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ON THE GROWTH OF SOLUTIONS OF
HIGHER-ORDER ALGEBRAIC DIFFERENTIAL
EQUATIONS
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Abstract: This paper investigates the problem of the growth of solution of higher-order
algebraic differential equations. Using the Nevanlinna value distribution theory of meromorphic
functions and some skills of differential equations theory, we obtain a result which is more precise
and more general, and extend the theories of He and Laine .
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1 Introduction and Main Result

In what follows, we assume the reader is familiar with the standard notions of Nevan-
linna’s value distribution theory as the proximity function m(r,w), the integrated counting
function N (r,w), the characteristic function T'(r,w), see e.g. [1, 2]. Many authors investi-
gated the algebraic differential equations and obtained many results (see [3-10]).

An analytic function w(z) with v branches is an algebroid function if the function w(z)

satisfies an equation of the form
V(z,w) = Ay(2)w? + Ay (2)w" ™+ -+ Ag(2),

where A;(z) (j = 0,1,--- ,v) are regular functions with no commom zeros and A, # 0,
especially, when v = 1, w(z) be a meromorphic function; when A4;(z)(j = 0,1,--- ,v) are

polynomials, w(z) is an algebraic function. Some notations

1 [" ng(t,w) — 1
Nr(’]“’w) _ V/ nw( aw) ; nx(()’w)dt + ;nw(o’w) ].Og’l”,
0

and Toda gave the definition of Ny(r,w).
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Let w = w(z) be a v-valued algebroid function and a be a pole of w. Then, in the

neighbourhood of a, we have the following expansions of w:
w(z) = (2 — @) S - a)' /),

where i = 1,2, ,pu(a)(Sv), 1 <7, 1 <\, DA\ = v and S(¢) is a regular power series of
t such that S(0) # 0. Put

w(a)
ny(r, w) = Z Z()\l —1)

la|<r i=1

and
1 [ 1
Ny(r,w) = V/ (n(t, w) — nyp(0, w)) /tdt + —ny(0, w) log r.
0 v

It is trivial that Ny(r,w) < (v — 1)N(r, w).
About the differential equation

> a (i (w) - (w) = 2 (1.1)
(el > bj(z)w

where a(;)(2), a;(2) and b;(z) are meromorphic coefficients. He and Laine investigated the
problem of the growth of solutions of it and obtain the following result.

Theorem A [2] Let w(z) be an algebroid solution of (1.1) with v branches and p > g+A.
Then for any £ > 1, there exist a positive constant K and rq such that for all » > rq, we
have T'(r,w) < KF(ér), where

p q

F(r) = N(r,w) + Z T(r,a@)) + Z T(r,a;) + Z T(r,b;) + 1.

() i=0 j=0

In this paper, we discuss the problem of the growth of solutions of generalized higher-

order algebraic differential equation of the form

=1 , (1.2)

where Q;(z,w) and Q3(z,w) be two differential polynomials, a be a nonzero complex con-

stant, and

D (z,w) =Y ap(w (@) (™) (n > 1),

(i)el

Qo(z,w) = > by (2)w? (@) - (w™)in (m > 1),
(J)ed
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other notations

max{Zza} Ao = max{ng} A = max{ A, A2},

(i€I)
ﬁl = max{zaia}aEQ = maX{Z ﬁjﬁ}v ﬁ = maX{ﬁl?EQ}v
ieD) 4~ Gen'
n m
Ay = 1)z Ag = 1)j A= A, A
| §?g)<{§_:(a+ Jia}, A glg}g{Z(ﬁﬂL Jjsh, A =max{Ay, Ay},

o1 = maX{Z(2o¢ ia}, 02 = max{z 26 —1)jz}, 0 =max{oy,02},

I = r?éalx{z a—1)ig}, lh= (rgleaﬁ{;(ﬂ —1)js}, | =max{ly,ls},
and obtain the following result.

