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Abstract: This paper investigates the probability of ruin for the discrete-time multi-risk
model. By using the classical method of large deviation, we obtain the ruin probability within
finite horizon, which extends the corresponding results of the discrete-time unit-risk model.
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1 Introduction

Recently, a lot of papers were published on the issue of the ruin probability, we refer
the reader to [1-6] for more details. We say that a random variable & (or its distribution
function F') is heavy-tailed if it has no finite exponential moments. In ruin probability
theory, heavy-tailed distributions are often used to model large claims. They play a key role
in some fields such as insurance, financial mathematics and queueing theory. In this paper,
we use an important subclass of heavy-tailed distribution, which is called C. A distribution

function F' belongs to C if

F F
lim lim inf 7(17‘1”) =1 or, equivalently, lim limsup 7(:vy) =1.
yll z—oo F(x) Vil oo F(2)
Set _
F 1
200 = it R o=t { = 5L < > )

In [7], vF is called the upper Matuszewska index of the nonnegative and nondecreasing
function f(z) = (F(x))~!, > 0. Without any danger of confusion, we simply call vz the
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upper Matuszewska index of the distribution F. See Chapter 2.1 of [7] and [8] for more
details of the Matuszewska index.

The ruin probability in a discrete-time unit-risk model was investigated in [9-11] among
other. In these papers, they always assumed that the company provides only one kind of
insurance contract. In reality this assumption is not correct, for example, an unexpected
claim even might induce more than one type of claim in an umbrella insurance policy. A
typical example is motor insurance where an accident could cause claims for vehicle damages
and the third party injuries. So the ruin probability of multi-risk models is more valuable.
In present paper, we consider a discrete-time multi-risk model with a random interest rate
and assume that the insurance company has k classes of insurance contract. Other basic
assumptions of this model are as follows:

A1l For s =1,2,--- ,k, the sth type related net incomes &;,i = 1,2,--- ,n, constitute
a sequence of dependent random variables with common distribution F concentrated on
(—00,+00), where the net incomes &;, called the insurance risk, is understood as the total
incoming premium minus the total claim amount within year n. And {&,i = 1,2,--- ,n}

satisfy the assumption condition: 3 z¢ > 0 and ¢ > 0 such that

forall1 <i<n,0#JcC{L,2, - ,n}\{i}, z; >z, and x; > z with j € J. Remark that
this condition is assumption B of [1], we denote this assumption condition by assumption A
which will be used in Proposition 2.1.

A2 For j=1,2,--- ,n, n;, called the financial risk, is the discount factor from year j to
year j—1. They constitute a sequence of independent identical distributed random variables,
satisfy that there exist some constants a < a < b < oo such that P(a < n; < b) =1 for all
1< <n.

A3 {&,i=1,2,--- ,n}*_, and {n;,j = 1,2, -+ ,n} are mutually independent.

Let the initial capital of the insurance company be x > 0. We tacitly assume that the sth
type related net incomes &; is calculated at the beginning of year ¢, and the discounted value
of the surplus of the company accumulated till the beginning of year m can be characterized

by Ssm, m =1,2,---, which satisfy the recurrence equation below:

m i—1
530:33, ng:.Z'—ZgﬂH}/j
i=1 j=1

Hence the ruin probability in the considered multi-risk model with initial capital x > 0 is

k m .
defined by ©*(z,n) = P( max > & szll 77j>-
SMEN g1 4=1

2 Main Result

In this section, several propositions used in Section 3 are provided, and our main result

is presented.



274 Journal of Mathematics Vol. 34

Proposition 2.1 Suppose that {£,1 < i < n} are n real-valued random variables
with F; € Cforall 1 <¢<mn,and F;*F; € Cforall 1 <i# j <n, and satisfy that 3 o > 0
and ¢ > 0 such that

forall1 <i<mn,0#JcC{L,2,--- ,n}\{i}, z; > x9, and x; > z( with j € J. If there exist
some constants 0 < a < b < oo such that P(a < n; <b) =1 for all 1 < i < n, then the
following relation

P eIl > )~ #(Salln>) ~ 3 p(a D >+)
k=1 j=1 k=1 j=1

as * — oo. Here Fj x I; € C denotes the convolution of distribution F; and F}.

This proposition is the conclusion of Theorem 2 of [1] when distribution function belongs
to C, and plays a key role in the proof of our result. Repeated using Corollary 2.5 of [8], we
can get the following proposition.

Proposition 2.2 If £ € C, there exist some constants 0 < a < b < oo such that
Pla<mn; <b)=1forall1<i<k, thenﬁHlenk eC.

