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Abstract: In this paper, we study the dihedral group of elements of the equivalence parti-
tioning. By using the group acting on the set, we obtain the construction of association schemes
on the dihedral group and all parameters of these schemes are computed. Moreover, we obtain a
family of strongly regular graphs. The result enriches the theory of association scheme.
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1 Introduction

In the theory of (algebraic) combinatorics association schemes play an important role.
Association schemes may be seen as colorings of the edges of the complete graph satisfying
nice regularity conditions, and they are used in coding theory, design theory, graph theory
and group theory. Many chapters of books or complete books are devoted to association
schemes (see [1-3]).

We start with a brief introduction to association schemes. For (more) basic results on
association schemes and their proofs we refer to [1].

Let V' be a finite set of vertices. A d-class association scheme on V' consists of a set of
d + 1 symmetric relations Ro, Ry, -, Ry on V, with identity relation Ry = {(z,z)|x € V},
such that any two vertices are in precisely one relation. Furthermore, there are intersection
numbers pffj such that for any (x,y) € Ry, the number of vertices z such that (z,z) € R;
and (z,y) € R; equals pf;.

The nontrivial relations can be considered as graphs, which in our case are undirected.
One immediately sees that the respective graphs are regular with degree n; = p{,. For the

corresponding adjacency matrices A; the axioms of the scheme are equivalent to

d d
A=, Ag=1, Ai= AT, AiA; = plA;
=0 k=0
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It follows that the adjacency matrices generate a d + 1-dimensional commutative algebra
2 of symmetric matrices. This algebra was first studied by Bose and Mesner (see [5]) and
is called the Bose-Mesner algebra of the scheme. The corresponding algebra of a coherent
configuration is called a coherent algebra, or by some authors a cellular algebra or cellular
ring (with identity) (see [6]).

Kaishun Wang, Jun Guo, Fenggao Li (see [7]) constructed association schemes by at-
tenuated spaces. Their construction stimulates us to consider the construction of association
schemes by dihedral group.

In this paper, we provide a new family of symmetric association schemes, and obtain
the following results:

Theorem 1.1 For n = 2m, suppose that Dy, = {1,a,a?,--- ,a" "1, b,ba,ba? ---  ba" "'}
be a dihedral group. Let us define

(1) Ro =A{(z,z)|z € Dan};

(2) R; = {(a!,a® =)l =0,1,--- ,2m — 1} U {(a',a ™)l =0,1,--- ,2m — 1}
u{(bal, ba® =Nl = 0,1,---,2m — 1} U {(ba!,ba!*¥)|l = 0,1, ,2m — 1}, where i =
1,2,---,m—1;

(3) Ry = {(a",a™ [l =0,1,---,2m — 1} U{(ba!,ba™ )|l = 0,1,--- ,2m — 1};

(4) Rpg1 = {(a,ba*)|l =0,1,--- ,2m—1,5=0,1,--- ,m —1} U {(ba', a®" =27 |l =
0,1,--,2m—1,7=0,1,--- ,m—1}

(5) Rygo = {(a',ba 21|l =0,1,--- ,2m—1,5 = 0,1,--- ,m—1}U{(ba!, a®"H=2-1)|| =
0,1,---,2m—1,7=0,1,--- ,m — 1}.

Then we obtain a family of symmetric association scheme x = (Dap, {R;}o<i<m+2) With

parameters

—_

, +=0, or i =m,
d=m+2; v=2n;, n,=1 2, 1<i<m-1,

t=m+lori=m+2,

=

intersection numbers pf; given by (1).

2 Some Lemmas

In this section we give some lemmas, which are needed in the proof of Theorem 1.1.

We assume that Dy, = {1,a,a?, -+ ,a" "} b,ba,ba? -+ ,ba" 1} is a dihedral group. It
is know that a’b = ba™7 and (ba?)~! = ba’. Here j € {0,1,--- ,n — 1}.

Lemma 2.1 For n = 2m, the conjugacy classes of the dihedral group Ds, are the
following.

Co={1}; Ci={d",a® "}, i=1,2,--- ,m—1; Cp = {a™}

and

Cy1 = {b,ba’,--- ,ba®?}; Cpiyo = {ba,ba® ---  ba*" '}.
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Proof For any a’ € D, and ba’ € Ds,,j = 0,1,---,2m — 1, pick a® € Dy,,i =
1,2,---,m — 1. We have a/a’(a/)™! = /77 = @' and (ba’)a’(ba’)~! = ba’T'ba! = a=* =

a®™~t, Therefore the conjugacy class containing a' is
C;={a",a® },i=1,2,--- ,m— 1.