Theorem 1 Let w(z) be an algebroid solution of (1.2) with v branches and p > ¢+ 2.
Then for any £ > 1, there exist a positive constant K and rq such that for all r > rq, we get
T(r,w) < KF(¢r), where

F(r) = N(r,w)+ Ny(r,w) + Ny(r,w)
+ 3 T(ram) + Y T(rbg) Z (rya:) + Y T(r,by) +1
O ) = j=0

A = max{/\l, )\2}

2 Some Lemmas

P .
> ai(z)w’

Lemma 1 [1] Let R(z,w) = £>—— be an irreducible rational function in w(z) with
z bj(z)wI

the meromorphic coefficients a;(z ) and b;j(z). If w(z) is an algebroid function, then
T(r, R(z,w)) = max{p, q}T(r,w) + O{Y_T(r,a5) + Y T(r,b;)}

Lemma 2 Let w(z) be an algebroid function, and (z,w) be as in (1.2), a be a nonzero

complex constant. Then

Q(z,w)
(w—a)*

e

_a)+0(1).

) S AT(r,w) + AN (r,w) + Ny(rw)] + Y T(rya6) + Y m(r
(2) a=1

T(r,

Proof Let w be an algebroid function with v branches, we denote by L a curve con-
necting all branch points of w(z) and C’ = C\L, then every branch w;(z)(j =1,2,--- ,v) of
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w(z) is single-valued in C". Set E = {z,|2| =7}, B} = {2¢E, |w;(z) —a| > 1}, E} = E\E;,
and z = re’, so that

1/10g+|9<zawj>|d9_1(/ + ot | 2 gy
27 Jg (w; —a) 21 )i E} (w; —a)

Set \; =ig+1i,+ -+ i,, when zeE{, it is easy to show
Za() 2)( (wJ a)’ ) . ((wJ'—a)("))in
| Q(z’wj) | _ | wj;—a wi;—a ’

(wy— ) ~ (1w — P

ws —a) . w, —a)™® .
>l =Dy =
() !

IN

)
wj—a

by the lemma of Logarithmic Derivate, we have

(@)

1 Q(z,w;) 1 = (wj — a)

— logt |22 297 100 < — log™ i do RSt eV

[ o e / o oo+ 3 i
(a)

- St + St

when zeF3, we have

- _a) ()
> agp () (=) (L)

Az || O |
(w. ) (’IU _ a)/\fAi
w; —a) ., wi — )™
< I Sl @NCE=Dy =y
() !
then
1 )
— 1 df
o Sy Vw, — o
< L log™ )|d6 l + do )()
< %) ogZM>|+* Rl \+Zm )

(a)

+Zm

= Zm(r,a(i)(z )) + Am(r

Hence we obtain

m(r,m 27r /E /E 1og+| )> |d
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Q(z,w)
(w—a)*?

z = zp. Now we discuss the following two cases.

Next, we estimate the poles of we denote by 7(zq, f) the order of pole of f at

(i) When z is not a pole of w(z), we have

Q(z,w 1
7 (20, (w(—a))’\) < 7(2, W) + 27(20704(1')(2))

L) S a0 (2)): (2.2)

w—a

= /\T(ZQ,

(i) When zj is a pole of w(z), in a neighbourhood of z,

w—a=(z—2)""S((z—2)"") (B=1,7>1),
w'® = (w—a)\ = (2= 2) TTHIVIG, (2), Salz0) # 0,00,
then

7 (20, (H)Z“) = 7(20, (ﬁ)l“) = faig.

Set a;)(z)w (w')™ -+ - (w™)™ is a general term of Q(z,w(z)), we obtain

(20, agy (2)w' (W) -+ (W) /(w — a)*) < ﬁz Qi + T(20, a(y(2)),

a=1

then

IN

Bmax{y " aia}+7(20,a0)(2)) = BE+ Y _ 7(20, a0)(2))

(B — 1) + 7+ (20, a9 (2). (2.3)

Combining (2.2) with (2.3) we deduce

Q(z,w
(7)/\) < AN(r,

N, (w—a) w—a

) + ANo(r,w) + AN (r,w) + Y N(roap(2).  (2.4)
(1)

