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Abstract: In this paper, we study a new mean value problem related to the Dedekind sums.
By using the properties of character sum and the analytic method, we get two interesting mean
value formulae for it.
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1 Introduction

For a positive integer k and an arbitrary integer h, the classical Dedekind sums S(h, k)

is defined by
k

a ah
S(hk) =Y (N,
a=1
where
xr—[x] — L, if 2 is not an integer;
(@) =4 o7 Fma Eob e
, if x is an integer.

The various properties of S(h, k) were investigated by many authors, see [2-4, 7-9]. For
example, Carlitz [3] obtained a reciprocity theorem of S(h,k). Conrey et al. [4] studied
the mean value distribution of S(h, k), and proved the following important and interesting

asymptotic formula
k
! k 9 me1g—1_
> IS(h, k)P = fm(k:)(ﬁ)zm + O((k? + k¥ ) log® k), (1.1)
h=1

!/
where Z denotes the summation over all h such that (k,h) = 1, and
h

= ) _,em) Cs+dm—1)
; ns _2C(4m) C?(s+2m) <(s),
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¢(s) is the Riemann zeta-function.
Jia [7] improved the error term in (1.1) as O(k*™~'), provide m > 2. Zhang [9] improved

the error term of (1.1) for m = 1. That is, he proved the following asymptotic formula

l, 1
k H ((1+ 5> p3a+1)

SIS k)P = —ke(k) - E
2 ) T 144 H(l i } n i) Inlnk
o p  p?

where p®||k denotes that p®|k and p®™' t k and exp(y) = €.
Liu and Zhang [11] studied the hybrid mean value involving Dedekind sums and Kloost-

erman sums K (m,n;q), which defined as follows (see [5] and [6]):

q —
’mb+ nb
K(m,niq) =Y e(———),

b=1 q

where e(y) = €™, b denotes the solution of the equation x - b = 1 mod ¢q. They proved the
following conclusion:

Let ¢ be a square-full number (i.e., p | ¢ if and only if p? | q), then we have

>3 Klmai) K b )Saba) = 15 -a- %) [[1+ ).

a=1 b=1 plg

q
/
where Z denotes the summation over all 1 < a < ¢ such that (a,q) = 1, H denotes the
a=1 plq
product over all distinct prime divisors p of ¢, ¢(q) is the Euler function, and f(n) denotes

the complex conjugation of f(n).

In this paper, we use the analytic methods and mean value theorem of Dirichlet L-
functions to study the hybrid mean value properties involving Dedekind sums and Legendre’s
symbol, and prove some new identities and asymptotic formulae. That is, we shall prove the
following several conclusions:

Theorem 1.1 Let p be an odd prime with p = 3 mod 4, then we have the identity

p—1 p—1

> (N st = LU= g

a=1 b=1 p

where h, denotes the class number of the quadratic field Q(v/—p).
Theorem 1.2 Let p be an odd prime with p = 1 mod 4, then for any positive integer
k, we have the identity

p—1 p—1

a+1,,b4+1 o1, = C(p— 1)2k—1 . (y _ 9)2k—1
az_;bz—;( ; )(%)S (ab’p):p . ()12p)2k(pl ) )
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Theorem 1.3 Let p be an odd prime then we have the asymptotic formulae:

p—1p—1
21 ;(‘”1 (b+1 S%(ab, p) = 1’1411 +O(p- exp(lill‘;’;)), if p= 3 mod 4.
p_lp_l 11-C
2_: Z: %) i)SQ(ab p) = % + O(p~exp(1illrl‘f;)), if p = 1 mod 4, where
1
C, = 4% H H is a constant, H denotes the product over all primes ¢ such that
¢ —
q q

(1) =1, and exp(y) = €.
As an application of Theorem 1.1 (of course, one can also give a proof directly), we can
give an interesting computational formula for h,, which we described as following:

Corollary 1.4 Let p be an odd prime with p = 3 mod 4, then we have the computational

formula
D £ O e 2%
= a = — ] = -
! a=1 ” a=1 p 12 Py =
where [z] denotes the greatest integer < x, r; (i = 1, 2, -+, %) denotes all quadratic

residues mod p in the interval [1, p — 1].

2 Some Lemmas

In this section, we shall give some lemmas which are necessary in the proof of our
theorems. First we have the following:
Lemma 2.1 Let ¢ > 2 be an integer, then for any integer a with (a, ¢) = 1, we have

the identity
2
@ q) M}qu S x@ILL P,

x mod d
x(=1)=-1
where ¢(n) is the Euler function, Z denotes the summation over all odd character

x mod d
x(—1)=-1
modulo d, L(s, x) denotes the Dirichlet L-function corresponding to x modulo d.

Lemma 2.2 Let p be an odd prime, then we have the asymptotic formulae

5t 41Inp
4 .
M 2 L0l = g P+ Olexp(gp):
x mod p
x(—1)=-1
M S LR B e = G p+ Ofexp(il))
7X 7XX2 1° p pl ll’lp 9
x mod p
x(—=1)=-1

* 2 1 2 *
where C} = 7 H 821_132 is a constant, H denotes the product over all primes g such
q

that (1) = 1.
Proof In fact Lemma 2.1 and Lemma 2.2 are two early results of the second author,

their proof can be find in references [8] and [10].
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Lemma 2.3 Let p be an odd prime, then for any non-real character y mod p, we have
p—1
the identity |(12::1(“Tf1)x(a)| = /P, where (2) is the Legendre’s symbol.

