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ORLICZ PROJECTION BODIES OF ELLIPSOIDS
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Abstract: In this paper, we study the problem of the Orlicz projection bodies recently
introduced by Lutwak, Yang and Zhang. By using the linear invariant property of Orlicz projection
bodies, we obtain the result that the Orlicz projection bodies of ellipsoids are still ellipsoids. As
examples, we compute two concrete support functions of Orlicz projection bodies of the unit ball
for two specific convex functions.
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1 Introduction

In a series of ground-breaking work by Lutwak, Yang and Zhang [7, 8|, the classical
Brunn-Minkowski theory emerged at the turn of the 19th into the 20th century and then the
L, Brunn-Minkowski theory originated from Lutwak’s seminal work [4, 5], were remarkably
generalized to the more broad framework, which is the so-called Orlicz-Brunn-Minkowski
theory.

Within the Orlicz-Brunn-Minkowski theory, Orlicz projection body is spontaneously the
important object. In retrospect, the two classical inequalities which connect the volume of
a convex body with that of its polar projection body are the Petty and Zhang projection
inequalities. The Petty projection inequality led to the affine Sobolev inequality [9] that is
stronger than the classical Sobolev inequality and yet is independent of any underlying Eu-
clidean structure. The L, analogue of projection bodies and the celebrated Petty projection
inequality was established in [1] by Lutwak, Yang and Zhang, and independently derived by
Campi and Gronchi [2] using an alternate approach. Recently, Lutwak, Yang and Zhang [7]
established the corresponding Orlicz version.

We consider convex ¢ : R — [0,00) such that ¢(0) = 0. This means that ¢ must be
decreasing on (—o0, 0] and increasing on [0, 0c0). We will assume throughout that one of these
is happening strictly so; i.e., ¢ is either strictly decreasing on (—oo,0] or strictly increasing
on [0,00). The class of such ¢ will be denoted by C.
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Let K be a convex body in R™ that contains the origin in its interior and has volume
|K|. For ¢ € C, the Orlicz projection body II,K of K is defined as the body whose support

function is given by

() = inf {A sos [ ¢<m>y o)A (y) < n|K},

where v(y) is the outer unit normal of 0K at y € 0K, where z - v(y) denotes the inner
product of z and v(y), and H" ! is (n — 1)-dimensional Hausdorff measure.

With ¢, (t) = [t], it turns out that for u € S™"', hn, k(u) = K4 K,|, where |K,|
denotes the (n — 1)-dimensional volume of K, the image of the orthogonal projection of K

onto the subspace u*. Thus II4, K = “}QHK , where IIK is the classical projection body of
K introduced by Minkowski.

With ¢,(t) = [t|?, and p > 1, I K = ‘C""‘i II,K, where II,K is the L, projection body
Kl|p

of K, defined as the convex body whose support function is given by

1/p
i,k (2) = {/(DKIx-v(y)lply-v(y)ll‘de”‘l(y)} -

In this paper, we demonstrate the fact that the Orlicz projection bodies of ellipsoids
are still ellipsoids in R™. As examples, we compute two concrete support functions of Orlicz

projection bodies of the unit ball for two specific convex functions.

2 Basics Regarding Convex Bodies

The setting for this paper is the n-dimensional Euclidean space R"”. We write ey, - - , e,
for the standard orthonormal basis of R"™. Throughout this paper, B" = {z € R™ : || < 1}
denotes the unit ball centered at the origin, and w,, = |B™| denotes its n-dimensional volume.

A convex body is a compact convex subset of R” with nonempty interior. All the convex
bodies of R™ will be denoted by Kj. Associated with a convex body K is its support function
hr defined on R" by hgx(z) = max{z -y : y € K}. Thus, if y € 0K, then hg(vk(y)) =
vk (y) -y, where vk (y) denotes an outer unit normal to K at y.

For more detailed facts on convex bodies, you can refer the excellent books authored by
Schneider [3] and Gardner [6].

3 Main Results

In [7], it is proved that the definition of hr, & () is equivalent to the following definition:

hi, i (z) = inf {/\ >0 /S ¢<AZKZ;)> hic(w)dSi (u) < n|K|},

or equivalently,

hi,k(x) = inf {/\ >0: /Sn_l zb(i(x : u)pK*(u)> dVi(u) < 1}.
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The polar body of IIs K will be denoted by II} K.
Since the area measure S cannot be concentrated on a closed hemisphere of S~ !, and
since we assume that ¢ is strictly increasing on [0, 00) or strictly decreasing on (—o0, 0], it

follows that the function
1
A— o (}\(az “U)pKc (U)) dVi (u)
Sn—l

is strictly decreasing in (0, 00). Thus we have
Lemma 1 Suppose ¢ € C, and K € K. If zy € R™\ {0}, then

/S ¢<A0}j%(v)>dvf(<v> > 1,

=1, or < 1, respectively, if and only if A, x (z0) > Ao, = Ao, or < Ag, respectively.

From Lemma 1, we can show immediately the inclusion relation, which is a monotonicity
of Orlicz projection body in some sense.

Theorem 1 If K € K and ¢1,¢2 € C, ¢1 < ¢, then 11, K C Iy, K.

