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Abstract: In this note, we introduce quasi-*-A(k) operators and obtain their spectral prop-
erties as follows: (i) If T is quasi-*-A(k) for 0 < k < 1, then the spectral mapping theorem
holds for the essential approximate point spectrum. (ii) If T is quasi-x-A(k) for 0 < k < 1, then
0ja(T)\{0} = 04(T)\{0}. Besides, we consider tensor product of x-A(k) operators.
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1 Introduction

Let H be an arbitrary complex Hilbert space and T be a bounded linear operator on
H. We denote the *-algebra of all bounded linear operators on H by B(H).

An operator T is *-paranormal if ||T?z|| > ||T*x||* for unit vector z. *-paranormal
operators have been studied by many researchers, see [5, 9, 11], etc. An operator 7T is said
to be class -A if [T2| > |T*|2, where |T| = (T*T)z. As an easy extension of class %A
operators, an operator T is said to be quasi-+-A if T*|T?|T > T*|T*|?T in [17]. Moreover,
for k > 0, an operator T belongs to *-A(k) if (T*|T|?*T)%7 > |T*|%. An operator T is
absolute-+-k-paranormal if |[T*z||*** < |||T|*Tz||||z||* for every z € H. Particularly an
operator T is a class x-A(resp. *-paranormal) operator if and only if 7" is a *-A(1)(resp.
absolute-*-1-paranormal) operator.

In this note we extend x-A(k)(resp.*-paranormal) operators and quasi-x-A operators to
a new class of operators called quasi-*-A(k)(resp.quasi-absolute-*-k-paranormal) operators,
and study their spectral properties.

Definition 1.1 Let T' € B(H).

(i) For each k > 0, T belongs to quasi-+-A(k) if

T*(T*|T|**T)==T > |T|*.
(ii) For each k > 0, T belongs to quasi-absolute-*-k-paranormal if

|| T*Tx||* < |||T|*T?z||||Tx||" for every » € H.
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It’s known that quasi-*-A(1) operator is quasi-x-A, and a quasi-*-A(k) operator is quasi-
absolute-*-k-paranormal (see Lemma 2.2), then we have the following implications:

x-A(k) = quasi-*-A(k) = quasi-absolute-*-k-paranormal.

By simple calculation, we have the following lemma as appeared in [22].

Lemma 1.2 Let K = &> H,,, where H,, = H. For given positive operators A and B

on H, define the operator Ty g on K as follows:

Tap=

s

o oo o o
cocopo o
como oo
SClgo o oo
o @ oo o
o oo oo o

Then the following assertions hold:
(i) Ta g belongs to *-A(k) if and only if B? > A2
(ii) Ta p belongs to quasi-+-A(k) if and only if AB?A > A%,
The following example provides an operator which is quasi-x-A(k) but not *-A(k).
Example 1.3 A non-+-A(k) and quasi-x-A(k) operator.

Take A and B as
A 1 0 B 1 1 .
0 0 1 1
1 2
B?— A% = 0.

Hence T4 p is not a x-A(k) operator.
On the other hand,

A(B2A2)A710 1 2 Lo _[1ro)_,
a “loo 2 2 oo/ \oo/="

Thus T4 p is a quasi-*-A(k) operator.

Then

Consider unilateral weighted shift operator as an infinite dimensional Hilbert space
operator. Recall that given a bounded sequence of positive numbers « : aq, g, az, - - - (called
weights), the unilateral weighted shift W, associated with « is the operator on H = [y

defined by We, := aye,iq for all n > 1, where {e,, }°°, is the canonical orthogonal basis
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for ly. Straightforward calculations show that W, is quasi-x-A(k) if and only if

0 0 0 0 0
ar 0 0 0 0
0 a2 0 0 0
Wa=119 o as 0 0 ’
0 0 0 a4 O

where

(a1+1af+2)%‘“ 2 ai (Z = 172’3’...)‘

The following examples show that quasi-*-A operator and quasi-*-A(2) operator are
independent.

