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Abstract: In this paper, we estimate boundedness of operator convexity for convex functions.

As an application, we obtain some relations between the power of operator means (arithmetic mean,

geometric mean, chaotically geometric mean) and those means of operator powers. In particular,

we obtain the order relation between arithmetic mean and chaotically geometric mean.
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1 Preliminary

Throughout this paper, a capital letter means a bounded linear operator on Hilbert
space H. An operator A is called positive, in symbol, A ≥ 0 if (Ax, x) ≥ 0 for all x ∈ H.
T is called strictly positive (simply T > 0) if T is positive and invertible, αi are positive

numbers with
n∑

i=1

αi = 1.

A continuous function f on interval I is called operator convex on I, if σ(A), σ(B) ⊂ I,

f((1− α)A + αB) ≤ (1− α)f(A) + αf(B) holds for α ∈ [0, 1]. (1.1)

Convex functions and operator convex functions are different. Typical example of such
function is tr on (0,∞), which is a convex function for r > 2, but is not operator convex.

In [1], Ando, Li and Mathias proposed a definition of the geometric mean for an n-tuple
of positive operators and showed that it has many required properties on the geometric mean.
Following [3, 4], we recall the definition of the weighted geometric mean G[n, t] with t ∈ [0, 1]
for an n-tuple of positive invertible operators A1, A2, · · · , An. Let G[2, t](A1, A2) = A1]tA2.
For n ≥ 3, G[n, t] is defined inductively as follows: put A

(0)
i = Ai for all i = 1, 2, · · · , n, and

A
(r)
i = G[n− 1, t]((A(r−1)

j )j 6=i) = G[n− 1, t](A(r−1)
1 , · · · , A

(r−1)
i−1 , A

(r−1)
i+1 , · · · , A(r−1)

n )
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inductively for r. Then the sequence {A(r)
i }∞r=0 have the same limit for all i = 1, 2, · · · , n in

the Thompson metric. So we can define

G[n, t](A1, A2, · · · , An) = lim
r→∞

A
(r)
i .

Similarly, we can define the weighted arithmetic mean as follows: Let A[2, t](A1, A2) =
(1− t)A1 + tA2. For n ≥ 3, put Ã

(0)
i = Ai for all i = 1, 2, · · · , n and

Ã
(r)
i = A[n− 1, t]((Ã(r−1)

j )j 6=i) = A[n− 1, t](Ã(r−1)
1 , · · · , Ã

(r−1)
i−1 , Ã

(r−1)
i+1 , · · · , Ã(r−1)

n ).

The sequence {Ã(r)
i } have the same limit for all i = 1, 2, · · · , n, so it’s expressed by

A[n, t](A1, A2, · · · , An) = lim
r→∞

Ã
(r)
i .

Here we introduce the following power means: for positive invertible operators A1, A2, · · · , An,
define

F (r) =

{
(∇α(Ar

1, A
r
2, · · · , Ar

n))
1
r , r 6= 0;

exp(∇α(log A1, log A2, · · · , log An)), r = 0.

It is clear that F (r) is monotone increasing under the chaotic order, but is not monotone
under the usual order. Besides, F (0) is called chaotically geometric mean for A1, A2, · · · , An.

Theorem A [6–8] Let 0 < m ≤ Ai ≤ M with m < M for i = 1, 2, · · · , n and
n∑

i=1

‖
xi ‖2= 1. If f(t) is a positive real valued continuous convex function on [m,M ], then

f(
n∑

i=1

(Aixi, xi)) ≤
n∑

i=1

(f(Ai)xi, xi) ≤ λ(m,M, f)f(
n∑

i=1

(Aixi, xi)), (1.2)

where
λ(m,M, f) = max{ 1

f(t)
[
f(M)− f(m)

M −m
(t−m) + f(m)]; t ∈ [m,M ]}. (1.3)

Theorem B [4] Let A and B be positive operators satisfying 0 < m ≤ A ≤ M for
some scalars m < M . If 0 ≤ A ≤ B, then

Ap ≤ K+(h, p)Bp, p ≥ 1,

where

K+(h, p) =
(p− 1)p−1

pp

(hp − 1)p

(h− 1)(hp − 1)p−1
, h =

M

m
. (1.4)

Theorem C [3] If 0 < m ≤ Ai ≤ M with m < M , i = 2, · · ·, n (n ≥ 2), then

G[n, t](A1, A2, · · · , An) ≤ A[n, t](A1, A2, · · · , An) ≤ K(h, 2)G[n, t](A1, A2, · · · , An),

where

K(h, 2) =
(h + 1)2

4h
, h =

M

m
.
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2 Boundedness of the Operator Convexity for Convex Functions

Based on the previous results coming from the Mond-Pečaric̀ method we obtain the
ratio type inequalities as follows.

