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Abstract: In this paper, the ruin problems under stochastic income in the perturbed renewal
risk model are considered. By using Laplace transform and Lagrange interpolation formula, the
asymptotic results for Gerber-Shiu function are derived when the individual stochastic premium
sizes are exponentially distributed, which generalize the results of [4].
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1 Introduction and Background

Risk processes involving stochastic income received a great deal of attention in recent
years. In this kinds of models, the upward jumps can be interpreted as random income of an
insurance company, while the downward jumps are interpreted as random losses of company.
We remark that notable recent work allowing for such relaxation includes Labbé and Sendova
[1], Zhao and Yin [4], Bao [5], as well as the references therein. Along this research line, it
motivates us to study the perturbed renewal risk model with stochastic income.

The renewal risk model with stochastic income perturbed by a Brownian motion is given
by

M(b) N(t)
Ut)=u+ct+ Y X;— > Yj+0oB(t), (1.1)
i=1 j=1

where v > 0 is the initial surplus, ¢ > 0 is the constant premium rate. the process
M (1)

{>> Xi,t > 0} is a compound Poisson process. The counting process {M(t),t > 0} is
i=1

homogenous Poisson process with parameter pu, the premium sizes {X;,7 > 1} are indepen-

dent and identically distributed (i.i.d.) and the probability density is g(x) = Be=#%, 2 > 0.

* Received date: 2012-12-27 Accepted date: 2013-05-14
Foundation item: Supported by Key Laboratory of High Performance Computing and Stochastic

Information Processing.
Biography: Hu Yan(1987-), female, born at Hengyang, Hunan, master, major in insurance math-

ematics. E—mail:huyanhnsd@163.com.



226 Journal of Mathematics Vol. 34

The counting process N (¢),t > 0 representing the number of claims to the time ¢ and N (¢)
is a renewal process with i.i.d. inter-claim times V;,7 > 1. ¢ > 0 is the diffusion volatility
and B(t) is a standard Brownian motion staring from zero. In this paper, we assume that V;
is the generalized Erlang(n) distributed with n possibly different parameters Ay, Ay, -+, A,.
The claim sizes {Y;,j > 1} are i.i.d. positive random variable with distribution function
F(y) and the density function f(y).

Moreover, {M(t),t > 0}, {N(¢t),t > 0}, {X;,i > 1}, {Y;,5 > 1} and {B(t)},> are

assumed to be mutually independent. To guarantee that ruin is possible, we assume that
following net profit condition holds:

=

E[Y:]

> 5
j=1
Define the time of ruin
T =inf{t >0, U(t) <0} (1.3)

with 7" = oo if ruin never occur. Let § > 0 is a constant, and w : [0,00) x [0,00) — [0, c0)
be a bounded function. Then, the Gerber-Shiu can be defined as:

m(u) = Ele *Tw(U(T-),|UT))I(T < o0)|U(0) = u], (1.4)

where I(A) is an indicator function of event A. The quantity w(U(T—),|U(T)]) is viewed as
a penalty at the ruin time for the surplus immediately before ruin U(T'—) and the deficit
at ruin |U(T)|. By observing the sample paths of U(t), we known that ruin can be caused
either by the oscillation of the Brownian motion or by a downward jump. We can decompose

the Gerber-shiu function as
() = my(u) + ma(u), (1.5)

where

ms(u) = Ble™ w(U(T-), [U(T))I(T < 0)|U(0) = u] (1.6)

is the Gerber-Shiu function at ruin that is caused by a downward jump, and

ma(u) = Ele™Tw(U(T-),|UT)) (T < 0)|U(0) = u]
= w(0,0)E[e’TI(T < 0o, U(T) = 0)|U(0) = u] (1.7)

is the Gerber-Shiu function at ruin that is caused by oscillation. In this paper, we set
w(0,0) = 1, then the following initial conditions hold

m(0) = my(0) =1, m,(0) =0.

2 Laplace Transform
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In this section, we derive the Laplace transform of the Gerber-Shiu function. First, we
introduce the Dickson-Hipp operator Ty on a real-valued function (0,00) — R satisfying

fooo |p(z)|dx < oo, where s is a nonnegative real number. The operator T can be defined as

Tsp(x) = / e_s(y_”)np(y)dy, x> 0. (2.1)

It’s easy to see that the Laplace transform of ¢(s) can be expressed as Ts9(0) = ¢(s), the

operator Ty is commutative, and furthermore

T§@($) B Tr@(x)

T.Tp(x) = T, Top(x) = , T F S, (2.2)
For more properties of Ty, we refer to Dickson and Hipp [2] and Garrido [3].