Example 1.4 A non-quasi-*-A and quasi-*-A(2) operator.

Let T be a unilateral weighted shift operator with weighted sequence (), given oy =
3, = 1,3 = 8,3 = a4y = a5 = --- . Simple calculations show that T is quasi-*-A(2) and
a non-quasi-*-A operator.

Example 1.5 A non-quasi-*-A(2) and quasi-x-A operator.

Let T be a unilateral weighted shift operator with weighted sequence (), given oy =
%, é,O{5 = 64,5 = ag = ---. Simple calculations show that T is
quasi-*-A but not a quasi-x-A(2) operator.

1,0[2: 01322,064:

2 Spectrum of Quasi-+-A(k) Operators

In the sequel, let o(T), 04 (T), 0p(T'), 0ca(T), 0,(T), 0jo(T) for the spectrum of T', the
approximate point spectrum of T', the point spectrum of T, the essential approximate point
spectrum of T, the joint point spectrum of 7', the joint approximate point spectrum of T,
respectively. A € o,(T) if there is a nonzero x € H such that (T'— \)x = 0. If in addition,

(T* — XN)z =0, then X\ € 0,,(T). Analogously, A € o,(T) if there is a sequence {x,} of unit
vectors in H such that (T — )z, — 0. If in addition, (T* — X)x,, — 0, then X € 0, (7).

Clearly, 0;,(T) C 0,(T), 0o(T) C 04(T). In general, 0;,(T) # 0,(T), 0;o(T) # 0 (T).

Recently, it was shown that, for some nonnormal operator T', the nonzero points of its
point spectrum and joint point spectrum are identical, the nonzero points of its approximate
point spectrum and joint approximate point spectrum are identical[3, 7, 19-21]. In this
section, we will extend that result to quasi-*-A(k) for 0 < k < 1.

To prove the inclusion relation between quasi-x-A(k) operator and quasi-absolute--k-
paranormal operator, we need the following lemma.

Lemma 2.1 [10] Let A be a positive linear operator on a Hilbert space H. Then

(i) (A*z,2) > (Ax,x)* for any A > 1 and ||z|| = 1.

(i) (A*z,z) < (Az,2)* for any 0 < XA <1 and ||z|| = 1.

Lemma 2.2 For each k& > 0, every quasi-*-A(k) operator is a quasi-absolute-*-k-

paranormal operator.
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Proof Suppose that T belongs to quasi-x-A(k) for k > 0, i.e.,
T*|T*)*T < T*(T*|T|?*T)* T.
Then, for every z € H,
T T |[26+D = (T%|T* 2T, ) <+

< (T* (T* |T|2kT)m Tz, l,)(kJrl)

(
(T[T T) ™ T, T+
(T*| T\ T2, Ta)| | Tz|[
17T 2] 2|7

IN

Therefore,
([ T*Tx||* < |||T|*T?x||||Tx||* for every = € H,

that is, T is quasi-absolute-*-k-paranormal for k > 0.

Lemma 2.3 [6] Let H be a complex Hilbert space. Then there exists a Hilbert space
K such that H C K and a map ¢ : B(H) — B(K) such that

(i) ¢ is a faithful x-representation of the algebra B(H) on K;

(ii) ¢(A) >0 for any A > 0 in B(H);

(ii)) 0u(T) = 04 (9(T)) = 0,((T)) for any T € B(H).

Lemma 2.4 [21] Let ¢ : B(H) — B(K) be Berberian’s faithful x-representation. Then
ja(T) = 0jp((T)).

Lemma 2.5 Let T be a quasi-+-A(k) operator for 0 < k <1 and A # 0. Then Tx = Az
implies T*z = \x.