Picking a™ € Da,, we have a’a™(a?)™ = a/™™ 7 = @™ and (ba’)a™(ba?)~t = ba?T™ba! =

—m

a~™ = a™. Therefore the conjugacy class containing a™ is
Cp={a™}.

Picking b € Dy, we have a’b(a?)~! = ba=% and (ba?)b(ba’)~! = ba?/. Therefore the conju-
gacy class containing b is
Cps1 = {b,ba?,--- ,ba®™ 2}

Picking ba € D,,,, we have a’ba(a?)~ = ba=2'*! and (ba?)ba(ba’)~* = ba* . Therefore the

conjugacy class containing ba is
Chnyo = {ba,ba®,---  ba*™ 1}

Let Cy = {1}. Since
m+2

U Cz = D2n)
=0

the lemma holds.

Let Cy,Ch, - -+, Cpyio be the set of all the conjugacy classes of the group Ds,, as Lemma
2.1. We define X = Dy, and (z,y) € R; <= yz~' € C;. Then (X, {R;}o<i<mt2) becomes
an association scheme.

Lemma 2.2 For n = 2m, let D, be a dihedral group. Suppose that (z,y) € R; <=
yrteC;,i=0,1,--- ,m+2. Then

(1) Ro ={(z,x)|x € Da,}.

(2) Ry = {(a,a® =)l =0,1,--- ,2m — 1} U {(a',a ™)l =0,1,--- ,2m — 1}
U {(ba!,ba®" =]l = 0,1,---,2m — 1} U {(ba!,ba!*))|l = 0,1,--- ,2m — 1}, where i =
1,2, ,m—1.

(3) Ry = {(a';a™)|l=0,1,---,2m — 1} U {(ba!,ba™* )|l =0,1,--- ,2m — 1}.

(4) Rpy1 = {(a",ba'™?)|l =0,1,--- ,2m—1,57=0,1,--- ,m — 1} U{(ba!, a®"1=2)|] =
0,1,---,2m—1,j=0,1,--- ,m — 1}.

(5) Rpyo = {(a',ba"*2 1]l = 0,1,--- ,2m—1,5 = 0,1,--- ,m—1}U{(ba!, a®"H=2-1)|| =
0,1,---,2m—1,j=0,1,--- ,m — 1}.

Proof Let bFal € D,,. If bFalz™ € C;,i = 1,---,m — 1, then bralz™! = a' or

bralz—! = a?™~ . Therefore

a2m =i if k=0,

r = a2mipkgl — bka(fl)’“(2m7i)+l _ _ .
ba't, ifk=1,
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or l
i Y alte, if k=0,
2 = (22" gl = pra- DN — { e h 1
Hence
R, = {(a',a® =)l =0,1,---,2m —1}U{(a,a*)|[l =0,1,--- ,2m — 1}
u{(bal, ba* =1 = 0,1,--- ,2m — 1} U {(ba!, ba' )|l = 0,1,--- ,2m — 1},
where i =1,2,--- ,m — 1.

If b*alx~! € C,,, then b¥a'z=! = a™. Therefore

2 = (™)1t = a"bha! = @™t k=0 _ [ et ik =0,
bal=™, ifk=1 ba™ . if k= 1.

Hence
R, ={(d,a™ M|l =0,1,--- ,2m — 1} U {(ba',ba™ )|l = 0,1,--- ,2m — 1}.
If b*a'z=t € Cpyq1, then bFalz™! = ba®,j =0,1,--- ,m — 1. Therefore

bal*%,  ifk =0,

z = (ba®) 'l = pFt1g"D"EH — { a?m =2 if k=1

Hence
Ry = {(a',ba™)|l=0,1,--- ,2m —1,7=0,1,--- ,m — 1}
U{(bal, a®™ =211 = 0,1,--- ,2m — 1,5 =0,1,--- ;m — 1}.
If b*alz=t € Cpya, then bFalz™! = ba®*1,j =0,1,--- ,m — 1. Therefore
» _ 1+2j+1 k=0
2§12k 1 _ pk+1, (=1)F(25+1)+ _ ba ) 1 )
z=(ba™" )b =b""a = { @221 e = 1
Hence

Ryio= {(a,ba* )1 =0,1,--- ,2m—1,7=0,1,--- ,m — 1}
u{(bal, a®*=2-1)|1 = 0,1,--- ,2m — 1, =0,1,--- ,m — 1}.

3 Proof of Theorem 1.1

In this section we shall prove Theorem 1.1 and compute all the parameters of the cor-
responding association scheme.

By Lemma 2.2, for n = 2m, we have that x = (Dap, {Ri}o<i<m+2) IS an association
scheme, and obtain the following propositions.

