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QUASI-HADAMARD PRODUCT OF MEROMORPHIC
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Abstract: In this paper, we study quasi-Hadamard product problem for certain new sub-
classes of meromorphic starlike and convex functions in the punctured disk U*. By using the
method of convolution, we derive some results associated with the quasi-Hadamard product of
functions belonging to these subclasses, which generalizes some known results.
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1 Introduction

Let 3 denote the class of functions f of the form

z

f(Z) = ! + Zanzny (1.1)

which are analytic in the punctured disk U* = {2 : 0 < |2| < 1}.

Also let ¥, denote the class of functions of the form
1 — .
F(z)= - L2 N\ {1}), 1.2
(2) Z+n§:1az (e N\ {1}) (1.2)

which are analytic in the punctured disk U* (cf. [1, 2]). When a goes to infinity then (n—2)
approaches n; hence ¥, = X.
Throughout this paper, let the functions of the form

o0

a n
f(z)z;o—l—Zanz"_E (ap > 0,a, >0, € N\ {1}), (1.3)
n=1
Qg ,q = _n
fz(Z) = % + Zamz" o (ao’i > O,(J/n’i 2 0,0é eN \ {1}), (14)
n=1
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A .
z) = ;0 + E bz" " (bg >0,b, >0, € N\ {1}), (1.5)
and
b n
=4 4 § by ;2" (boy > 0,bn; > 0,0 € N\ {1}) (1.6)

be regular and univalent in the punctured disk U*.
For the function F' € X, we define

IF () = F(2),
ILFG) = 2F()+ 2,

ILF(2) = 2(I,F(2)) +

and for k =1,2,---, we can write

[FF(2) = 2(I*1F(2)) +Z[ (O‘_lﬂkanzni,

where @ € N\ {1}, k¥ > 0 and z € U*. We note that when o goes to oo then n(%*)

approaches n; in this way we have I* — I* which was introduced by Frasin and Darus [3]

(see also [4]).
With the help of the differential operator I*, we define the following subclasses of %,,.
Let 3,5*(k, 3,7) be the class of functions F' defined by (1.2) and satistying the condition

2(IF (2)
o F(2)

(zeU",0<y<1,0<pB<1, ke Ng=NU{0}, a € N\ {1}).

2(I4F (2)'

TF0) +2y -1 (1.7)

+1’<

Also let £,C(k, 3,7) be the class of functions F' for which —zF"(z) € £,5*(k, 3,7).

Using similar methods as given in [4], we can easily obtain the characterization proper-
ties for the classes ¥,S5*(k, 3,7v) and X,C(k, 3,7) as follows.

Lemma 1.1 A function f defined by (1.3) belongs to the class X,5*(k, 3,7), if and
only if

S ACT NCT I

Lemma 1.2 A function f defined by (1.3) belongs to the class ¥,C(k, 3,~) if and only

i [n<a;1>]k+1 [n(a;1>(1—|—ﬂ)+(2’y—l)ﬁ+1

n=1

an < 26(1 = 7)ao. (1.8)

if

ay < Qﬂ(l - PY)aO- (19)
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We also note that when a goes to oo then we have ¥,S*(k,3,v) — XS*(k,5,7) and
¥.C(k,8,v) — XC(k,3,7), which are special classes that were introduced by El-Ashwah
and Aouf [4].
Now, we introduce the following class of meromorphic univalent functions in U*.
Definition 1.1 A function f of form (1.3), which is analytic in U*, belongs to the class
1 (8,~) if and only if
[ ()]
@

n=1

"(a;1> (1+8)+@2y—1DB+1|a, <26(1 —7)ao,  (1.10)

where 0 <y <1, 0< <1, € N\ {1} and h is any fixed nonnegative real number. The

class X" (,7) is nonempty for any nonnegative real number h as the functions have the form

oo

Qg 25(1 _7)(10 _n
fz)=—+ A2, (1.11)
; [n (591" [n(252) (1 + 8) + 2y — )8 +1]

where ag > 0, A, > 0 and Y A, <1, satisfying inequality (1.10).
n=1
Clearly, we have the following relationships:

(i) B&(8,7) = XaS*(k, B,7) and BEH(B,7) = ZaC(k, 8,7);

(i) Z51(8,7) € Ze2(8,7) (ha > he > 0);

(iif) B%(8,7) C E571(B,7) C -+ C BoC(k, B,7) C BaS*(k, B,7) (h >k +1).