From Theorem 3.3 of [8], we can obtain Proposition 2.3, that is

Proposition 2.3 If £ € C, En? < oo for some p > vp, and £ and 7 are mutually
independent, then P(&n > z) < P(§ > z).

The following exhibits one such situation in a discrete-time multi-risk model and is the
main result of this paper.

Theorem 2.1  Suppose that assumptions A1-A3 hold, and F; € C and ~vp, > 0 for
1 < s < k. If there exists some positive constant p > max Y, such that En? < oo for all

1 <4 <n, then

ZZP(ﬁssz>x> as T — 00 (2.1)

s=1 i=1

holds for any n > 1.

3 Proof

For notational convenience, throughout this section, all limit relations are for z — oo
unless stated otherwise. In order to prove Theorem 2.1, we need to divide the proof into the
following two theorems.

Theorem 3.1 Under the conditions of Theorem 2.1, we have

(z,n <ZZP<£MH17J>$> (3.1)

s=1 =1

Proof We give the proof of Theorem 3.1 by induction approach. It is trivial that
relation (3.1) holds for k = 1 from Proposition 2.1. When k = 2, for any fixed 0 < e < %
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we have
) = (éﬂﬁaZwaH% >3)
s=1 i=1

1—1

< P(1Ign7$§ quHm‘f’ max Zfzil_llnj>$)
s

< P({lznﬁz,thHm (1<) }U{lg%Z&zH% (1-<)e

U { éng%an&u Hnj > ex, 1g173§n262i Hm > Eaf})
<

(s STl 0-00) (s SelTn- -0

(1r<n73x Z&’Hm > e,  max ngznm >€x>

= P +P-— Pg. (3.2)

First, we deal with P;. By Proposition 2.1 and Proposition 2.2, for any 0 < § < 1, we
have

P < (1+0) ZP(@Hm (1-e) >§(1+5)2§:P<£uﬁm>$)~ (3.3)

Similarly to the proof of relation (3.3), we have

n i—1
i=1 j=1

Now we deal with P;. For any 0 < § < 1 and any fixed 0 < € < %,

(12,?2‘”25111_["7] >ex|n;,1<j< n)

= P(Z%Hm— >erm1<j<n) < P(SEH > er)
= i=1
- ; Ex i _ o
< ;P(Sﬁbz_l > ?> - Z;P(&ibz—l > ?) < né, (3.5)

i1
where the last step is obtained by lim P(fl,bl L ”) =0 for 1 <i<mn. Since &; [[ €C

for 1 < ¢ < n, there exists some M; > 0, for any fixed 0 < ¢ < % such that

P(ggi H1 > ax) < MIP(fzi H1 > :c) (3.6)
j=1 j=1
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So, from relation (3.5), Proposition 2.1 and relation (3.6), we get

Ps

s§1z§1P<£SZH 177] >m>

E[ li[ P(&ggg Z&z Hlm >ex|n;,1<j <n)}
! " 3 P& T > 2)

E{ (ér;ggnlm E[lnj >ex|n;,1<j< ")E[P<1§L?§n§l€”;§m >ex|n;,1<j< n)”
= Szi:l;::lP@mH] 1M >w>

P(,max 36 T, > o)
< néd- =
ZP('E%H] 1M >1’>

< né(1+8)M;. (3.7)

Combining relation (3.3), (3.4) and (3.7) to relation (3.2), by the arbitrariness of 0 < § < 1,
relation (3.1) holds for k = 2.

Next suppose that relation (3.1) holds for k — 1, we want to prove it right for k. By the
similar method from relation (3.2) to (3.7), for any fixed 0 < e < % and any 0 < < 1,

k m
(pk(l‘,n) = P<1?£§HZZ€”H%>“T>

IN
e,
N
—

A
<=
3?4
 11:
Al
S
\Y
—
|
™

)m}U{l?ﬁaZ&sz (1)

INA
~
/N

A=)
FAL
—
3
V
—
|
Oy
N—

(122%5 katﬂm - 1 o)
s=14=1  j=1
k—1 m
+P<1?£§nzzfsznm > ex, max Z&“Hm > Ex)

< <1+5>2sz§njp(smr[m>x)+<1+6>22P(5kiHnj>x)
s=1 i=1 i=1 j=1
+né(1 +6) MlzZP(@Hnj >:c)

s=1 i=1

The arbitrariness of 0 < 0 < 1 gives result (3.1). This ends the proof of Theorem 3.1.
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Theorem 3.2 Under the conditions of Theorem 2.1, we have

" ( ZZP(@“%H?]] > x) (3.8)

s=1 i=1

Proof We prove relation (3.8) by induction in k. For the case of k = 1, relation (3.8)
holds from Proposition 2.1. From Theorem 3.1, it suffices to prove that relation (3.8) holds
for k = 2.

