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Abstract: In this paper, a Markov renewal risk model with a constant dividend barrier
is considered, the matrix form of systems of integro-differential equations is presented and the
analytical solutions to these systems are derived. By the general solution of the integro-differential
equation, the dividend-penalty identity is obtained, which generalizes the results of the ref.[1].
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1 Introduction

Recently, there was a more and more interest in the issue of risk models with dividend
strategies. Obviously, dividend strategies can reflect the surplus cash flows more realistically
in a insurance portfolio. The theories developed are very valuable in the devising and
managing of products with dividends. In this paper, we discuss the dividend-penalty identity
problem in a Markov risk model, which governed by a Markov arrival claim process and
allows for claim sizes to be correlated with inter-claim times. The purpose of this paper
is to show how the dividend penalty identity can be obtained by general solution of the
integro-differential equation.

Suppose {Z,;n > 0} is an irreducible discrete time Markov chain with state space

E ={1,---,m} and transition matrix

P = (i)

Let u be the initial capital, ¢ the premium rate, X; the size of the jth claim and N(¢) is
the number of claims up to time ¢. F(z) is the distribution of the claim X ;. The surplus
process {R(t);t > 0} is defined as

N(t)
Rt)=u-+ct— 3 X, (1)
Jj=1
* Received date: 2012-01-12 Accepted date: 2012-06-20

Foundation item: Supported by National Natural Science Foundation of China (10971157).
Biography: Liu Juan (1981-), female, born at Shishou, Hubei, doctor, major in insurance mathe-

matics.



No. 1 Some results about the dividend-penalty identity 101

Let W, denote the duration between the arrivals of the (i — 1)th and the ith claim and
Wo = X() =0 a.s., then

P(Wn+1 S xan—i-l S Y, Zn+1 - ]‘ Zn - Z.7 (WraXra Zr)7 S r S 7’L) (2)
= PWy<uz,X,<y,Z1 =]l Zo=1) = (1 — e ")p;; F}(y).

The model is enriched by the payment of dividends to the share-holders of the company,
and the surplus is modified accordingly. When the surplus exceeds a constant barrier b > wu,
dividends are paid continuously so that the surplus stays at the level b until next claim
occurs. Let {R,(t);t > 0} be the surplus process with initial surplus v under the constant
barrier above.

Define T}, =inf{t > 0 : R,(t) < 0} to be the time of ruin. Let § > 0 be the force interest
and w(x,y), for ,y > 0, be non-negative valued of penalty function. Let p; = p(-|Zy = i),
define

¢i(u; b) = Ele™ " w(R(Ty—), |[R(Ty) )1 (Th < 00)|R(0) = u] 3)

to be the discounted penalty function (Gerber-Shiu function) at 7} given that the initial

surplus is u, given that the initial environment is i. Denote that when b = oo,

¢i(u; b) = ¢i(u),
that is the Gerber-Shiu function without dividend barrier.

2 Main Results and Proof

The Gerber-Shiu discounted penalty function under the constant dividend barrier is
associated with the discounted penalty function for the process without dividend strategy.
Define T' = inf{t > 0 : R(t) < 0} to be the time of ruin of the surplus process (1), and for
>0,

¢i(u) = E;[eTw(R(T-), |[R(T))I(T < o0)|R(0) =u], ©v>0, ic F

to be the Gerber -Shiu discounted penalty function, given the initial surplus v and the initial
state i. We denote by ¢ the constant premium rate for the surplus process (1) without divi-
dend strategy. Function ¢;(u) investigated in Albrecher and Boxma (2005), which satisfies
the following integro-differential equation, for ¢ € F,

cp;(u)

o0

= O D0 - Y / 65 — y)dF () + / w(uyy — w)dE,(y)

u

Let
D(u) = (¢r(w), -+ dm(w)) ",
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then an integro-differential equation in matrix form for i;(u) is given by

& (u) = H.®(u) + / G (2)®(u — 2)dx + h(u),0 < u < oo, (4)
where
H. = diag((A1 +9)/c, -+, (A +6/)c)
and
A fi(z)
dm fn()

are m x m matrices, and h(u) is an m-dimensional vector which is given by
h(u) = /Gc(s{:)w(u,x — u)1dz, (5)

where T = (1,---,1)" is an m-dimensional column vector. The corresponding homogenous

integro-differential equation of (4) is

=/ =

® (u) = H.®(u) + / G (2)P(u — x)dz. (6)

By Theorem 2.3.1 in Burton [2], we give the analytical expression for i(u) in the following
lemma.

Lemma 1 Let v(u) = (v;;(u))i%-; be the m x m matrix whose columns are particular
solutions to (6) with v(0) =

equation (4) is

I, where I is the m x m identity matrix. The solutions to

B (u) = v(u)®(0) + /v(u — 2)h(z)dz,0 < u < oo,
0
where v(u), ®(0) was given by (3.6) and (4.4) in [7].
As for ¢;(u;b), by similar approach as in Liu et al. (2010), we can get the Gerber- Shiu
function (3) under the constant dividend strategy, satistying the following integro-differential

equation

co; (u; b)

oo

= (N +0)di(u;b) — N Zpij(/ ¢, (u — x;b)dF; () + /w(u,x — w)dF;(z))

u

with boundary condition ¢;(b;b) = 0.
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Let
& (u;b) = (¥ (u; ), - -, by, (w3 ) T,

dF,(z) = fi(z)dz, then an integro-differential equation in matrix form for ®(u;b) is given by

=7

® (u;b) = H.®(u; b) + / G.(2)®(u— 2;b)dz 4+ h(u),0 < u < b (7)

with boundary condition
® (b;b) =0,

and 1= (1,---,1)7,0=(0,---,0)T are m x 1 vectors.
Again we apply Theorem 2.3.1 in Burton [2] to obtain the analytical expression for
B (u;b) as follows

&wm_w@&mm+/vm—mmmmmgu<a

0
Now restricting ®(u;b) in (4) to 0 < u < b, we have
®(u;b) = v(u)®(0;5) = P(u) — v(u)$(0),
then @ (u; b) in (7) can be rewritten as
B(u; b) = v(u) [B(0;b) — B(0)] + D(u) = v(u)k(b) + B(u), 0 < u < b, (8)

where k(b) = ®(0;b) — $(0).

This formula (8) is the so-called dividend-penalty identity for a general class of the
Markov risk model. Note that in (8), the expected discounted penalty function <Iﬂ>(u7 b) for
the modified surplus processes with dividend strategy can be expressed as the summation
of the expected discounted penalty function i;(u) for the corresponding process without
dividend strategy applied and a vector which is the product of v(u), a matrix function of u,
and k(b), a vector function of b.

When m = 1, the model reduces to the classical compound Poisson risk model, the

expected discounted penalty function ®(u;b) in (8) simplifies to
d(u;b) = ¢(u) + v(uw)k(b),0 < u < b,

which is equation (5.1) in Lin et al. (2003). Here ¢(u) (moo(u) in their paper) is the
expected discounted penalty function under the classical risk process with premium rate c,
and the function v(u) satisfies reduced integro-differential equation (7) and the constant k(b)
is determined in their paper. We extend the results in [1] and show the this identity can be

obtained by the general solution of the integro-differential equation.
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