Theorem 2.1 Let 0 < m ≤ Ai ≤ M with m < M for i = 1, 2, · · · , n. If f(t) is a
positive real valued continuous convex function on [m,M ], then

1
λ(m,M, f)

f(∇α(A1, A2, · · · , An)) ≤ ∇α(f(A1), f(A2), · · · , f(An))

≤ λ(m,M, f)f(∇α(A1, A2, · · · , An)).

Proof For unit vector x ∈ H, put xi =
√

αix, i = 1, 2, · · · , n in Theorem A, then

n∑
i=1

αi(f(Ai)x, x) ≤ λ(m,M, f)f(
n∑

i=1

αi(Aix, x)).

Since f(t) is a positive real valued continuous convex function on [m,M ], (1.2) leads to

((
n∑

i=1

αif(Ai))x, x) ≤ λ(m,M, f)f((
n∑

i=1

αiAix, x)) ≤ λ(m,M, f)(f(
n∑

i=1

αiAi)x, x).

Thus we have

∇α(f(A1), f(A2), · · · , f(An)) ≤ λ(m,M, f)f(∇α(A1, A2, · · · , An)).

Next, since 0 < m ≤
n∑

i=1

αiAi ≤ M and f(t) be a positive real valued continuous convex

function on [m,M ], it follows from (1.2) that

(∇α(f(A1), f(A2), · · · , f(An))x, x) =
n∑

i=1

αi(f(Ai)x, x) ≥ f(
n∑

i=1

αi(Aix, x))

= f(∇α(A1, A2, · · · , An)x, x)

≥ 1
λ(m,M, f)

(f(∇α(A1, A2, · · · , An))x, x).

Therefore we have

λ(m,M, f)∇α(f(A1), f(A2), · · · , f(An)) ≥ f(∇α(A1, A2, · · · , An)).

By the same way we can get the counterpart of Theorem 2.1.
Theorem 2.2 Let 0 < m ≤ Ai ≤ M with m < M for i = 1, 2, · · · , n. If f(t) is a

positive real valued continuous concave function on [m,M ], then

1
µ(m,M, f)

f(∇α(A1, A2, · · · , An)) ≥ ∇α(f(A1), f(A2), · · · , f(An))

≥ µ(m,M, f)f(∇α(A1, A2, · · · , An)),
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where µ(m,M, f) = min{ 1
f(t)

( f(M)−f(m)
M−m

(t−m) + f(m)), t ∈ [m,M ]}.

3 The Main Applications

Theorem 3.1 Let 0 < m ≤ Ai ≤ M with m < M for i = 1, 2, · · · , n.
(i) If 0 < r ≤ 1, then

(∇α(A1, A2, · · · , An))r ≥ ∇α(Ar
1, A

r
2, · · · , Ar

n) ≥ K+(hr,
1
r
)−r(∇α(A1, A2, · · · , An))r;

(ii) If 1 ≤ r ≤ 2, then

(∇α(A1, A2, · · · , An))r ≤ ∇α(Ar
1, A

r
2, · · · , Ar

n) ≤ K+(h, r)(∇α(A1, A2, · · · , An))r;

(iii) If r > 2, then

1
K+(h, r)

(∇α(A1, A2, · · · , An))r ≤ ∇α(Ar
1, A

r
2, · · · , Ar

n) ≤ K+(h, r)(∇α(A1, A2, · · · , An))r.