Similar to the method are used in Zhao and Yin [4], we define the following modified
claim process N;(t) of N(t). Let Vi = Vi i1, + -+ Vini1,j = 0,1,--- ,n — 1 be the time
until the first claim occurs while the other inter-claim times are as the same as that in N(t).
The only change is to replace N(t) by N;(t) base on model (1.1). We define the modified
model by Uj(t) with Uy(t) = U(t), and define the corresponding Gerber-Shiu function by
mj(u), j=0,1,--- ,n—2.

Now we consider mg ;(u), considering an infinitesimal time interval (0,t), for j =

0,1,2,--- ,n — 2, we can get

M) = (L= pt)(1 = Apat)e"m, ;(u+ ct + o B()
+pt(l—Xjpq)e / ms j(u+ ct + oB(t) + z)g(x)dz
+(1 = pt)(Aj1t)ms jy1(u+ ct + 0B(t)) + o(t).

By Taylor’s expansion, dividing both sides by ¢, and letting t — 0, the following equation

can be derived

1
Ajr1+ g+ 5>msu( ) - 5‘727”/5/,]' (U) - Cm/s,j (U)
/ mg J+1 U+ 37) ( )d.’If + )\j+1m37j+1(u). (23)

Noting that g(z) = Be™"*, so we have fooo ms,;(u + x)g(z)de = BTzm, ;(u). Hence,

equation (2.3) can be rewritten as

1
(Aj1 +p+ 0)ms j(u) — §U2mé',j(u) — em/ ;(u)
= uBTemg;(u) + Ajims i (u). (2.4)
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Similarly, we can obtain
Myno1(u) = (1—pt)(1—At)e P my,_1(u+ ct + oB(t))

(1 — A t)e o /OO Mg n_1(u+ct+ oB(t) + z)g(z)
HL= e[ ottt aB(0) - o)y

+/ wu+ct+oB(t),y —u—ct —oB(t))f(y)dy] + o(t).
u+ct+oB(t)
Which leads to

L,

(An +u+5)msn 1(w) = gotmi g (u) —emy ,y (u)

; M, 0 U — ( )dy + 5( )] + MﬁTBms,nfl(u)v (2-5)

oo

where £(u) = fu w(u,y —u) f(y)dy.
Applying the Laplace transform to both sides of equations (2.4) and (2.5), we have

[(Ajpr+p+0— %0282 —cs)(B — ) — uBlms,;(s) = Aj1 (B + s)ms,j41(s)

= By (B) — 50% (B )l (0), =0, 02

and
(O 6= 5075 = e3)(5 — 5) — uBlinan1(5) — An( — ) F()nao(s)
= i1 (8) — 5076 — Sl 1(0) + Ml $)ECS).
Let
ﬁls(s) = (ms,O(S)v ms,l(s)’ e 7ms,n—1(3))T7
01 = B(ms,0(3), s 1 (B)s -+ s s n—1(8))7, (2.6)
02 = <m/s,0(0)a m;,l(o)a to am;,nq(O))T’
e=(0,---,0,1)T.
Then we can rewrite the above equations in the following matrix form
A(s)ri(s) = —61 — 50%(5 — 5)85 + Aa(6 — 9)E(s)e, 2.7)
where
A(s) = B(s) + A(s),
while
0 - 0 0
0 0 —X 0
B(s) = (8- s) E : : : : (2.8)
0 0 0 —An—1
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and
A(s) = diag((\ + -+ 0 5072 =) (B —5) — b+, (+u+8 = 507 —)(8—5) = ),

Similarly, for mg ;(u) we can obtain

[(Njp1+p+0— %Uzéﬁ —cs)(B —s) — uBlma;(s) — Njy1(8 + 8)ms j11(s)

2
= s (B) ~ 5026~ ymly(0) ~ (B} G5 e), G=01 n—2
and
[(An+p+6 - %0282 —¢s)(8 = 8) = uPlman-1(5) = An(8 — ) f(5)1i0a,0(s)
2
= Bitan(8) — 50?5~ Syl (0) = (5= ) (s ),
let
my(s) = (Ma,o(s), Ma,1(5), - s Man-1(5))7,
BZ/L :Mﬂ(md,o(/@)umd,l(ﬂ)v"' 7md,n—1(/6))T7 (2 9)
aé = (mél,(](()% m:i,l(o)v e 7m;1,n71(0))T7
e =(1,-,1,1)7.
Then, we can get the matrix form
2
A(s)my(s) = —6'1 — %O‘Q(ﬁ —5)0'y — (8 — s)(%s +c)e’ (2.10)

and
A(s) = B(s) + A(s),

where B(s) and A(s) are the same as the former results.
The solution of matrix equation (2.7) and (2.10) heavily depends on the roots of the

equation |A(s)| = 0 which is equivalent to

n n

[T +n+6- 20232 —es)(B—s)— B~ [[[M(B-9)"F(s) =0, seC. (211)

i=1 i=1
We call (2.11) is the generalized Lundberg equation for the risk model (1.1).

