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EXISTENCE AND CONCENTRATION BEHAVIOR OF
NODE SOLUTIONS FOR A KIRCHHOFF EQUATION
IN R?
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Abstract: In this paper, we investigate a nonlinear Kirchhoff type problem. By virtue of
mini-max and truncation methods, we obtain the existence of nodal solutions and concentration
behavior to Kirchhoff type problem, which extend the results in [4].
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1 Introduction

In present paper, we concern with the following semi-linear Kirchhoff type equation

—(e%a + 56/ |Vul?do)Au + V(z)u = f(u), z€R?
R3 (1.1)
u e HY(R3),

where ¢ > 0 is a parameter, a,b > 0 are positive constants, V' (z) is a Holder continuous
function satisfying

(V1) V(z) > a >0, z € R? for some constant a > 0.

(V2) There exists a bounded domain A compactly contained in R? such that

Vo = qlqréf\ V(z) < wlenafAV(a:)

and f € C'(R) satisfying

(f1) f(s) =o(s®) as s — 0.

&) 1 S0

|s]—+o0 ‘S|p
(f3) there exists some 6 > 4 such that

= 0 for some 3 < p < 5.

0<OF(s) <sf(s),Vs#0,
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where F(s) :/ f@)de.
0
(fg) J|‘(|33) is increasing for any s # 0.
s
Equation (1.1) with @ = 1,b = 0 and R3 replaced by RY, reduces to the well-known
Schrédinger equation
—?Au+ V(z)u = f(u), = €R". (1.2)

Equation (1.2) arises in different models. For instance, they are involved with the

existence of standing waves of the nonlinear Schrodinger equations
ic0z = —e*Az + (V(x) + E)z — f(2), Vo eRY, (1.3)

where f(s) = [s|P7%s5,2 < p < 2* := 2N/(N —4). A standing waves of (1.3) is a solution of
the form z(z,t) = exp(—iEt/e)u(z), where u is a solution of (1.2).

For (1.1), if e = 1,V (2) = 0 and R? replaced by , it reduces to the following Kirchhoff
type problem

(a+b/ |Vul?dr)Au = f(x,u), = €Q,
Q

(1.4)
u =0, x € 0N).
where 2 C R? is a smooth bounded domain.
Equation (1.4) is related to the stationary analogue of the equation
uy — (a + b/ |Vul?dz)Au = f(x,u), x€Q,
Q (1.5)

u =0, x € 0N.

Equations of this type were first proposed by Kirchhoff in [19] to describe the transversal
oscillations of a stretched string. Equation (1.5) began to attract much attention since the

work of Lions [18] introduced an abstract framework to the problem. More results can refer
to, for example [16-17]. Meanwhile, the presence of the term ( / |Vu|*dz) Au implies that

the above two equation are no longer a point-wise identity. T%is phenomenon provokes
some mathematical difficulties, which make the study of such a class of problem particularly
interesting.

In recent years, a lot of work has been done by many authors related to equation (1.2)
and (1.4). We can refer to [1-3, 5-7, 9-12, 14] and their references therein.

More recently, He and Zou in [15] considered the following general equation

—(e%a+ eb/ |Vul?dz)Au+ V(z)u = f(u), u >0, x€R3 )
R3 (1.6

u e HY(R?).

By using Ljusternik-Schnirelmnn theory (see [13]) and mini-max methods, the multiplicity

of positive solutions, which concentrate on the minima of V(z) as ¢ — 0, are obtained. But
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to the best of our knowledge, the existence and concentration behavior of the sign changing
solutions to (1.1) have not ever been studied. Moreover, as far as we know, the existence
and concentration behavior of node solutions are very interesting in both mathematicians

and physicians. Fortunately, in [4], the author studied the following equation

{ —e2Au+V(z)u = f(u), z€,
(1.7)

u =0, x € 0f).

Under some given conditions with V' (x), f(u), the existence of node solutions was obtained
and such a solution has just one positive and negative peaks which are located around local
minimal of V(z).