Proof Put f(t) = tr, we distinguish three cases.
In the case of 0 < r ≤ 1, f(t) = tr is operator concave, µ(m,M, f) = K+(hr, 1

r
)−r,

Theorem 2.2 and the definition of operator concavity of tr lead to (i).
In the case of 1 ≤ r ≤ 2, f(t) = tr is operator convex, λ(m,M, f) = K+(h, r), following

from Theorem 2.1 and the definition of operator convex, we have (ii).
In the case of r > 2, f(t) = tr is not operator convex, but is convex, so Theorem 2.1

yields (iii).
Theorem 3.2 Let 0 < m ≤ Ai ≤ M with m < M for i = 1, 2, · · · , n, and 0 < r ≤ s.
(i) If 0 < r ≤ 1, then

K+(hr,
1
r
)−1K+(hr,

s

r
)−

1
s F (s) ≤ F (r) ≤ K+(hr,

1
r
)F (s);

(ii) If r ≥ 1, then
K+(hr,

s

r
)−

1
s F (s) ≤ F (r) ≤ F (s).

Proof Since 0 < r
s
≤ 1, ms ≤ As

i ≤ M s, it follows from Theorem 3.1 that

(∇α(As
1, A

s
2, · · · , As

n))
r
s ≥ (∇α(Ar

1, A
r
2, · · · , Ar

n))

≥ K+(hr,
s

r
)−

r
s (∇α(As

1, A
s
2, · · · , As

n))
r
s . (3.1)

If r ≥ 1, then 0 < 1
r
≤ 1, by raising all terms of (3.1) to 1

r
it follows from operator monotonity

of x
1
r that

(∇α(As
1, A

s
2, · · · , As

n))
1
s ≥ (∇α(Ar

1, A
r
2, · · · , Ar

n))
1
r ≥ K+(hr,

s

r
)−

1
s (∇α(As

1, A
s
2, · · · , As

n))
1
s .

If 0 < r ≤ 1, then 1
r
≥ 1, Theorem B and (3.1) lead to

K+(hr,
1
r
)(∇α(As

1, A
s
2, · · · , As

n))
1
s ≥ ∇α(Ar

1, A
r
2, · · · , Ar

n)
1
r

≥ K+(hr,
1
r
)−1K+(hr,

s

r
)−

1
s (∇α(As

1, A
s
2, · · · , As

n))
1
s .
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Theorem 3.3 If 0 < m ≤ Ai ≤ M with m < M for i = 1, 2, · · · , n, then

1
Mh(1)

e∇α(A1,A2,··· ,An) ≤ ∇α(eA1 , eA2 , · · · , eAn) ≤ Mh(1)e∇α(A1,A2,··· ,An),

where Mh(1) = h
1

h−1

e log h
1

h−1
, h = eM−m.

Proof Put f(t) = et in Theorem 2.1, then the required inequalities hold since

λ(m,M, et) =
1

et0
(
eM − em

M −m
(t0 −m) + em), where t0 =

(m + 1)eM − (M + 1)em

eM − em

=
eM − em

M −m
e
− (m+1)eM−(M+1)em

eM−em =
h− 1
log h

e−1+ M−m
h−1 =

h
1

h−1

e log h
1

h−1
= Mh(1).

Theorem 3.4 If 0 < m ≤ Ai ≤ M with m < M for i = 1, 2, · · · , n, then

1
Mh(1)

∇α(A1, A2, · · · , An) ≤ ♦α(A1, A2, · · · , An) ≤ Mh(1)∇α(A1, A2, · · · , An),

where h = M
m

.
Proof Replace Ai by log Ai in Theorem 3.3, then h = exp(log M − log m) = M

m
, and

1
Mh(1)

exp(
n∑

i=1

αi log Ai) ≤
n∑

i=1

αiAi ≤ Mh(1) exp(
n∑

i=1

αi log Ai),

1
Mh(1)

♦α(A1, A2, · · · , An) ≤ ∇α(A1, A2, · · · , An) ≤ Mh(1)♦α(A1, A2, · · · , An).

Theorem 3.5 Let 0 < m ≤ Ai ≤ M with m < M for i = 1, 2, · · · , n, and 0 ≤ t ≤ 1.
(i) If 0 < r ≤ 1, then

K+(hr,
1
r
)−rK(hr, 2)−1(G[n,t](A1, · · ·, An))r ≤ G[n,t](Ar

1, · · ·, Ar
n)

≤ K(h, 2)r(G[n,t](A1, · · ·, An))r.

