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Abstract: In this paper, we study equivariant cobordism classification of small covers. By
using characteristic and Stong homomorphism, we determine the number of equivariant cobordism
classes of small covers over products of a simplex with 3-cube, which extends the existing related
result in literature.
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1 Introduction

The notion of small covers was first introduced by Davis and Januszkiewicz [1], where a
small cover is a smooth closed manifold M™ with a locally standard (Z5)"-action such that its
orbit space is a simple convex polytope. For instance, the n-dimensional real projective space
RP™ with a natural (Z,)"-action is a small cover over an n-simplex. In recent years, several
studies attempted to enumerate the number of Davis-Januszkiewicz equivalence classes and
equivariant homeomorphism classes of small covers over a specific polytope, see [2-6].

By M., we denote the set of equivariant unoriented cobordism classes of all n-dimensional
small covers. Let M, = Y  M,. From [7, Theorems 1.4, 1.5, Corollary 5.8], M, is gen-

n>1
erated by the classes of small covers over the product of simplices. When the dimension of

each simplex is 1 or when the number of simplices is at most 3, we determine the number
of small covers over the product of simplices up to equivariant cobordism [8]. In 2008, Wu
determined equivariant cobordism classificaton of small covers over 3-dimensional prisms [9].

Let A™, I? be m-simplex and 3-cube, respectively. The main results of this paper are

stated as follows:
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Theorem 1 When m > 2, the number of equivariant cobordism classes of small covers

over A™ x I3 is

m—+3
H (2m+3 _ 2t71)
t:148(m +1)! (25-2°™ —9.2°mF2 4 6. 27T — 1) 4 1.

All small covers over A! x I3 equivariantly bound.
The paper is organized as follows. In Section 2, we review some basic facts about small
covers and the tangential representation. In Section 3, using characteristic functions and

Stong homomorphism, we prove Theorem 1.

2 Preliminaries

An n-dimensional convex polytope P" is said to be simple, if exactly n faces of codi-
mension one meet at each of its vertices. An n-dimensional smooth closed manifold M" is
said to be a small cover if it admits a smooth (Zy)™-action such that the action is locally
isomorphic to a standard action of (Z2)™ on R™ and the orbit space M"/(Z2)™ is a simple
convex polytope of dimension n.

Suppose that © : M™ — P" is a small cover over a simple convex polytope P™. Let
F(P") ={Fy,---, Fy} be the set of codimension-one faces (facets) of P". Then there are £
connected submanifolds 7= (F}),--- , 7~ (F;). Each submanifold =~!(F}) is fixed pointwise
by a Zs-subgroup Zs(F;) of (Z3)™, so that each facet F; corresponds to the Zs-subgroup
Zs(F;). Obviously, the Zg-subgroup Zs(F;) actually agrees with an element v; in (Zy)"
as a vector space. For each face F of codimension u, since P" is simple, there are u
facets Fj,,---,F; such that F' = F; N---NF,. Then, the corresponding submani-
folds m#=(F;,), -+ ,m'(F;,) intersect transversally in the (n — u)-dimensional submanifold
7~ 1(F), and the isotropy subgroup Zy(F') of 7~!(F) is a subtorus of rank u and is generated
by Zs(Fy,), - -+, Zo(F;,) (or is determined by v;,, - -+ ,v;, in (Z2)™). Thus, this actually gives

a characteristic function [1]
A F(P") — (Zo)"

defined by A(F;) = v; such that whenever the intersection F; 0 ---NF;, is non-empty,
AFy), -+, A(F;,) are linearly independent in (Z)™.

In fact, Davis and Januszkiewicz gave a reconstruction process of a small cover by
using a characteristic function A : F(P") — (Zs)". Let Zy(F;) be the subgroup of (Zj)"
generated by A\(F;). Given a point p € P", by F(p) we denote the minimal face containing
p in its relative interior. Assume F(p) = F; N---NF;, and Zy(F(p)) = @,_, Z2(F},). Note
that Zs(F(p)) is a u-dimensional subgroup of (Z)". Let M (X) denote P™ x (Z3)"/ ~, where
(p,g) ~ (q,h) if p=qand g~ 'h € Zy(F(p)). The free action of (Zy)™ on P" X (Z3)"™ descends
to an action on M () with quotient P". Thus M (\) is a small cover over P™ [1].

By A(P"™) we denote the set of all characteristic functions on P™. Then we have
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Theorem 2.1 Let w# : M™ — P™ be a small cover over a simple convex polytope
P". Then all small covers over P" are given by {M(\)|A € A(P™)} from the viewpoint of
cobordism.

