < <1. 3.27
> Jal gy oy ZI il < Zp ﬂpp+) |k| (3.27)

k=1 k=n-+1

We now suppose that
n+148n(n+1)+~y <f(z) _n+ﬁn(n+l)+ﬁp(p+l)—p+1+2fy)
p—Bp(p+1) — fa(2) n+1+pn(n+1)+7v

oo

ntl+pn(nt+1)+y k+p

e apz
p—PBp(p+1)—v E k

hl (Z) =

_ 1 + =n-+1
14 > agzktr
k=1
(3.28)
It follows from (3.27) and (3.28) that
n+1+p8n(n+1)+~ =
hl(z) 1 p—PBp(p+1)—y Z+1 |ak|
’h()—l—l < — — <1 (z € D),
1\Z ntl+pBn(ntl)+
-2 Z ‘a | T T p—Bplp+1)— 77 k:;.l,.l |ak‘
which shows that
R(hi1(2)) 20 (z € V). (3.29)
Combining (3.28) and (3.29), we deduce that the assertion (3.25) holds true.
Furthermore, if we put
1 p=PBpp+1) =7 an
- n 3.30
/() # ntl+pfantl)tqy. (3:30)
then
f(Z) 1 _ p— Bp<p + 1) -7 Zn+1+p
fa(2) n+14fn(n+1)+~ (3.31)

. n+pnn+1)+0p(p+1)—p+1+2y

n+0nn+1)+1+7~ (z=17),
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which implies that the bound in (3.25) is the best possible for each n € N.
Similarly, we suppose that

ho(z) = n+fn(n+1)+2-25 <fn(2) _n+ﬁn(n+1)+ﬁp(p+1)—p+7+2—2,3>

p—Pp(p+1)—~ f(2) n+Bn(n+1)+2-23

n+pn(n+1)+2— Qﬁ
p—Bp(p+1)— Z ap 2"

= 1 — =n+1
1+ E CLka'H’
k=1
(3.32)
In view of (3.27) and (3.32), we conclude that
ntfn(ni1)+2-28  §-
ho(z) — 1 P—Bp(rt1)— _Z ||
‘hz(>+1‘§ n - <1 (zeD),
i n+pn(n+1)4+2v+238
2 2 — ka::l |ak| p— Eﬁfp(PJrl) ’Y’Y Zk n+1 |ak|
which implies that
R(hao(2)) 20 (2 €. (3.33)

Combining (3.32) and (3.33) , we readily get the assertion (3.26) of Theorem 3.4. The bound
in (3.26) is sharp with the extremal function f given by (3.30).
Finally, we prove the following inclusion relationship for the function class H, (3, \).
Theorem 3.5 Let §; 2 s 2 1and p— 1 < A\ £ Ay < p. Then

Hp (B, A1) C Hp(B2, Az)-

Proof  Suppose that f € H,(51,A1). Then

z2f (2) 21" (2) 1 pb
%<f(z) + 5 ) ><)\1[ﬁ1</\1+2>—1]+2 (z € ).
Since 1 2 B2 2 1 and p — 2 < Ay £ Ay < p, we find that

Al[ﬁl(Aﬁ) ] 2o,

1 B
— ] -1 —_—.
B </\2 + 2> ] + >
Then we obtain

A r ) e

which shows that f € H, (81, \2). By Lemma 2.2, we see that f € MS;()\2), that is

R <ZJ]:(S)) < =X (z€U).
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Now, by setting 6 = 52 , so that 0 < § £ 1, we easily find that

"

R (Zf,(Z) 1 By 2f (2) W [ﬂz (A2+;> _1] _13262>

f(2) f(2)

(Aol (ert) ] )

441—®%<ﬁé?+xo<<o (z € V),

that is f € H,(B2, A2). The proof of Theorem 3.5 is thus completed.
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