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Abstract: In this paper, the composite implicit iterative process for a Lipschitzian pseudocon-
tractive mapping is studied. By using the corresponding equivalent inequality of pseudocontractive
mapping, the sufficient and necessary conditions for the strong convergence of the composite im-
plicit iterative process are obtained in Banach spaces, which generalize some related results.
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1 Introduction and Preliminaries

Throughout this work, we assume that F is a real Banach space, E* is the dual space

of E and J: E — 2F" is the normalized duality mapping defined by

J(@) =A{f € B (. f) = <IN = N=ll}, - Vo € B,

where (-, ) denotes duality pairing between E and E*. A single-valued normalized duality
mapping is denoted by j.

Let C be a nonempty subset of £, T': C' — C be a mapping. We denote the set of fixed
points of T' by F(T).

A mapping T with domain D(T') and range R(T') in E is called pseudocontractive [1],
if there exists some j(x — y) € J(x — y) such that

(@ —y), Tz = Ty) < [lz — y]* (1.1)
for all z,y € D(T). It is well known that [2] (1.1) is equivalent to the following:

[z =yl < llz =y + s[(I = T)z — (I = T)yl| (1.2)

for all s > 0 and all z,y € D(T).
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Theorem 1.1 [3] Let C be a convex compact subset of a Hilbert space H and T : C — C

be a Lipschitzian pseudocontractive mapping. For any z; € C, suppose the sequence {z,}

is defined by
{ Tpe1 = (1 — ap)zn + @ TYn, (13)

Yn = (1 = Bn)n + BuTx,, n>1,

where {a,}, {8,} are two real sequences in [0, 1] satisfying

(i) an < Burn > 1;

(i) lim B, = 0;

see n—oo

(iil) X9 a8, = oc.
Then {z,} converges strongly to a fixed point of 7.

Remark 1.1 (1) Since 0 < o, < B, < 1,n > 1 and X2, 0,03, = oo, the iterative
sequence (1.3) couldn’t be reduced to Mann iterative sequence by setting 3, = 0. The Mann

iterative sequence [4] is defined by the following
Tpi1 = (1 —ap)zy + @ Te,, n>1, (1.4)

where {«,} is a appropriate sequence in [0,1].

(2) Chidume and Mutangadura [5] gave an example to show that the Mann iterative
sequence failed to be convergent to a fixed point point of Lipschitzian pseudocontractive
mapping.

Let C be a nonempty convex subset of a real Banach space and T : C' — C be a
Lipschitzian pseudocontractive mapping, we introduce a composite implicit iteration process
{z,} as follows:

x € C,
Tpe1 = (1 — ap)zn + @ Tyn, (1.5)
Yn = (1= Bn)n + BT Tny1, n2>1,

where {a,}, {8,} C [0,1]. When 3, =0, ¥n > 1, (1.4) is the special form of (1.5).

In 1974, Deimling [6] proved the following fixed point theorem.

Theorem 1.2 Let E be a real Banach space, K a nonempty closed convex subset of
E,and T : K — K a continuous strongly pseudocontractive mapping. Then, T has a unique
fixed point in K.

Observe that if C is a nonempty closed convex subset of E and T : C — C'is a Lipschitz
pseudocontractive mapping, then for every u € C' and t, s € (0, 1), the mapping S; , : C — C
is defined by S; sz = (1 — t)u + tT'((1 — s)u + sT'z) satisfies that

<St,sx - St,syaj(x - y)) S tSLQH‘(E - y”2

for all xz,y € C. Thus S, is strongly pseudocontractive if tsL? < 1. Since S is also
Lipschitiz, it follows from Theorem 1.2 that there exists a unique fixed point x; s € C of Sy ,
such that

s =1 —t)u+tT((1 - s)u+ sTxy ;).
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This shows that the implicit iteration sequence (1.5) can be employed for the approxi-
mation of fixed points of a Lipschitz pseudocontractive mapping.

In this paper, we give necessary and sufficient conditions for the strong convergence
of iterative sequence (1.5) and Mann iterative sequence to a fixed point of a Lipschitzian
pseudocontractive mapping in Banach spaces.

In order to prove main results, the following lemma is needed.

Lemma1.1 [7] Let {a,}, {b.}, {c.} be sequences of nonnegative real numbers satisfying
the inequality

ani1 < (1+¢p)an +b,, n>1.

If 322 1en < 400, 322 ,b, < +00, then lim a, exists.

n—oo

2 Main Results

First, we prove the following lemma.
Lemma 2.1 Let E be a real Banach space and C' a nonempty closed convex subset of F.

Let T : C — C be a Lipschitzian pseudocontractive mapping with Lipschitz constant L > 1
and F(T) # (. Suppose that the sequence {z,} is defined by (1.5) such that > a,,3, < oo,

n=1

anfnLl? <1foralln>1and > o2 < oo. Then
n=1

(i) There exist a sequence {r, } C (0, c0) and some positive integer, such that »_ r, < oo
and "~
[Zn41 = pll < (L+7)l[zn = pl
for all p € F(T) and n > ny.