Proof Let A # 0 and suppose z € N(T — \), we get Tx = \z. Since T' is quasi-*-A(k),
for every unit vector x € H, ||T*Tz||* < |||T|*T%z||||Tz||*, then

[T ][R < A2 TR | = (AFF2(|T %, 2)
< AT, 2) 5 = |AFF2)| T
— |)\|2k+2.

Hence, for all ||z|| = 1, ||T*z||* < |A]?, and then

1T = Aal| = (T = A)"z, (T = \)*z)
= |IT"2||* = (2, A\Tz) — (AT, 2) + [A]*||=]*
<A = AP = AP+ A
=0.
Therefore, we have ||T*z — Az|| = 0, that is, T*z = \z.
Remark 2.6 The condition “A # 0” cannot be omitted in Lemma 2.5. In fact,

Example 1.3 shows that T4 p is a quasi-x-A(k) operator, however for the vector z =
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(0,0,1,-1,0,0,---), Tap(z) = 0, but T} z(x) # 0. Therefore, the relation N(Ta ) C
N(T} ) does not always hold.

Theorem 2.7 Let T € B(H) be quasi-*-A(k) for 0 < k < 1. Then

(1) 73(T)\{0} = o, () {0};

(ii) I (T —Nx=0,(T — pu)y =0, and A # p, then we have < z,y >= 0;

(i) 050(T)\{0} = 0 (T)\{0}.

Proof (i) Clearly by Lemma 2.5.

(ii) Without loss of generality, we assume p # 0. Then (T — p)*y = 0 by Lemma 2.5.
Thus we have p < z,y >=< z,T*y >=<Tz,y >= XA < x,y > . Since A # u, < z,y >= 0.

(iii) Let ¢: B(H) — B(K) be Berberian’s faithful s-representation of Lemma 2.3. In
the following, we shall show that ¢(7T') is also a quasi-*-A(k) operator.

In fact, since T is a quasi-x-A(k) operator, by Lemma 2.3, we have

(D) (@) (T e(T)) = = |(p(T)" (T

= p(T*((T*|T|*T) " — [T*]T) > 0.
Then

0a(T)\{0} = 0u((T)\{0} Dby Lemma 2.3
=o0,(p(T))\{0} by Lemma 2.3
= 0jp(p(T)\{0} by (i)
=0;.(T)\{0} by Lemma 2.4.

Recall that T € B(H) is said to have finite ascent if N(T") = N(T™"!) for some positive
integer n, where N(T') for the null space of T

Theorem 2.8 If T is quasi-*-A(k) for 0 < k <1, then T"— X has finite ascent for each
reC.

Proof If A # 0, then N(T—A) € N(T* —X) by Lemma 2.5, thus N(T— ) = N(T —\)>.
If A\=0, let x € N(T?), since T is quasi-+-A(k), then

|| T*Tx||* < |||T|*T?%z||||Tz||* for every z € H.
We have

TPl = || T Tl M+ < ||| TP T 2] Tae]|*
= (|71 1%, T%x)?|| T |*
< (|T1*T%2, T%2) || Tx||*|| T2 ]| ~H)
= ||T3z||*||Tx||*||T2x||*" for every = € H.

Hence |T)?z = 0 implies Tx = 0. This shows that 7' — A has finite ascent for each A € C.
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Recall that T' € B(H) has the single valued extension property (abbrev. SVEP), if for
every open set U of C, the only analytic solution f: U — H of the equation

(T =N f(N) =0

for all A € U is the zero function on U.

Theorem 2.9 If T is quasi-*x-A(k) for 0 < k < 1, then 7" has SVEP.

Proof Clearly by Theorem 2.8 and [14, Proposition 1.8].

As a simple consequence of the preceding result, we obtain

Corollary 2.10 If T is quasi-*-A(k) for 0 < k <1, then

(i) 0ea(f(T)) = f(0ea(T)) for every f € H(o(T)), where H(o(T)) is the space of
functions analytic on an open neighborhood of o (7);

(ii) T obeys a-Browder’s theorem, that is 0., (T) = 04,(T'), where 0,,(T) := N{o. (T +
K):TK = KT and K is a compact operator};

(iii) a-Browder’s theorem holds for f(7') for every f € H(o(T)).