Motivated by the above papers, we study the existence and concentration behavior of

nodal solutions of problem (1.1). In our present paper, we mainly employ the method used
in [4]. However, compared with [4], the term ( [ |Vu|*dx)Au and the lack of compactness

of the embed-ding of H*(R3) — LP(R3),2 < p <Q6 cause us more difficulties. So we need to
find some new arguments and our work is meaningful.

Our main result is as follows:

Theorem 1.1 Suppose that V (z) satisfies (V1) — (V2) and f satisfies (f1) — (f4), then
there exists ey > 0 such that problem (1.1) possesses a nodal solutions u. € H!(R?) for
every € € (0,&9). Moreover, u. possesses just one positive maximum point P! € A and one

negative minimum point P2 € A. We also obtain lin% V(P =V, (i=1,2) and

_ Pl _ P2
[uc()| < M | exp(—T——=) + exp(=B|=—=])|.

where M, 3 are some positive constants.

To verify Theorem 1.1, we mainly employ the framework used in [4]. We first exploit
the truncation method to modify the nonlinearity f(u) in order to obtain the existence of
a nodal solution. Furthermore, to show the phenomenon of concentration, we establish an
upper estimate of the energy for the solution and make a careful study of its profile obtaining
a relation between peak points, which imply that these points are concentrated around local

minimal of V.

2 Preliminaries and Notations

In this section, we introduce some notations and prove the existence of a nodal solution

to equation (1.1). Throughout this paper, we denote by H the Hilbert space given by

H = {uc H'(R% ;/

V(z)u® < +oo}
R3

endowed with the norm denote by ||u|| = (/ (|Vul|? + u?)dz)Y/2. Tt is clear that solutions
R3
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of (1.1) are the critical points of the functional I. : H — R given by

1

I.(u) = 5 /R3 (e%a|Vul? + V(2)u?)dx + Z(/RS |Vul|?dz)? — /]RS F(u)dz,

where F(u) = / f(s)ds. By (f1) — (f2), I is well defined and I. € C'(H,R). Similar to
0

the argument in [2], we choose k > 0 such that k > ;% > 1. Take a; > 0,a» < 0 such that
flai) _ o

- 2,1 =1,2, where « is as in (V). Meanwhile, we set

as
—, §>ap or s < ag,

flsy=4

f(3)7 a2§8§a1

and define the functional

g(x,8) = xa() f(5) + (1 = xa(@)) f(5),

where ya(z) denotes the characteristic function of A. Using the conditions (f;) — (f4), it is
easy to verify g(x, s) is a Carethéodory function and satisfies the following conditions:

(g1) g(z,s) =o(|s]?) as s — 0, uniformly in z € R3.

(g2) There exist some 3 < p < 5 such that ‘ |lim g(|x"p8)
§|—+o0 S

=0.
(g3) There exist some 6 > 4 such that
0 < 0G(x,s) < sg(z,s),Vx e A, s#0,
1 .
0 < 2G(z,s) < sg(z,s) < %V(x)s2,Vx ER*\ A, s #0,

where G(z, s) :/ g(z,t)dt.
0

g(z,s)
s
In the following discussion, we consider the following penalized problem

is increasing for any z € R3, s # 0.

(g4) The function

—(e%a + Eb/ |Vul?dz)Au + V(z)u = g(z,u), x€R3,
R3 (2.1)

u € H.

Note that if u is a nodal solution of (2.1) with as < u(z) < ay, then u(x) is indeed a nodal
solution to equation (1.1).
For equation (2.1), the corresponding energy functional J. : H — R is defined by

1
J(u) = 2/ (e%a|Vul? + V(z)u?)dx + Zb(/ |Vu|?dz)? —/ G(z,u)dx
R3 R3 R3

and for any ¢ € H,

(JL(u), o) :(52a+5b/ |Vu|2dx)/ Vquoda:—I—/ V(x)ugoda:—/ g(z, u)pdx.
R3 RS R3

R3
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To prove the existence of a nodal solution, we define
M. ={u e H:u* #0,J (u)u* =0}

and
c. = inf J.(u).

ueM,
Lemma 2.1 ¢, is achieved by some u, € M.. Moreover, u. is a nodal solution of
equation (2.1).
Proof Since (g1) — (g3), there exist constants C' > 0, x > 0 such that for any u € M_,

we have

J.(w) = Ol / e > > 0.
A

Take a sequence {u,} C M, such that J.(u,) — c., then {u,} is bounded in H. Thus, there
exist a subsequence, still denoted by {u,} and a function v € H such that u, — w in H.