Combining (2.1) with (2.4) we have

Q(z,w)

0w —ap)
< AT(r, ——) + ENy(r,w) + BN (r, w) + (Z_):T(ﬂ ag)(z)) + Zn:l m(r, UZU(_Q)Q)
= AT(r,w— a) + AlNy(r,w) + N(r,w)] + %: T(r, agy ) + i:l m(r, :’(_a)a) +0(1)
= TG+ FN ) + N )]+ 30 T () + Yl ) +0(1),

(2) a=1
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Lemma 3 Let w(z) be an algebroid function, then we have

w(@)

w)'

T(r,Q(z,w)) < AT (r,w)+aN (r,w)+o N, (r,w)—INy(r, w)—l—z T(r, a(i)(z))—l—z m(r,

(%) a=1
Proof Proceeding similary as in the proof the Lemma 2, we can verify the assertion.
Lemma 4 [2] Let U(r), H(r)(r € [0,00)) be two nonnegative and nondecreasing func-
tions, H(r) — oo as r — 00, a and b be two positive numbers,

H(ro) > max{(a + b)log2,2> < a(a +b)},

if for all » and ¢, when 0 < ry < r < t, satisfies

U(r) < alog® U(t) + blog + H(r),

t—r

then for 0 < rg < r < t, we have

U(r) < (a+b)logt t +2H(r).

-

3 Proof of Theorem 1

We discuss the following two cases.

p .
Case 1 If w(z) satisfies Y a;(2)w’ = 0, then a,(z)w? = —a,_1(2)wP™ — -+ — ag(z).
i=0
From Lemma 1, there exists a positive constant K such that

pT(r,w) +T(r,a,) < (p— )T (r,w) + ZT(r, a;(2)),

T(r,w) < Ky T(r,a:(2)) < KF(r).

=0

P _
Case 2 If ) a;(z)w’ # 0, we rewrite equation (1.2) as follows

Q4 (z,w)  Plrw
Q<Z’w)§22(z,w)(w —a)* Pz w).
Using Lemma 1, Lemma 2 and Lemma 3, we get
T Q) ) S TR Q) + T () + T )
< T(r,Q(z,w) + T(r, m\) + T (r,Qa(z,w)) + O(1)
. n (@
< (g4 20T (r,w) + 2N (r,w) 4+ (. — 1) Ny(r, w) + o Ny (r,w) + Z m(r, p—

a=1

n w(® ‘
+> mr, )+ > T(ram)+ Y Trby) + Z T(r,b;) + O(1). (3.1)
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By means of Lemma 1, we obtain

T(r, P(z,w)) = pT(r,w) + O{> _ T(r,a;)}. (3.2)

=0

It follows from (3.1) and (3.2) that
pT(r; w)

< (q+2N)T(r,w) + 2N (r,w) + (7 — 1) Ny(r, w) + o N, (r,w) + Z T(r,a;)

i=0
—l—ZT(r,a —i—ZTrb(J —|—ZTrb +Z

w(® n
)+ 2 m
We note that p > g + 2\. Thus

(a)

2% _
T(r,w) < 7'LLN(7’, w)
p

—(g+2))
_l o
+m o7, w)+mNz(nw)+F1(r)+D(r), (3.3)
where
= M{ZTW+ZT<T»%>>+ZT<nbm>+§T<r,bj>},
w(o‘ w(a)
b = q+2)\ {Z +Zm

We apply the generalized Lemma of Logarithmic derivate to D(r). Then inequality

(3.3) becomes

t
T(r,w) < alogT(t,w) + blog ; + H(r), (3.4)
—r

where a and b are constants,and

P — w—1 o

H(T):p—(chrQA)N(T’w)Jr —(g+2X\) (w)+ — (g +2X))

No(r,w) + Fi(r).

Applying Lemma 4 to (3.4) and we get

T(r,w) < (a—l—b)logtfr +2H(t).

Set t = &r,& > 1. Then T(r,w) < KF(&r).

Combining Case 1 and Case 2 we complete the proof of Theorem 1.
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