Proof Note that T" has SVEP, Corollary 2.10 follows by [1].

3 Tensor Products of %-A(k) Operators

Given non-zero T', S € B(H), let T ® S denote the tensor product on the product space
H ® H. The operation of taking tensor products T'® S preserves many properties of T', S
€ B(H), but by no means all of them. The normaloid property is invariant under tensor
products [16, p.623], T ® S is normal if and only if 7" and S are normal [12, 18], however,
there exist paranormal operators T and S such that T'® S is not paranormal [4]. Duggal [8]
showed that for non-zero T, S € B(H), T ® S € H(p) if and only if T, S € H(p). Recently,
this result was extended to class *-A operators and class A operators in [9, 13], respectively.

In this section we consider the tensor products of x-A(k) operators. The following key
lemma, is due to J. Stochel.

Lemma 3.1 [18, Proposition 2.2] Let A;, Ay € B(H), By, By € B(K) be non-negative
operators. If A; and B; are non-zero, then the following assertions are equivalent:

(i) 41 ® B; < A; ® Bs.

(ii) There exists ¢ > 0 for which A; < cAy and B; < ¢! B,.

Theorem 3.2 Let T', S € B(H) be non-zero operators. Then T® S is a - A(k) operator
if and only if 7" and S are *-A(k) operators.

Proof By simple calculation we have
T® S is a*-A(k) operator
& [(TeS)|Te ST w8 > |(TeS)|?
& [(T® ST e ST @ S)= — T[> [S*]> > 0
& (T @ ST & |S*)(T @ 9)7 — [T*]? 5" > 0
& (T TPPT) 7T @ (S7|S)RS) 7 — |T7> @S| > 0
& TP @ [(S*ISIPFS) 7 — |S*[] + [(T*|TP*T) = — |T*P) @ (S*|S*FS) =+ > 0.
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Thus the sufficiency is easily proved. Conversely, suppose that T ® S belongs to *-A(k).
Without loss of generality, it is enough to show that T" belongs to *-A(k). Since T ® S is
x-A(k), we obtain

(T*|T*T)= @ (S°|SP*S)7 > (T @ S)° [

Therefore, by Lemma 3.1, there exists a positive real number [ for which
(T TP*T)w > |7+

and

lfl(S*|S|2kS)k%rl > |S*|2
Consequently, for arbitrary =,y € H, using Lemma 2.1 we have

T2 = ||T*|]* = sup{(|T* [Pz, @) : ||| = 1}
< sup{(U(T*|T**T) "7z, 2) : ||z|| = 1}
< Isup{((T*|T|* Tz, z) 7 : [|zf| = 1}
< I||T*|T ||
<1I||T|]?

and

15112 = (18711 = sup{(IS*[*y, ») : |lyl| = 1}
< sup{[I(S"|S|*S) "y, o]« ||yl = 1}
< 17 sup{[(S*|S[**S)y, y]=F : |ly|| = 1}
< I7Y|S*|S|* )
<IYIS|P”.

Clearly, we must have [ = 1, and hence T is a x-A(k) operator.
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KT -« A(k)EFRYEIR

Vo TR I~ A
(VT R R 2 R 5 05 B RN 22 B, TR BT 2 453007)

FE: AT Bls-A(k)E IO SRR (1) WRT &WAk) H7, Hho <k <1,
) e i B 5 FE ST A A BT AL A R T (i) SR R e-A(k) BT, Hoo < k <1, Mol (T)\{0} =
oo (TO)\{0}. BJEst*-A(k) HFHIsKEAPER AT T 5.

KR Wx-A(k) BT BED R, AL kEH
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