Theorem 2.1 If § > 0, ¢ > 0 the generalized Lundberg equation (2.11) has exactly 2n
roots on the right half complex plane.

Proof Let A(s,v) = A(s)+vB(s), then A(s,1) = A(s), for \; +p+d—cs—30%s> =0,
then, we can get two roots of the equation

—ct /2 +202( N+ pu+6
T2 = \/ 72 ( ) (212)
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Obviously, r; is positive root, & denote a circle with center at (R,0) and radius R, where
—C C ag i L —

R =~V Cuizz(’\ L +6), let {s: [s—R| > R, R(s) > 0} by &, we first prove that, for

0<v<1,{|A(s,v)|#0, seé}. f0<v<1, se€E¢, then

1
|)\i—|—,u+5—20232—cs—/8'u_58|
1 w3
> | Ni+p+6— =0 —cs|—
i+ p 5 | 3=
L oo 1 on L oo g
= |z —-0°R —cR+ -0°R R— X\ —p—9|—
|2O'S g0 R t+es—cR+So"R +c =9 5]
1 1 1 J7%6]
> — R||z0%s + ~0*R —|z0*R+cR— X\ —p— 0| —
> s ||205+20 + ¢ |20 +c w— 0| B3
1 1 1 e,
> Rl|zo’s+-0’R+c|—|z0°R+cR— X\ —p—6|—
> |203+20 + ¢ |20' +c p— 0| 3=
1 1
> lepip-ter rinppre M
2 2 18— s
s
= ANt+pto-—
|8 — s
1
2 )\1+M+5_M652UA17 1217277’”_1

So, we can derive
L 50
[(Ni +p+d— 308 —cs)(B—s) — uB| >v\|B — s|.

Similarly,

Qo 16— 50752 = e5)(8 — 5) — Bl > Anlff = 5| > vAnl8 — 517(0) = Aal(8 — ) (s)].

By Rouchés theorem, it’s easy to know that equation (2.11) have 2n roots in €.

If we denote the root with the smallest real part by ps, (), then it is easy to see that
pan(8) — 0 as § — 0. The roots of generalized Lundberg equation play an important role in
the rest of this paper. In what follow, we denote them by p1, pa,- - , p2, for simplicity, and
only consider the case when they are all distinct.

Theorem 2.2 Assuming the roots of the generalized Lundberg equation (2.11) are

distinct, then the Laplace transform of Gerber-Shiu function can be expressed as

() = —AL(0)161 + 50%(8 - x(] >T ([T, )8 = 5)"é(s) (213)
_ —AJ()[0 + 302 (B — 5)8's + (8= 5)(F s + )e]

[A(s)] ’

(2.14)
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n

Ai() = ([T + o+ 8= 502 = es)(8 — 8) — S

M3 =) T[IO +1+ 5 = 50°° = es)(B = 5) — -+
TTIu = )P + 0+ 6 = 50s? = es)(3 = 5) = usl, [T [N(5 - )

is the first row of the matrix A”(s).
Proof Let A*(s) denote the adjoint matrix of A(s), by equation (2.7), we can obtain

A*(5)[—601 — L62(B — 5)85 + M (B — 5)E(s)e]
|A(s)] 7

m,(s) =

then we can get

o(s) = o(s) = A0 — 102(B = 5)02+ M\(B — 5)E(s)e]
A 0k [A(s)]

—Ai(5)[01 + 30°(8 — 5)62] + (T, Xi) (8 — 8)"E(s)
[A(s)]

Similarly, equation (2.14) hold.

3 Asymptotic Results for Laplace Transform of Gerber-Shiu Function

It’s easy to check that the Laplace transform of gerber-shiu function are dependent on
0., 05, 07 and 6,. The main goal of this section is to derive the Asymptotic results for
Laplace transform of Gerber-Shiu function by the Lagrange interpolation formula.