Following the earlier works of Mogra [5, 6] and Aouf and Darwish [7] (see also [4, 8]),
we define the quasi-Hadamard product of the functions f(z) and g(z) by

frglz) = aobo +Zanb e (1.12)

Similarly, we can define the quasi-Hadamard product of more than two functions, e.g.,

fik fox-x fo(2) = (H ao,i) Ly Z (H Gn Z) "o (1.13)

i=1 =1

23

where the functions f; (i =1,2,--- ,p) are given by (1.4).
The object of this paper is to derive certain results related to the quasi-Hadamard
product of functions belonging to the classes X" (3,7v), X, 5*(k, 3,v) and ¥,C(k, 3,7).

2 Main Results

Unless otherwise mentioned, we shall assume throughout the following results that z €
U,0<v<1,0<08<1, ke Ny, o« € N\{1} and h is any fixed nonnegative real number.

Theorem 2.1 Let the functions f;(z) defined by (1.4) be in the class X,C(k, 3,) for
every i = 1,2,--- ,p; and let the functions g;(z) defined by (1.6) be in the class X" (3,~) for
every j = 1,2,--- ,q. Then the quasi Hadamard product fy * fos---% f, % g1 % ga*---%g,(2)
belongs to the class A2 Tar =1 )
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Proof Let G(z) = f1 % fox % f, % g1 % ga* -+ % gg(2), then

= <]:11: ao,illbo,j> P Z <Han7ian’j> P (2.1)

It is sufficient to show that

i { [n <a; 1>:|1"(k+2)+q(h+1)_1 [n (a; 1) (14 8)+ (27— 1B+ 1]

n=1

o) ool

Jj=1

Since f; € £,C(k, 3,7), by Lemma 1.2 we have

i [" (a ~ 1>r+1 [n <a; 1) (I+8)+@2y-1)B+ 1] ani < 26(1 —7)ao;  (2.3)

«

n=1

for every i = 1,2,--- ,p. Thus,

[” (a_ 1)]“1 [” <a; 1) 1+0)+@r-1Df+ 1] i < 26(1 — 7)ao,

Q@
or
26(1 —~)
Cln,i S o1 k1 ol ag
()] (5 A +B) + 2y - 1B +1]
for every i = 1,2, -+ ,p. The right-hand expression of the last inequality is not greater than

[n (0‘—’1)] —(k2) ag.;- Therefore,

—(k+2)
—1
An, g < |:’IL (Oé >:| Qo,; (24)
v

for every i = 1,2,--- ,p. Also, since g; € ¥ (83,7), we find from (1.10) that

i[n<a;1>]h[n<a;1>(1+ﬁ)+(27—1)ﬂ+1} bn; <281 =)oy, (2.5)

n=1
—(h+1)
o—1
b < [n( - ﬂ bo,; (2.6)
for every j =1,2,--- ,q

Using (2.4)—(2.6) for i =1,2,--- ,p;j =¢q; and j =1,2,--- ,q — 1 respectively, we have

i{{n(a;1>rw+z>+q<h+l>l [n<0‘;1) (1+8)+ (2771[”1} (Hamnbw>}

- o — 1\ P2 =1 a1\ P*+D) o — 1\] -~ D"+D
< . .
< 240 (%) SRS

_<,, aof]‘f*)mi) {n (a; 1> (1+8)+ 2y —1)B+ 1} bn,q}

which implies that
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< <lH1a01Hboj> {Zl[ (O‘;lﬂh[n<a;1)(1+ﬂ)+(2»y—1)5+1]bn,q}
< 26(1—7) (HaOZHboj)

1=1

Thus, we have G(z) € splE+2)Fa(htd) - "(3,~). This completes the proof of Theorem 2.1.
Upon setting h = k + 1 in Theorem 2.1, we obtain the following result.
Corollary 2.1 Let the functions f;(z) defined by (1.4) and the functions g;(z) defined
by (1.6) belong to the class X,C(k, 3,v) for every i = 1,2,--- ;pand j =1,2,---,¢. Then

the quasi-Hadamard product fi * fo % --- % f, x g1 % g2 * --- % g,(2) belongs to the class
Eg(k+2)+q(k+2)fl(ﬁ ,7)

Theorem 2.2 Let the functions f;(z) defined by (1.4) be in the class X" (3,7) for every
i=1,2,---,p; and let the functions g;(z) defined by (1.6) be in the class ¥,5*(k, 3,) for
every j =1,2,--- ,q. Then the quasi Hadamard product fy * fos % f, % g1 % go*x - % gy(2)
belongs to the class YR THTakF=1g )