Proof Yu € S"', let hn, k(u) = A. In terms of Lemma 1, it has

1 u-v
m Sn—1 ¢1 ()\hK('U)> hK(U)dSK(U) =1

Since ¢1 < ¢, we have

n|1K| - ¢2<A2szv)>hK(v)dSK(v) >1
from Lemma 1 again, we have hr, r(u) > A. Therefore hp, x(u) < hm,, r(u), that is
Iy, K C 11, K. This completes the proof.
Theorem 2 The Orlicz projection body II,E of the ellipsoid E is still an ellipsoid.
Proof First, we prove that the Orlicz projection body of the unit ball is still a ball
centered at the origin. Suppose A € SO(n) and u € S"7!, let 2 = A'v. Then

1 1 1 1 1 1
- S Au-v)do = — S A)dAt = — “u-2)d
Wn Jgn gZS(/\ u-v)dv Wy, Jgn qb(/\u v)dA Wy, Jatpn gf)(/\u 2)dz
1 1

:Jn - Qs(xu . Z)dZ.

It yields A, p»(Au) = hi, g (u), which implies that the Orlicz projection body of the unit
ball is still a ball.
Second, suppose the ellipsoid E = AB"™, A € GL(n). According to Lemma 2.6 in [7],
we have
4(E) = I, (AB™) = A™'l4(B").

In view of the just verified fact, it can conclude that II4F is still an ellipsoid.
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This completes the proof.

In the following, we compute the support functions of Orlicz projection bodies of the
unit ball, when ¢, (z) = e/*l — 1 and ¢y (z) = e®” — 1, respectively. Obviously, ¢, and ¢, are
both belong to the class C.

(1) ¢1(x) = el*l — 1. We know that

1
b, r(e1) =inf{A >0: (bl(xel cu)dS(u) < nw,}
Sn—1

luq |

=inf{A>0: / (ex —1)dS(u) < nw,}.
S"’*l
From Lemma 1, we have
/ (e —1)dS(u) = nw, <= hm, p(e1) = o
S‘n—l
So, it has
/ e%‘dS(u) = 2nw,
Sn—l
! [ug] n—3
:>wn_1/ e (1—ui) 2 dup = 2nw,

1

nwy,

Wn—1

= 1 ! & n=3 nw
=Y = 1—u2)" duy = —2n
; ng/O n(l=w) = du =2

1
:>/ eﬁ(l - u%)%gdul =
0

Let u? =t, it gives

k=
= 1 (el onw,
=2 2kINE T(Er) T w, W
~ 1 Tt+3) nn-1)r:
RNTG g - T D)

which gives the required formula which hy, p» is satisfied.
(2) ¢o(x) = e —1. We know that

hn¢gB" (61) = mf{/\ >0: ¢2(

Sn—1

=inf{\>0: / (ex* —1)dS(u) < nw,}.
Snfl

er - u)dS(u) < nw,}

>| =

From Lemma 1, we have

/ (e? —1)dS(u) = nw,, <= hH¢szz(€1) = ).
S‘n.fl
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So, it has

5 n—3 nwpy
= [ e (1—ud) 2 du; =
0 Wn—1
o0 1
g u?(1—u )nzddu — [n
2k 1 - % 1=
k')\l 0 Wn—1

Let u? =t, it gives

1 1 n-—1 nwy,
2 gt )=

Wn—1
k=0
> 1 T(k+ %)F(%‘l) nW,
=N =
; BINE T Tt 2) (2)

= 1 Dk+1) nmn-1)r
:>kz_0 KOFT(k+2)  T(+2)

which gives the required formula which Ay oy B 18 satisfied.

In view of the very similarity between formulas (1) and (2), we set out to compare which
number is more larger between A\g and \;. For this aim, we consider the monotonicity of the
following function f(x).

1

Lemma 2 The function f(x) = F(i(ii% is strictly decreasing on [0, 00) with respect
to x.

. . I(z+3 n

Proof Constructing a function F'(z) = In 1—‘(1(-'1-7%3-)1) =InT(z+3) —InT(z+ 2 +1).
Since function I'(z) is infinitely differentiable, we have

m!m®

[(z) :n}iinoo (m+x)(m—1+2z)---(1+x)z’ vz € (0, 00),

then
1 mim*+z

I'z+ =)= lim .

@+3) m—oo (m+z+3)(m—1+z+3) - (1+z+3)(z+13)

By the above expansion and the continuity of the natural logarithmic function, InT'(x + %)

can be written as

m— 00 2

1 1 - 1
InT(z + 5) = lim (lnm! + (z+ §)lnm - Z;ln(x + - +j)).
_7:
Since this sequence is absolutely convergent, we may interchange differentiation and limits

d 1 . “ 1
(T +3) = Jim (nm =32 )

Jj=0
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It gives
F'(z) = lim i( ! — - L )y <om>1ne2)
mi}ooj:() r+5+1+y z+5+7
We obtain that f(z) = F(Fﬁiti)l) is strictly decreasing on [0,00) in terms with z. This
2

completes the proof.

Hence, according to Lemma 2, we obtain the following results Ao > A2, or equivalently,
hr,, g (e1) > hQH@Bn (e1),

where ¢ (z) = el — 1, ¢o(z) = e* — 1, that is

V(I B") (VB
V(BT >< V(B >
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