Remark 1 Generally speaking, we can’t make sure that there always exist small covers
over a simple convex polytope P™ when n > 4. For example, see [1, Nonexample 1.22]. From
[1], RP™ is a small cover over A™, and the 3-dimensional torus 7° is a small cover over I3.
Thus, RP™ x T? is a small cover over A™ x I3,

Next we recall some results in [10]. Let G = (Z3)™ and py be the trivial element
in Hom(G,Z3) (the set of all homomorphisms from G to Zs). The irreducible real G-
representations are all one-dimensional and correspond to all elements in Hom(G, Z,). Given
an element 3 of M, let (M™,¢) be a representative of 3 such that M™ is a small cover.
Take an isolated point p in the fixed point set (M™)“, then the G-representation at p can
be written as 7,(M") = @p?épo Ay, where A, : G xR — R, (g,2) — p(g) - = with p €
Hom(G,Zs) is the irreducible real G-representation and X,.,,q, = n and if ¢, # 0, then
qp = 1. Nopn = {[1,(M™)]|p € (M™)%} is called the tangential representation set of (M™", ¢),
where by [7,(M™)] we denote the isomorphism class of 7,(M™).

The homomorphisms p; : (g1, ,gn) — g; form a standard basis of Hom(G, Z,). Let
R,,(G) denote the vector space over Zs generated by the representation classes of dimension n.
Then R.(G) =), -, Rn(G) is isomorphic to the graded polynomial algebra Zs[ps,- -, p,].
Each [7,(M™)] of J\_an uniquely corresponds to a monomial of degree n in Zs[p1,--- , pn)
such that all n factors of the monomial form a basis of Hom(G, Z). In [11], Stong showed

that the natural homomorphism (Stong homomorphism) §,, : M,, — R,,(G) defined by

(M g)) = D (M)

pe(Mm)<

is a monomorphism. This implies that for each § in M,,, there exists a representative (M", @)
of 3 such that Ay« is prime (i.e., either all elements of Ay« are distinct or Ny is empty)
and Ny« is independent of the choice of representatives of 3. Thus we can define N := Npn.
Obviously we have 3 = f <= N3, = N3, for 81,02 € M,,.

Let # : M™ — P™ be a small cover over a simple convex polytope P"™. The set of
the vertices of P™ is just the image of (M™)¢ under the map 7. Let E denote an edge
(1-dimensional face) of P", then 77!(E) is a connected 1-dimensional G-submanifold of M"
by [1, Lemma 1.3]. For p € (M™)% and 7(p) € E, p is also a fixed point of this submanifold.
We have a 1-dimensional real tangential representation 7,(7~!(F)) of G at p. Suppose that
E; -+, E;, are the n edges that meet at w(p). Then @,_, 7,(7*(E;,)) just gives 7,(M™).
The isotropy group of 7~ !(FE) is of rank n-1. Thus the tangential representation 7,(7(E))
is determined by the vector orthogonal to the isotropy group (regarded as a subspace of
(Z3)™). Each edge is the intersection of n-1 facets. Suppose F = Z;ll F;,, where F},
denotes a facet. The vectors A(F}, ),k =1,--- ,n — 1, span the isotropy group of 77*(E). So

the characteristic function uniquely determines the tangential representation 7,(M™).
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3 The Number of Small Covers

Let e1,eq, - ,€mt3 be the standard basis of (Zy)™™3. Using characteristic functions
and Stong homomorphism, we give the proof of Theorem 1.

The Proof of Theorem 1  When m = 1, A™ x [* = [*. From [§], all small covers
over I* equivariantly bound. We shall be particularly concerned with the case m > 2.

In fact, A™ x I3 = A™ x I x I x I. To be convenient, we introduce the following marks.
By Fi,---,F], ., we denote all facets of m-simplex A™. Let by;,b12 be two vertices of the

second factor I, boy, bos be two vertices of the third factor I and bsy, b3 be two vertices of
the last factor I. Let

F,=F/xI’1<i<m+]1,
Fm+2:AmXb11 XIQ,Fm+3:AmXb12 XIQ,Fm+4:AmXIXb21 XI,

Fm+5 =A™ XIXb22 XI7Fm+6 =A™ XI2 X bgl,Fm+7:Am XIQ ngg.