(ii) There exists a constant M > 1, for all integer m > 1 such that

”anrm - pH < MHmn _pH

for all p € F(T).
Proof Let p € F(T). By (1.5), we have

Tp = Tp+1 + apx, — anTyn

= Tyt (I —T)xpy + ai(mn —Tyn) + an(Txny1 — Tyn). (2.1)

Observe that
p=p+ay(l—T)p. (2.2)
It follows from (2.1) and (2.2) that

Tp—pP = Zpy1— P+ an[(-[ — T).TE"+1 — (I — T)p]
+a2(zy — Tyn) + an(Txpi1 — Tyn). (2.3)
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Together with (2.3) and (1.2), we have

||xn _pH > ”anrl —p+ an[(I —T)wpr — (1 = T)p]”
_O‘i”xn = Tynl| — anl|Txpir — Tynl

v

|za1 = pll = anllzn — Tyall = @l Tzpsr — Tyl
This implies that
Zns1 = pll < llzn = pll + afllzn = Tyall + anl|Tzn1 — Tyall. (2.4)
Next, we make the following estimations:

19n =PIl < (L= Ba)llzn = pll + Bul T2nia = pll

< (I =B8u)llzn —pll + BuLllzn — pll, (2.5)
< |lzn —pll + Lllyn — pll (2.6)

and

[ T2ns1 — Tynll < Ll|@ns1 — ynll = Ll|zn — Y + an(Tyn — )|
< LBulTwpy1 — x|l + Loy || Tyn — ||
< L*Bullenis — pll + Liullzn — pll + Lan([2n — pll + Lllys — pl).- (2.7)

Substituting (2.5), (2.6) and (2.7) into (2.4) yields that

i1 = pll < llon = pll + onlllen — pll + LA = Bo)llzn — pll + L?Bull@nr1 — pll]
ton[L*Bul|znsr = pll + LBullwn — pll + Lan (2 — pl
+L(1L = Bo)llwn — pll + L?Bullwars — pID]-

This implies that

(1 - LQOéiﬂn - L2anﬁn - Lsaiﬁn)nanrl - p”
< (14a2 +2La2 + LayB, + L2a2) ||z, — pl|.

1

57z for all n > ng and

Since lim «,f3, = 0, there exists integer ny > 0 such that «,,3, <

n—oo

1
1— L2028, — L20nf, — LPa2B, > 1— L% — — L% — — [}

6L3 6L3 6L3
5L —2 S S5L—2L 1

6L 6L 2

Therefore, we have
[@ns1 = pll < (1 +ra)llzn — pll,
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where 7, = 2[(L*+2L* + L), 3, + (1 + L)?a?]. Since > a3, < oo and Y a? < co. Then

n=1 n=1

> r, < co. By Lemma 1.1, we obtain that lim ||z, — p|| exists. This completes the proof
n=1 n—0oo
of part (i).

(ii) For any m > 1 and n > ng, we have

Zntm =2l < (T4 Tngm-1)|Tnim—1 — pll < ™| @pim—1 — Pl

S ernﬁﬂnfl 670714»771—2 ||xn+m72 _ p”
< T - p)
< eEg”:nr" Tn _pH = MHxW _pH’

where M = e¢”k=n""_ This completes the proof.
Theorem 2.1 Let E be a real Banach space and C' a nonempty closed convex subset of
E. Let T : C'— C be a Lipschitzian pseudocontractive mapping with Lipschitz constant L >

1 and F(T) # (0. Suppose that the sequence {z,,} is defined by (1.5) such that > a,f3, < oo,

n=1

anfnLl? <1forallm>1and > a2 < oo. Then {x,} converges strongly to a fixed point of
n=1
T if and only if liminf d(x,,, F(T')) = 0, where d(z,, F'(T)) = i;l(fT) lzn — qll-
n— 00 qc
Proof The necessity of Theorems 2.1 is obvious. We just need to prove the sufficiency.

By Lemma 2.1, we have
d(xny1, F(T)) < (14 10)d(@n, F(T)).

By Lemma 1.1 and the condition liminf d(x,, F(T)) = 0, then lim d(z,, F(T)) = 0.
Next, we show that {x,} is a Cauchy sequence. For any ¢ > 0, there exists an integer

ny > ng > 0 such that

d(zn, F(T)) < ﬁ

for all n > ny. In particular, there exists p; € F(T) and a constant ny > ny such that
€

ITe (2.8)

[0, —pall <

Using Lemma 2.1 (ii) and (2.8), for all ny > n; and m > 1, we have

||$n+m - xn” S ||xn+m _p1H + ||p1 - xn”

S
< 2M||x,, — 2M - — =
< oM, —pill <2M - oo

e.
Hence, {z,} is a Cauchy sequence. Since C'is closed subset of E, so {x,} converges strongly
to po € C. It follows from F(T) is a closed set and lim d(z,, F(T)) = 0 that py € F(T).
This shows that {z,} converges strongly to a fixed point of 7" in C. This completes the

proof.
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Remark 2.1 Let 8, = 0 in iterative sequence (1.5), we can obtain strong convergence
theorem of Mann iterative sequence from Theorem 2.1.

Theorem 2.2 Let F be a real Banach space and C' a nonempty closed convex subset
of E. Let {T;}¥, : C — C be N Lipschitzian pseudocontractive mappings with Lipschitz
constant L; > 1 and F = ﬂf\il F(T;) # 0. Suppose that the sequence {z,} is defined as
follows:

z € C,
Tpp1 = (1 — an)wy + aToyn,
Yn = (1 - 6n)xn + 6 Thznyr, n>1,

o0

where T, = Thmoans {an}, {Ba} C [0,1], > anfB, < 00, a,f,L? < 1 for all n > 1 and

n=1

o0
i€{l1,2---N}and > a? < co. Then {z,} converges strongly to a common fixed point of
n=1
T),Ts,--- , Ty if and only if liminf d(z,,, F') = 0, where d(x,, F) = inlg |z, — ql|
n— 00 qe
Proof Using the same method as given Theorem 2.1, we can prove Theorem 2.2. This
completes the proof.
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