(ii) If 1 ≤ r ≤ 2, then

K+(h, r)−1K(hr, 2)−1(G[n,t](A1, · · ·, An))r ≤ G[n,t](Ar
1, · · ·, Ar

n)

≤ K+(h, r)2K(h, 2)r(G[n,t](A1, · · ·, An))r.

(iii) If r > 2, then

K+(h, r)−2K(hr, 2)−1(G[n,t](A1, · · · , An))r ≤ G[n,t](Ar
1, · · · , Ar

n)

≤ K+(h, r)2K(h, 2)r(G[n,t](A1, · · · , An))r.

Proof If 0 < r ≤ 1, then Theorem C implies that

K(h, 2)G[n,t](A1, · · · , An) ≥ A[n,t](A1, · · · , An) ≥ G[n,t](A1, · · · , An). (3.2)
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By raising all terms of (3.2) to the power r, and notice that tr is operator concave for
0 < r ≤ 1, then we have

K(h, 2)r(G[n,t](A1, · · · , An))r ≥ (A[n,t](A1, · · · , An))r

≥ A[n,t](Ar
1, · · · , Ar

n)

≥ G[n,t](Ar
1, · · · , Ar

n).

Next, replace Ai by Ar
i in (3.2) for all i = 0, 1, · · · , n, it follows from Theorem 3.1 that

K(hr, 2)G[n,t](Ar
1, · · · , Ar

n) ≥ A[n,t](Ar
1, · · · , Ar

n)

≥ K+(hr,
1
r
)−rA[n,t](A1, · · · , An)r

≥ K+(hr,
1
r
)−r(G[n,t](A1, · · · , An))r.

Therefore, we have

K+(hr,
1
r
)−rK(hr, 2)−1(G[n,t](A1, · · · , An))r ≤ G[n,t](Ar

1, · · · , Ar
n).

If r ≥ 1, then, it follows from (3.2) and Theorem B that

K+(h, r)K(h, 2)r(G[n,t](A1, · · · , An))r ≥ (A[n,t](A1, · · · , An))r, (3.3)

which leads to the following inequalities by (ii) of Theorem 3.1 that

(A[n,t](A1, · · · , An))r ≥ 1
K+(h, r)

(A[n,t](Ar
1, · · · , Ar

n)) ≥ 1
K+(h, r)

(G[n,t](Ar
1, · · · , Ar

n)).

(3.4)
(ii) Replace Ar

i by Ai in (3.3), since tr is operator convex for 1 < r ≤ 2, we have

K(hr, 2)G[n,t](Ar
1, · · · , Ar

n) ≥ A[n,t](Ar
1, · · · , Ar

n)

≥ A[n,t](A1, · · · , An)r

≥ 1
K+(h, r)

G[n,t](A1, · · · , An)r.

On the other hand, we can get the second inequality from (3.4) and (3.5) immediately.
(iii) If r > 2, it follows from (3.3), (3.4) and (3.5) that

K(hr, 2)G[n,t](Ar
1, · · · , Ar

n) ≥ A[n,t](Ar
1, · · · , Ar

n)

≥ 1
K+(h, r)

A[n,t](A1, · · · , An)r

≥ 1
K+(h, r)2

G[n,t](A1, · · · , An)r.

The second inequality follows from (3.4) and (3.5) immediately.
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J. Inequal. Appl., 1998, 2: 137–148.

[5] Lawson J D, Lim Y. A general framework for extending means to higher orders[J]. Collog. Math.,

2008, 113: 191–221.
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凸函数的算子凸性估计及其在算子平均中的应用

左红亮 ,段光才

(河南师范大学数学与信息科学学院, 河南新乡 453007)

摘要: 本文利用Mond-Pečarić方法对凸函数的n个算子凸性进行了比式估计. 在此基础上, 得到了n个

代数平均的幂与n个算子的幂的代数平均的比较, n个算子的几何平均的幂与n个算子的幂的几何平均的比

较. 特别地, 文中还给出了代数平均和混序几何平均.
关键词: 算子凸; 代数平均; 几何平均; 混序几何平均
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