Then F(A™ x I3) ={Fy,--- , Fri7}

We choose Fi, Fs, -+ | Fony Finao, Frnta, Frpe such that they meet at one vertex of A™ x
I3. Without loss of generality, let A(F;) = €;,1 < i < m;A(Frna2) = €me1, N(Frnga) =
em+2s A(Fmt6) = €ma3. By the linear independence condition of characteristic functions, we
have A(F11) = €14+ +em+ep, +---+eg,, wherem+1 < k) < - <k; <m+3,0<i<3.
Then our argument is divided into two cases:

(@) MEpq1) =e€1+ -+ em.

(IT) M(Fipy1) =e1+--+emtep, +--+ep, wherem+1 <k < - <k <m+3,1<
i < 3.

(X)) MFpy1) =€1+ -+ em.

In this case, by the linear independence condition of characteristic functions, we have

AFmy3) = emy1tey + Fe,emprtempatey +otey,

6m+1 +€m+3 + etl + e +6tj

OF i1 + €mi2 + €mys + €y + -+ €, where 1 <t < --- < t; < m,0 < j < m.
When A(F,,13) = €11, by Stong homomorphism, the small cover constructed from such A
equivariantly bounds. Here we only consider non-bounding small covers. Thus, A(F,,13) #
em+1. Our argument is divided into four cases:

(Il) ( m+3)—em+1+et1—|—~-~—|—etj,where1§t1<---<tjSm,lgjgm,

(I2) M Fnts) = €my1 +emya +e +--- e, where 1 <t <--- <t; <m,0<j<m,

(I3) AM(Fnts) = €my1 +emyz +ey +---+e,, where 1 <t <--- <t; <m,0<j<m,

(Is) M Fmt3) = €mg1 +empo2 +emyz+e, +---+e, where 1 <ty <--- <t; <m,0 <
7 <m.

(I1) MFmts) = emy1 +e, +---+ e, where 1 <t <--- <t; <m,1 < j<m. In this

case, by the linear independence condition of characteristic functions, we have

AN Fis) = €maa te, +- + ey,
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or €mio+emyste, +---+e,,wherel <[} <.+ <l <m+1,0<k<m+1 When
A Frss) = emaa, by Stong homomorphism, the small cover constructed from A equivariantly
bounds. Thus, A(F,,15) # €mio. When

AMFmis) =emiot+e, +--4e,, 1<l <--- <l <m+1

and 1 < k < m+1, by the linear independence condition of characteristic functions and Stong
homomorphism, A(Fi47) = €mys+ep +-Fep, 1 < fi < < fi<m+2,1 <1 <m+2.
When

AMFpgs) = €miat+emyz e, +-+e, 1< <<l <m+1

and 0 < k < m + 1, similarly we have
AMFm+7) =emiz+eg + ey, 1<g < - <gy<m+1L1<h<m+l

Thus, the values of A have 3-23m+2 —§5.22m+2 1 9.2™m _ 1 possible choices in case (I ).
(I2) A(Fm+3) = €me1 +emaz + e + -+ e, where 1 <ty <--- <t; <m,0< 5 <m.
By the linear independence condition of characteristic functions and Stong homomorphism,

we have
AMFgs) =€mipa+e, +4e, 1< <<l <m1<k<m
or
AMFris) = €mio+emys ey +--Fe,, 1 <l < - <lp<m,0<k<m.

When
)\(FTrL+5):em+2+el1+"'+elk;1§l1<"'<lk§m

and
1<k<mANF,i7)=é€miz+e,+-+ep, 1< fi<---<fi<m+2,1<1<m+2.
When
MFmas) =€emiaF+emizate, +4e,,1<l< - <lp<m

and
nggma)\(Fm-i-?):em+3+6g1+"'+egh71§gl<"'<gh§m71§h§m'

Thus, the values of A have 5 - 23™ — 3. 22m+1 4 9™ possible choices in case (Iy).

(I3) M Fmts) = €mg1 +emyz+ ey +---+ep,, where 1 <t <--- <t; <m,0< 5 <m.
If we first consider \(F),7) and lastly consider A(F,y5) in this case, then the problem is
reduced to case (I,), so the values of A also have 5-23™ — 3. 22m+1 4 2™ pogsible choices in

case (I).



196 Journal of Mathematics Vol. 34

(Is) MEm+3) = €mg1 + €myo + €my3 €y + -+ ey, where 1 < ¢ < -+ < t; <
m,0 < j < m. By the linear independence condition of characteristic functions and Stong

homomorphism, we have
AMFris) =€myate, +-+e, 1<l <---<lr<m1l1<k<m

or
)\(Fm+5)=€m+2+€m+3+611+"‘+6lk,1§l1<~-~<lk§m,0§k‘§m.