When k = 2, for any fixed 0 < & < 1 and x > 0, we have

p*(x,n) = P

IV
Y
VS /N /N
]
|'M !
&
e i
3
\%
o

v
I

{Zghﬂm 1+g>ngmnm —er)
U{;glijﬂlm>—gx,ZgQiHnj>(1+s)x})

- P(éfuﬁ% (1+e)z Z@Hm —sw)
+P(§§Mﬁm _ngmnm (1-+2)0)
_p(igliﬁnj>(1+e)x,;§2ij]_[1nj>(1+e)x)

= Q1+ Q2—Qs. (3.9)

For )1, we have

Q > (Z&Hm (1+¢) ,ﬁ{£2iﬁ77j>_:;x}>
_ E[p(ZgliHnj>(1+5)x,ﬁ{£2in77j>?}Wj,léjﬁn)]
_ [ (Z&Hm 1+5x|77],1<]<n)HP<§27H?7]>7‘77371<J<n)}

i=1 Jj=1
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For 1 < j <mn, in view of n; € [a, b], for any fixed 0 < ¢ < 1, we have
i1 .
P(&iHm > |77j71§j§n)

j=1
= —&x o —ex

= P<52iH77j > 77521‘20“73"1 §j§n> +P<§2iH77j > Tafm <0|77j71§j§n)
Jj=1 j=1

> P(ﬁziaifl > _vagﬂ > 0) +P<§27‘,bi71 > _Tw,fm < 0)

_ P(ggl- > %) (3.10)

Since lim P({zi > ’Sw> =1 for 1 <1 < n, then for any small 0 < § < 1 and any fixed

Tr—00

0 <e <1, we have

<§2z - ) >1-4. (3.11)

Thus, combing relation (3.10), relation (3.11)7 Proposition 2.1 and Proposition 2.2, for any
small 0 < 0 < 1 and any fixed 0 < e < 1,

Q1 > (Z&,Hm (1+¢) )
n+1ZP(thm (1+¢) )
§)nt? ZP(&M Hnj > x) (3.12)

Y

Y

Symmetrically,

Q2> (1—46)"* ZP(&Z Hnj > x) (3.13)

Next we turn to Q3. In view of &;; € C, and 7; is bounded for 1 < i < n, by Proposition 2.3,
there is some My > 0 such that

i1
P(fQi H77j > il?) > MyP(&2i > ).

j=1

Thus, we have

Because of &; € C for 1 < i < n, there exists some M3 > 0 such that

(1+¢e)x

P(&b > ) < M3P(Ea:b > ). (3.15)
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So, by relation (3.14) and (3.15), we have
n 1—1
P& [lm>1+e)z|n1<j<n)
i=1  j=1
n i—1
ZP<§% [1n >f’«“>
i=1 j=1
n 1—1
P(Y & lln >0+ (n,1<j<n)
i=1  j=1
<
nMyP(§21 > )
n i—1
P(L&iIln>0+e)e|n1<i<n)
i=1  j=1
<
- nMy P (521 > .T)
P(L & > 1+ o))
<
- nM;P (&1 > )
n P (é“gibH > —(”E)z)
S n
i1 nMQP(§21 > LU)
M3
< B 3.16
< (3.16)
Then, using Fatou’s lemma, and relation (3.16), we obtain
im sup
el Zs 122 1P<§51HJ 177J >‘T>
E{ I1P(3 [In>(+e)|n,1 <) <n)}
< limsup =t = — =1
o > P<§2z HJ 1 > x)
=1
2 n i—1 )
I1P( & IIn > +e)a|n, 1<) <n)
< E{ lim sup o= =1 njzl
T—00 Z P(§21 HJ 1 77] > :If)
i=1
n i—1
M .
< (1—|—5)ﬁE{hmsupP< &l | > 1—|—£)x\nj,1<j<n)}
2 xT—00 i—1 J=1
= 0, (3.17)

where in the fourth equality, we use the following true

i—1

hmsupP({h H’r]] l4+e)r|n;,1<j< n) < hmsupP({libi_l > (14 E)l‘)

Tr— 00 Tr— 00
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Combing relation (3.12), relation (3.13) and relation (3.17), the arbitrariness of 0 < ¢ < 1
gives result (3.8) for k = 2. So Theorem 3.2 holds.
From Theorem 3.1 and Theorem 3.2, we know that Theorem 2.1 holds.
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