Proposition 3.1 Suppose that n = 2m. Then the set of the adjacency matrices of the

association scheme y is given by the following matrices.
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(1) Ao =1,

(2) A=

(5) Am+2 =

Sn—i 4 S 0
) Cl,e=1,--- ,m—1;
0 STt S5t
Sm, 0 '
0o Ssm |’
B m—1
O z 521
. i=0
Z S22 0
i=0
[ mil 2i+1
0 S
: 0 I,_
1 =0 . Here S = "
Z G2i+1 0 1 0
L =0

Proposition 3.2 Suppose that n = 2m. Then the intersection numbers of the associ-

ation scheme x are as following.

bi; =

1,if {i,5} ={0,l} and k=1,1=0,1,--- ,m+2,
Lifl<i+j<mandk=i+4+j51<4j<m-—1,

Liftm+1<i+j<2m—-landk=n—(i+j),1<i,j7<m-—1,

Lifizjand k=1]i—j[,1<id,5,k<m-—1,
2,if 1<i=j<m-—1and k=0,

Lif {i,jt={m,l}andk=m—-10,1=1,2,--- ,m—1,

2,if {i,j} ={m+1,l} and k=m+ 1,1 = 2,4,
2if {i,j}={m+1l}and k=m+2,1=1,3,
2,if {i,j}={m+2,l}and k=m+2,l =24,

2)if {i,j}={m+2,l}andk=m+1,0=1,3,---,

Lif {i,5} ={m,m+ 1} and k = m + 1, m is even,
Lif {i,5} ={m,m+ 1} and k = m + 2, m is odd,
1,if {i,7} = {m,m + 2} and k = m + 2, m is even,
1Lif {i,7} ={m,m + 2} and k =m + 1, m is odd,
m,if {i,j} ={m+1,m+ 2} and k = m + 2,

l,if i=j=mand k=0,
mifi=j=k=m+1,
m,ifi=73=m+2k=m+1,

0, otherwise.

s,
s,

s,

2m — 2,
2m — 1,
2m — 2,
2m — 1, (1)

Proof By Proposition 3.1, we obtain the results as following. If 0 < ¢ < m + 2, we

have

AoA; = AjAg = A;.
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If1<i,5 <m—1, we have

A A = AjA;
Sn—(i+3) 4 gnti—i g gnti=i 4 git) 0
- 0 Gn—=(i+3) | gnti—i 4 gn+i=j 4 Giti ]
Sn=(i+7) 4 Giti 0 Snti—i g gnti—i 0
- 0 gn—(i+3) 4 Giti ] [ 0 Gni—i 4 gn+i—j ]

Ay + A, 1>,
= Ay +A, i<y,
AQ'L' +2A0, Z :j

If 1 <i<m-—1, we have

AiA7n+1 = Am+1Ai =

2A,,41,1f @ is even,
2A,,42,if 7 is odd,

and
A;A — A oA = 2A. 12,1 4 is even,
. e 2Am41,1f © is odd.
Note that
A A=A A = Ay, if m is even,
m4im+1 m+1<41m Am+2’ o is Odd’
Appio,if m is even,
AmAm - Am Am =
" +2 { Am—i—l, if m is odd.
A - AOv
m—1
0 m Z S21+1
Am+1Am+2 = Am+2Am+1 = m—1 i=0 = mAm+27
m Z S2z+1 0
=0
and 1
0 m Z §2i
A12n+1 = A$n+2 = =0 _ mAm+1,

m—1
m Yy, S% 0
=0

Therefore the desired result follows.

The proof of Theorem 1.1 is completed.

4 Strongly Regular Graphs

Bannai and Ito (see [1]) introduced strongly regular graphs. In this section we construct

a family of strongly regular graphs from above association schemes x = (Day, { R; }o<i<m+2)-
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A simple graph (X, R) is called a strongly regular graph with parameters (n, k, A, p) if the
following conditions are satisfied:
(a) [X|=n;
(b) For each z € X, we have [{y € X|(z,y) € R}| = k;
(c) For each pair of z,y with (z,y) € R, we have [{z € X|(z,2) € R, (y,2) € R}| = X,
(d) For each pair of z,y with (z,y) € R, we have |{z € X|(z,2) € R, (y,2) € R}| = p.
Let

X :D2n7
R=R, ={(d,a* " Hi=0,1,---,2m -1} U{(d,a"™I=0,1,--- ,2m — 1}
u{(ba', ba®>™ N1 =0,1,--- ,2m — 1} U {(ba', ba"™)|l = 0,1,--- ,2m — 1}.

By Theorem 1.1, we obtain the following theorem.
Theorem 4.1 The graph I' = (X, R) is a strongly regular graph with parameters
(2n,2,0,2).
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