When
AMFimgs) =€myate, +--+e,, 1<l <---<lp<m

and 1 < k < m, N(Fpq7) = €mqs +ef, +--4ep, 1 < fi <o < fi<m+2, fi #
m+1,---, fi#m+1,1<1<m+1. When

AMFmis) =€mizt+emist+e, +-4e,, 1<l <---<lp<m
and
nggma)\(Fer?):eerS"’_egl+"'+egh71§gl<'“<gh§mylgh§m'

Thus, the values of A have 3 - 23™ — 22m+2 4 9™ possible choices in case (Iy).

So in case (I), the values of A have 25 - 25™ — 9. 22m+2 4 6. 2™+ _ 1 possible choices.

(IT) M(Fpy1)=e1+-+entep, +-+ep, wherem+1<k < - <k <m+3,
1 < ¢ < 3. In this case, no matter which value of A(F,,+1) is chosen, the small cover
constructed from A equivariantly bounds. We only give the proof of the case A(F,,11) =
e1+ -+ em + emni1 because when other values of A(F,,,1) are chosen, the proof is similar.

When A(F,,41) = €1+ -+ + €m + €my1, by the linear independence condition of char-
acteristic functions and Stong homomorphism, we have A(Fp,13) = €1 + €mye. Similarly
we have A(Fp,15) = €maa + €mys and A(F,.7) = €,13. By Stong homomorphism, the small
cover constructed from such A equivariantly bounds.

m+3 .
H (2771,4»3721,—1)

We may choose other basis of (Zy)™3. There are = choices for a basis of

48(m+1)!
(Z)™T3 in this case if we consider equivariant cobordism classification by Stong homomor-

phism. Thus, there are

m+3

I1 (2m+3 —2t-1)

t=1 _93m _ g .92m+2 Lom+l _
R (252%™ —9.22"F2 4 6.2 1)

non-bounding small covers over A™ x I3 up to equivariant cobordism.
Adding the small cover that equivariantly bounds, we give the calculation formula of

the number of small covers over A™ x I® up to equivariant cobordism.



No. 2 The number of small covers over products of a simplex with 3-cube up to equivariant cobordism 197

References

[1] Davis M W, Januszkiewicz T. Convex polytopes, coxeter orbifolds and torus actions [J]. Duke Math.
J., 1991, 62(2): 417-451.

[2] Cai M Z, Chen X, Lii Z. Small covers over prisms [J]. Topology Appl., 2007, 154(11): 2228-2234.

[3] Choi S. The number of small covers over cubes [J]. Algebr. Geom. Topol., 2008, 8(4): 2391-2399.

[4] Choi S. The number of orientable small covers over cubes [J]. Proc. Japan Acad. Ser. A Math. Sci.,
2010, 86(6): 97-100.

[5] Chen Y C, Wang Y Y. Orientable small covers over products of a prism with a simplex [J]. An. St.
Univ. Ovidius Constanta, 2011, 19(3): 71-84.

[6] Wang Y Y, Chen Y C. Small covers over products of a polygon with a simplex [J]. Turkish J. Math.,
2012, 36(1): 161-172.

[7] Li Z, Tan Q B. A differential operator and tom Dieck-Kosniowski-Stong localization theorem [J].
arXiv:1008.2166.

[8] Chen Y C, Wang Y Y. The number of small covers over cubes and the product of at most three
simplices up to equivariant cobordism [J]. Proc. Japan Acad. Ser. A Math. Sci., 2011, 87(6): 95-98.
[9] Wu C Y. Classificaton of small covers over prisms up to equivariant cobordism [J]. Adv. Math.
(China), 2008, 37(5): 584-590.
[10] Lii Z. 2-torus manifolds, cobordism and small covers [J]. Pacific J. Math., 2009, 241(2): 285-308.
[11] Stong R E. Equivariant bordism and (Z2)*-actions [J]. Duke Math. J., 1970, 37(4): 779-785.

BB AN3YEST 75 (SR FR L/ NVE EMF LA LN

EEB, Ta4%
(FIRITIE A 242 5 15 BRI 22205, 7 %7 % 453007)

WE: AT T NE R AR A 52K R IR T R SO Stong RIS E 1 881 1348 57 77 fR e 1 _E
N A WA SRR AR, HETT T AT SRR A AR SR A R

XA P NES; VIR

MR(2010)F # 53 £ 5: 55N22 FESES: 0189.2