Theorem 3.1 The asymptotic results for Laplace transform of Gerber-Shiu function

can be expressed as

n 2n

(TT A3 = s)"é(s) — 3 oeliEledr, (s)
M4 (s) ~ — = =1 _ - (3.1)
131[(& +u+6— 50287 —cs)(B —s) — pf] — [_:H1 AiJ(B = s)mf(s)
and
H::(Ai)[i wwm(s) —(B-8)"(%s+¢)]
’ﬁld(s) ~ )= — —, (32>
l,:Hl[(Ai Fu+6—L1o2s? —cs)(B—s) — ufl — [:Hl X8 — s)f(s)
where

“ Lif 2n = j = 1;
Tanj($) = n o
lezl,l;éj(s - pl)7 if J= 1727 e ,271.
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Proof By equation (2.13), we known that Aj(s)[0; + 302(3 — s)82] is a polynomial
function on s of degree 3n — 2. Since |A(p;)| =0, for j =1,2,---,2n, we can derive

. 1 “ . .
Al(pj)[el + 50—2(6 - p])GQ] = (H Al)(ﬂ - p]) g(p])7 J= 1727 e ,2’)’L,
i=1
by using Lagrange interpolation formula, we obtain

()[01+ ~0%(B - 5)8,] ~ (HA)ZB”—“”J)M]@) (3.3)

20,5 (P;)

Substituting (3.3) into (2.13) we can get the following euqgation

([T A 5, e, () — (T, A)(B — 5)"E(s)
A(s)] |

ms(s) ~ (3.4)

Similarly, result (3.2) can be derived.

4 Asymptotic Solutions for Rational Family Claim-Size Distribution

In this section, we consider the case where the claim amount distribution F'(u) belongs

to the rational family, that is, its density Laplace transform is of the form

f(s) = , meNT, (4.1)

where [,,,(s) is a polynomial of degrees m, l,,(s) = 0 which only have roots with negative
real parts, l,,_1(s) is a polynomial of degrees m — 1 or less, all have leading coefficient 1 and
satisfy 1,,(0) = 1,,—1(0).

- 2n e
(LA = 56(s) = 3 o2z, (o)

ms(s) = — =1 = — -
LTOw +104+0 = 3072 — es)(6 = ) = ) = [ (3 = )75
La(s)(TT A8 — 9)"€(s) E “’méf“ o)
_ i=1 . 4.2
L) T1[ #1146 = 0% — ) (8 = 5) — HA B— syl 1(s)

Obviously, 1,,(s)|A(s)] is a polynomial of degree 2n+m+ 1, with leading coefficient (o2/2)",
the equation /,,,(s)|A(s)| = 0 has exactly 2n+m+1 roots, then l,,(s)|A(s)| can be expressed

as
2 2n m—+1

()| A(s)] = ()" [T = 00) [T (5 + B, (43)
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We remark that all =Ry, k =1,--- ,m + 1 are the roots of ,,,(s)|A(s)] = 0 which have a

negative real part.

_angre) - S B pi)"Elps)
(B = 5)"E(s) 2_; ) s
= > I g(s) - (5 )
- T2n,5(S)

= D ZESNB  9)E(s) — (B = pi)"E(s) + (B = p3)"E(s) = (5= p)"Epy)]

- H(SPJ)[Z;Z”]Z;]) 5 +Z7§2’”«] 5 pJSPE/B_S)n]

where the last equality is due to the following formula in interpolation theory

pj—s) . 1,k::m—1,
ZH _Pi)_{

zu;éjpj 0, k=0,1,--- ,n—2.

Similarly, we have

>V _fé) ((pp) T () — (5~ o"(gs+a = [[6s-p).

Substituting (4.4) into (4.2) we obtain

~ & 2/\1 lm ﬁ /Oj
ms(s) = ( )(m— T.T),£(0)].
z'[[l a? k+11(5+R’C jz_: Ton,j (P5) g

If all R;- are distinct, performing partial fraction leads to

(ITi=y 2l (s)[- 2205 :mf A
ZH;(S + Ry) =1 ° + B

ALy S n (<R ¢ (5—p,)"
where A; ) = e, (f—f) [— mn,j(pj)]’ then, we have
2n m+1
Ajk
~ DY R0,
J=1 k=1

Similarly, the following result can be derived

m—+1
By,

ma) >

(4.5)

(4.6)

(4.7)

(4.8)
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?;11 ()‘i)ZM(_Rk)

H;,;JI}L;UC(Rl_Rk) )

yields the following asymptotic expression for m,(u) and mg(u).

where By, = Finally, inverting the Laplace tranforms in the above formulas

Theorem 4.1 The Gerber-Shiu function asymptotic results can be expressed as follows.

2n m-+1

me(u) ~ Y Y Ape T, E(u), (4.9)
j=1 k=1
m—+1

ma(u) =

> Bre (4.10)
k=1

where * denote the convolution operator.
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