Proof Suppose that G(z) be defined as (2.1). To prove the theorem, we need to show
that

g { [n (O‘; 1>r(h+l)ﬂ(k+l)_l [n <O‘; 1) 1+8)+(2y-1)8+ 1} (Hamem>}

<28(1 -~ (ﬁ ﬁbw) . (2.7)

Since f; € ¥ (8,7), from (1.10) we have

i [n (a; 1)]h [n (a; 1) (1+6)+ @2y -1)6+ 1] ani < 28(1=y)ags,  (2.8)

n=1
—(h+1)
-1
An; < [n <a )} Qo,; (2-9)
(6%

for every i =1,2,--- ,p. Further, since g; € £,5*(k,3,7), by Lemma 1.1 we have

i [n (a;1>r {n (a; 1) (1+8)+ (2y - 1)6+1] bn.g < 2B(L =)o,

n=1

which implies that

for every j =1,2,--- ,q. Whence we obtain

a—1 —(k+1)
bn,j < |:TL ( ):| b()’j (210)

(07
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for every j =1,2,--- | q.
Using (2.8)—(2.10) for i = p;i=1,2,--- ,p—1;and j = 1,2,--- , q respectively, we get

i { {n (a; 1)}p(h+1>+q(k+1>1 {n (a; 1) A+8)+@2y-1)3+ 1} (ﬁl Ani ﬁlbn,]) }

a—1 p(h+1)+q(k+1)—1 a—1 —(p—1)(h+1) a—1 —q(k+1)
()] e )]
« « «@

Hao,iHbo,]) n () asn e -5+ 0 )

C_llaoﬁnbo,j> {i {n (a; 1)}}1 [n (a; 1) (148) + (2y — 1)g+1} an,p}

IA
. MR
L=

IN

IN
[\
=N
—
|
2
/
[
&
—
s
<
~—

(2) € Eg(hﬂ)ﬂ(kﬂ)_l(ﬁ, 7). We complete the proof.

Therefore, we have G

By taking h = k in Theorem 2.2, we get the following result.

Corollary 2.2 Let the functions f;(z) defined by (1.4) and the functions g;(z) defined
by (1.6) belong to the class ¥,5*(k, 3,v) for every i = 1,2,--- ;pand j =1,2,--- ,q. Then
the quasi-Hadamard product f; % fo % --- % f, x g1 % g2 * --- % g,(2) belongs to the class
sk D+alk+1)—1 (8,7)

By putting h = k in Theorem 2.1 or h = k + 1 in Theorem 2.2, we obtain the following
result.

Corollary 2.3 Let the functions f;(z) defined by (1.4) be in the class X,C(k, 3,) for
every i = 1,2,--- ,p; and let the functions g;(z) defined by (1.6) be in the class £,5*(k, 3,7)
for every j =1,2,---,¢q. Then the quasi-Hadamard product fi* fox-- - fx g1k gox---%g,(2)
belongs to the class SEF T2 TakTI=1 g )

Next, we discuss some applications of Theorems 2.1 and 2.2.

Taking into account the quasi-Hadamard product of functions fi(z), fa(2), -, fp(2)
only, in the proof of Theorem 2.1, and using (2.3) and (2.4) fori =pandi=1,2,--- ,p—1,
respectively, we are led to

Corollary 2.4 Let the functions f;(z) defined by (1.4) belong to the class ¥,C(k, 3,7)
for every i = 1,2,--- ,p. Then the quasi-Hadamard product f; * fo - f,(z) belongs to
the class X257, ).

Also, taking into account the quasi-Hadamard product of functions g (2), g2(2), - - , g4(2)
only, in the proof of Theorem 2.2, and using (2.10) and (2.11) for j = gand j = 1,2,--- ,q—1,
respectively, we are led to

Corollary 2.5 Let the functions g;(z) defined by (1.6) belong to the class £,5*(k, 3, 7)
for every j =1,2,---,q. Then the quasi-Hadamard product g; * g * - - - * g,(z) belongs to
the class S4FT0 713, 5).

Remark 2.1 By letting @ — oo in the proofs of Corollaries 3—5, we obtain the results
obtained by El-Ashwah and Aouf [4, Theorems 3, 1 and 2, respectively].
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Remark 2.2 By letting a — oo and k = 0 in the proofs of Corollaries 3—5, we obtain
the results obtained by Mogra [6, Theorems 3, 1 and 2, respectively].
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