Thus, we have
/ |ut [P dr = lim / luZ [P dx > p > 0.
A A

n—-+4o0o
Therefore, u* # 0.
Now, we claim that J!(u®)u® < 0.
In fact, by the lower semi-continuous of the norm and Fatou Lemma, we derive that

/ (e%a|VuE)? + V() |[ut|?)dx + be(/ |Vu®|?dz)? — / g(z, uF)utde
RS RS RS\A

1
= / e2a|Vut|? + / V(:L’)|ui|2d3:+/ (1— )V (z)uF|?dx +b€(/ |Vu®|?dz)?
RS A RS\A k RS

T / Av@)etP - g, utyt)de
r\A K

1
< liminf[/ g2a|vu35|2dx+/V(:c)|uf52dx+/ (1— )WV (2)|uF Pdz
n—oo R3 A R3\A k
1
+bs(/ |vuf5|2dx)2} +nminf[/ (ZV (@)[ut]? —g(x,uff)ujf)dx}
R3 n— oo R3\A k
1
< liminf[(/ (52a|Vuf|2+/V(z)|uf|2)da:+/ (1 — )V (x)|ul|?de
n—oo R3 A R3\A k

1
s [ VuEPan®) + [ QY@ - o]
R3 R3\A

= liminf[/ (e%a|Vui > + V(z)|uf|?)dx + be(/ |Vut|?dz)? —/ gz, v utdx
RS RS R

n— oo 3\A
n— oo

= liminf[/ g(x,uf)ufdx—/ g(x,ui)uidx]
R3 R3\A

n—oo

= /g(x,ui)uidac.
A

= liminf/g(x,uf)ufdx
A
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Thus
/ (e2a|Vut]? + V(z)|u®|*)dx + bs(/ |Vu®|dx)? — / g(z, uF)utdr <0,
R3 R3 R3
i.e., (J/(uF),u*) < 0. By the above statement, there exists constant = € (0,1] such that

(JL(tFu®), t*ut) = 0, i.e., ue = tTut + ¢t u~ € M.. In addition, by (g4), (V1), k > 1 and
Fatou lemma, then we have

1 b
J(tFu*) = 2/ (2altEVuE|? + V (2)[tFu® | )dx + 5(/ [tEVu® |2dx)? —/ Gz, tTu®)dx
RS RS

4

R3
1 1
= / [Zg(x,tiui)tiui — Gz, t*u*)]dr + 4/ (e2altE*VuE|? + V(z)|[ttu*|*)de
R3

R3

n—oo

1 1
< lim inf[/ (Zg(:c,tiuf)tiuf — Gz, t*ud))de + 4/ (2altEVut|? + V(x)|tiu,f|2)dx)]
R3 R3

< liminf[/ (lg(x,uf)uf — G(x,ul))dr + 1/
re 4 4

n—oo R

(2| Vit + V (a)|u )de]

= liminf J. (u).

Thus
. < Jo(u)=J.(tTut)+J.(tTu)
< liminf[J. (w)) + J-(u,)]
= liminf J.(uy,)
= Cg,

i.e., c. is attained by the function u.. Furthermore, by the elliptic regularity arguments, u.
is a classical nodal solution of problem (2.1).

3 Estimate of the Energy
In this section, we turn to estimate the energy of u.. Let
f(s), £s>0
fr(s) =
0, otherwise.

Suppose wy € H!(R?) are respectively the least energy nodal solutions of the following limit
equation:

—(a+b/ |Vul?dz)Au + Vou = fi(u), =€ R,
R3

that is wy satisfy ¢& = J& (wy) = inf sup J (tu), where
+ Y €y, VO( +) TLEH\{O}-,—ZI()) vo( )

1 b
Fofwn) = 5 [ @Vl + Vitada+ 3 [ FusPao? - [ Fuie
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s
and F(s) :/ fe(t)dt.
0
Without loss of generality, we assume w (0) = maxw. (x), w_(0) = m]iRI% w_(z).
rER- re
Lemma 3.1 Given € > 0, the function u,. satisfies

. -3 —+ —
lim S(l)lpE Je(ue) < ey + ey
E—

Proof Let zy € int(A) be such that V' (zy) = V. Choosing r > 0 such that B,.(z) C
int(A) and 7 is a smooth function, 0 < n <1, |Vn| < C and

1, |z| <r/4,
n(x) =
0, x| >r/2.