Proof Since ys is a primitive character mod p, so from the properties of Gauss sums

7(x) we have

b(a+ 1)

> a+1
;( » )x( )

e<9>2x<ab> c ‘ib
p a=1
L o S ) o) - T TR
- T(XQ);XQ(b)Xa)) (p);X() (p)_ T(X2) 9 (21>

where x» = (%) is the Legendre’s symbol.
Now Lemma 2.3 follows from (2.1) and the identity | 7(x) |= \/p, if x is not a principal
character mod p.

3 Proof of Theorems

In this section, we shall complete the proof of our theorems. First we prove Theorem
1.1. For odd prime p, from Lemma 2.1 and the definition of S(a,p) we have

Stn) = oy 2. X@ILLWP (3.1)

x mod p
x(—=1)=-1

and

S jp =0 Ue=2) (32)

192
x mod p 2p
x(=1)=-1

Then from (3.1) and Lemma 2.3 we have
p—1 p—1
a+ 1 b +1
> ()= )S(abp)
a=1 b=1

- o X |Z““ @) 101, )P

x modp a=l1
x(=1)=-1

2 _
g (p 1 x mod p T XQ)

x(=1)=-1
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If p =3 mod 4, then x2(—1) = —1, so for ¥ = xa2, XXz is the principal character mod p and
|T(Xx2)| = 1. Note that L(1,x2) = 7h,/\/p, from (3.2), (3.3) and Lemma 2.3 we have

p—1

’U
,_.

a+1 b+l P

a=1 b:l( p )S(ab7p) B m[ X%ip p|L(1,X)|2 a (p N 1)|L(17X2)|2]
x(=1)=-1
- W R N

This proves Theorem 1.1.

Now we prove Theorem 1.2. If p = 1 mod 4, then x5(—1) = 1, so for any odd character
X, XXz is not the principal character mod p. This time, from the properties of Gauss sums,
(3.1), (3.2) and Lemma 2.3 we have

p—1 p—1

ZZ (I+1 b+ ]-)Sgk 1( b p) ( (p 1))2k—1 p- ( Z |L(17X)‘2)2k_1
a=1 b=1 x mod p
x(=1)=-1
= P )21 p (Wz(p —1)*-(p— 2))2k—1 _P (p—1)* ' (p—2*"
w2 (p—1) 12p? (12p)2k—1 '

This proves Theorem 1.2.

To prove Theorem 1.3. First from (3.1) and Lemma 2.3 we have

plpl

a=1 b=1

-1

a)X(a)* - |L(1, x) L1, N)?

— 1)2

x modp A modp a=1
x(—1)=—1X(-1)=-1

- ey X X 3@»@)' LR LR (39

x modp A modp
x(—1)=—1A(-1)=-1

If p = 3mod 4, then x5 is an odd character mod p, and xA is an even character mod p.
So x\x2 is not a principal character mod p. From (3.4), Lemma 2.2 and the properties of
Gauss sums we have

p—1 p—1

a—l—l b+1
DD ()=, )8 b p)
a=1 b=1
2
p 2
= i 2P 1 —1)|L(1
W4(p_1)2[p< Z LX) 2= Y (p—= DI,
x mod p x mod p
x(=1)=-1 x(—1)=-1
(p—1)%(p—2)° v’ 4P (p—11) 4lnp
= - L(1 = 7
x mod p
x(—1)=-1

(3.5)
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If p =1 mod 4, then x» is an even character mod p, this time we have

p—1 p—1

Za-l—l b+1)52( »)

- P

a=1

ol A UD DR RV IDLECE D DRI

4
T <p x mod p x mod p
x(—1)=-1 x(—1)=—1
p? ) )
_— L(1 |IL(1
e s MDD LGP0I LA C OB
x mod p
x(=1)=-1
2
p’-(p—11) 41np
= ¢ o 3.6
144 P’ + 0 exp(y 7). (3.6)

* 2 1 2 *
where C' = 75 H m is a constant, H denotes the product over all primes ¢ such
q J—

q q

that (1) = 1.

Now Theorem 1.3 follows from asymptotic formulae (3.5) and (3.6).

Using Lemma 2.1 we can also give a direct proof of Corollary 1.4. In fact if p = 3 mod 4,
then (_71) = —1, so from Lemma 2.1 and note that the orthogonality of characters mod p,

we have

> S(’p) = Zj}:x ) L(1,x)[?

x mod p a=1

x(=1)=-1
p 2 2
- 2 __p-1n-rIa —h2. .
71'2(p—1) (p ) | ( 7X2>| D (3 7)
On the other hand, note that ((—x)) = —((z)) and the set {12, 2% ... (p_41)2,
—12, =22, ..., —@} is a reduced residue system mod p, so from the definition of
S(a,p) we have
PZ_l , p-1 "3 b2 242 pii _p2 b2a2
S(a”p) =) D _(=)(—))+ D _(—)( )}
a=1 a=1 b=1 p p b=1 p p
b p2 P22 - b2
= 2> (=N (=) =40 (=)
b=1 p a=1 p b=1 p
pTﬂbQ 1% p%le p—1(p—=>5 pg;le
) DA DL ik L A o L S EE)
= P b=1 —1 P b1 P

Combining (3.7) and (3.8) we may immediately deduce the identity

— Taj}_(p—l)(p—f*)
P 12
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This completes the proof of our conclusions.
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