T—XIQ
€

Denote w. +(x) = n(x — xo)w( ). By condition (g1) — (g3), there exists t. 1 > 0 such

that J.(t.1w.+) = max Je(twe 1), then
>

JE/ (ts,:l:ws,:l:)ts,:l:ws,:l: =0.

Consider the function

We = te 4We + +te —we
then w® =t yw. +, JI(wF)wE =0, ie., w. € M., thus
e < Jo(we) = Je(wl) + Je(wy).
On the other hand, by direct computation we conclude that
Je(wZ) = *(cy, +o(1)),
where o(1) — 0 as ¢ — 0. Thus we obtain our conclusion.

4 Properties Analysis of u.

In this section, we make a careful analysis the profile of u,.

Lemma 4.1 The positive local maximum and negative local minimum points of u. are
both in A.

Proof Let x. be a positive local maximum of u.. Suppose by contradiction that

z. € A°. Since Au.(z.) <0, using the definition of g, we have
auc(xz:) < Vi(x)ue(ze)

—(*a+eb /}R3 |Vu.|?dz) Aug(z.) + V(2 )u ()

IN

= fluc(z.)) < EUE(IE)'

But the above estimate is impossible by the fact k& > 9%2 > 1. A similar argument implies

that every negative local minimum of u, is also in A.
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Lemma 4.2 Let P! be a local maximum of v} and P? a local minimum of u_, then
(1) uE(Pal) 2 ar, UE(PS) < as,

(2) ¥|—>+oo as € — 0.

Proof By Lemma 4.1, then P}, P? € A. Moreover, from the definition of g, then for

i =1,2, we have

(e*a+eb | [Vuc|*dz)Au.(P) = V(PHuc(F!) = f(us(Fr))

= V==

Jue (PY).

Meanwhile, as Au.(P}) <0, Au.(P?) > 0,u.(P}) > 0 and u.(P?) < 0, it follows that

n f(ue(PY)) ,
V(P) - ——==2-<0 =1,2
( 5) ug(f?) =V, 1 ) 4y
which together with (V1) imply
i pi
P o o,

u(P?)
Consequence, if ay < u.(P!) < ay, i = 1,2, then

o Su(P) (P
E e 2 e 2070

which is a contradiction, thus u.(P}) > ay,u.(P?) < as. Item (1) is proved. The proof of
item 2 is similar to Lemma 3.2 in [4], here we omit it.
Lemma 4.3 If ¢, | 0 and 2!, € A,i = 1,2 are such that

e, (X)) >b>0, ., (z2)<-b<0,

then
lim V(z}) =V, (i = 1,2).

Proof The proof is similar to Proposition 4.1 in [4].

+

Lemma 4.4 If m} = maxuZ (x), m_
T€EOA

- = ;relg}\ u_ (x), then

lim m* = 0.
e—0
Moreover, for every € > 0 small enough, u. possesses at most one positive local maximum

P! € A and one negative local minimum P? € A. Meanwhile, we have

lim V(P) =V, =minV(z),i =1,2.

zEA

Proof The proof is similar to Corollary 4.1 in [4].
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5 Proof of Theorem 1.1

To conclude the proof of Theorem 1.1, we only need to show that as < u.(x) < aq, Vz €
A¢. By Lemma 4.4, there exists ¢y > 0 such that for all 0 < & < gy, we have

lue(z)] < A =min{a;, —as}, Vo € JA.

Using the same arguments in [2], the above inequality follows for u. and x € A°. Moreover,

the arguments explored by [14], we can prove the following estimate

_p! o
)| < M [exp(=81 7= + exp(~51 )

for some constant 3 > 0. So we complete the proof of Theorem 1.1.
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